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§ 1. Introduction

Let K = R or K = C; Kn :=
{
x = col(x1, . . . , xn) : xi ∈ K, i = 1, n

}
; Mp,q(K) is a space

of p × q-matrices with elements of K, Mq(K) := Mq,q(K) (we will denote Mp,q := Mp,q(K),
Mq := Mq(K), if the set K is predefined); Iq ∈ Mq(K) is the identity matrix (we will omit the

index q in the matrix Iq when it does not cause confusion); T is the transposition of a matrix or

a vector; χ(A, λ) is the characteristic polynomial of a matrix A ∈Mr(K).
This work continues the research of [1–3]. Consider a linear control system

ẋ = Fx+Gu, y = Hx. (1)

Here x ∈ Kn is a state vector, u ∈ Km is a control vector, y ∈ Kk is an output vector, F ∈ Mn(K),
G ∈Mn,m(K), H ∈Mk,n(K). Suppose that the control in system (1) has the form of linear static

output feedback (LSOF):

u = Qy. (2)

Here Q ∈Mm,k(K). The closed-loop system has the form

ẋ = (F +GQH)x, x ∈ K
n. (3)

If k = n and

H = I ∈Mn(K), (4)

then y = x, that is (2) is a linear static state feedback (LSSF) control

u = Qx, (5)

and the closed-loop system has the form

ẋ = (F +GQ)x, x ∈ K
n. (6)
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The problem of eigenvalue spectrum assignment for system (1) by LSOF (2) (or by LSSF (5))

is a classical problem of control theory. The formulation of this problem is as follows. For the

case K = C: let an arbitrary set σ = {λ1, . . . , λn} ⊂ C of numbers λ1, . . . , λn ∈ C be given. For

the case K = R: let an arbitrary set σ = {λ1, . . . , λn} ⊂ C of real type be given (that is the set σ

is invariant under the operation of complex conjugation). One needs to construct a gain matrix

Q ∈ Mm,k(K) such that the eigenvalue spectrum of the matrix of the closed-loop system (3)

coincides with the given set σ. There is a bijection (γ1, . . . , γn) ∈ Kn ←→ σ = {λ1, . . . , λn}
(λj ∈ K) between the ordered set of coefficients of the characteristic polynomial

χ(F +GQH, λ) = λn + γ1λ
n−1 + . . .+ γn−1λ+ γn (7)

of the matrix of system (3) and the set σ = {λ1, . . . , λn} of roots of this polynomial. Thus, the

eigenvalue spectrum assignment problem for system (1) by LSOF (2) is formulated in the form of

the problem of assigning arbitrary coefficients for the characteristic polynomial (7) (see [2, Defi-

nition 1]).

Definition 1. It is said that, for system (1), the problem of arbitrary coefficient assignment (ACA)

for the characteristic polynomial (CP) by linear static output feedback (LSOF) is resolvable, if

for any γi ∈ K, i = 1, n, there exists a gain matrix Q ∈ Mm,k(K) such that the characteristic

polynomial χ(F +GQH, λ) of the matrix F +GQH of system (3) satisfies equality (7).

In partial case, when (4) is fulfilled and the closed-loop system has the form (6), it is said

that, for system (1), the problem of ACA for CP by LSSF is resolvable.

The problem of ACA for CP by LSSF has been solved in [4] for K = C and in [5] for K = R.

The problem of ACA for CP by LSOF is a hard problem in control theory and still has no

complete constructive solution in the general case. We mention here the papers [6–9] and the

reviews [10–12].

Let G =: [g1, . . . , gm]; here gα ∈ K
n (α = 1, m) are the column vectors of the matrix G. Let

H =:



ξ1
. . .

ξk


; here ξβ ∈ (Kn)T

(
β = 1, k

)
are the row vectors of the matrix H . Set r := mk. Let

us expand the matrix Q = {qαβ}, α = 1, m, β = 1, k column by column into a column vector

u = col (u1, . . . , ur) := col (q11, . . . , qm1, . . . , q1k, . . . , qmk). (8)

Let us construct the following matrices Bν ∈Mn

(
ν = 1, r

)
:

B1 := g1ξ1, B2 := g2ξ1, . . . . . . , Bm := gmξ1,

Bm+1 := g1ξ2, Bm+2 := g2ξ2, . . . . . . , B2m := gmξ2,

. . . . . . . . . , . . . . . . . . . , . . . . . . , . . . . . . . . . ,

B(k−1)m+1 := g1ξk, B(k−1)m+2 := g2ξk, . . . . . . , Br := gmξk.

(9)

Let A := F . Then, by virtue of (8) and (9), system (3) is written as

ẋ = (A+ u1B1 + . . .+ urBr)x, x ∈ K
n. (10)

System (10) is a bilinear system. A system of the form (10) with arbitrary matrices Bν ∈ Mn

is a system of a more general form than system (3). For a system (10), the eigenvalue spectrum

assignment problem (or the problem of ACA for CP) has the following formulation.



358 Arbitrary matrix coefficient assignment

Definition 2. It is said that, for system (10), the eigenvalue spectrum assignment problem (or

the problem of ACA for CP) is resolvable, if for any γi ∈ K, i = 1, n, there exists a constant

controller u ∈ Kr such that the characteristic polynomial χ
(
F +

r∑
ν=1

uνBν , λ
)

of the matrix of

system (10) satisfies equality

χ(F + u1B1 + . . .+ urBr, λ) = λn + γ1λ
n−1 + . . .+ γn−1λ+ γn.

The eigenvalue spectrum assignment problem for bilinear systems is related to the inverse

eigenvalue problem and the matrix completion problem. We mention here the papers [13–20] and

the reviews [21–23].

In the papers [2,3], the formulation of the problem of ACA for CP by LSOF was generalized

to block matrix systems. Let s ∈ N be fixed. Consider an input-output linear control system with

block matrix coefficients:

ẋ = Fx+Gu, x ∈ K
ns, u ∈ K

ms, (11)

y = Hx, y ∈ K
ks, (12)

F =



F11 . . . F1n
...

...

Fn1 . . . Fnn


, G =



G11 . . . G1m

...
...

Gn1 . . . Gnm


, H =



H11 . . . H1n

...
...

Hk1 . . . Hkn


. (13)

Here x ∈ Kns is a state vector, u ∈ Kms is a control vector, y ∈ Kks is an output vector;

Fij , Gjα, Hβi ∈ Ms(K), i, j = 1, n, α = 1, m, β = 1, k. Suppose that the control in system (11),

(12), (13) has the form of linear static output feedback (LSOF):

u = Qy. (14)

Here Q = {Qαβ} ∈ Mms,ks(K), Qαβ ∈ Ms(K), α = 1, m, β = 1, k. The closed-loop system has

the form

ẋ = (F +GQH)x, x ∈ K
ns. (15)

Let an nth degree sth order monic matrix polynomial be given:

Ψ(Λ) = IΛn + Γ1Λ
n−1 + . . .+ Γn−1Λ + Γn, I,Λ,Γi ∈Ms, i = 1, n. (16)

From the polynomial (16), construct the block companion matrix associated to the matrix poly-

nomial Ψ(Λ):

Φ =




0 I 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I

−Γn −Γn−1 −Γn−2 . . . −Γ1



. (17)

The following definition was given in [2, Definition 2] and in [3, Definition 2].

Definition 3. We say that, for system (11), (12), (13), the problem of arbitrary matrix coeffi-

cient assignment (AMCA) for the characteristic matrix polynomial (CMP) by linear static output

feedback (LSOF) is resolvable if for any Γi ∈ Ms(K), i = 1, n, there exists a gain matrix

Q ∈ Mms,ks(K) such that the closed-loop system (15) is reducible by some change of variables

z = Sx to the system

ż = Φz, z ∈ K
ns, (18)

with the matrix (17), that is the matrix F +GQH of the system (15) is similar to the matrix (17).
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In [3], for system (11), (12), (13), conditions were obtained for the resolvability of the problem

of AMCA for CMP by LSOF. In the present paper, we consider a block matrix control system of

a more general form, namely, a block matrix bilinear control system.

Consider a block matrix bilinear control system

ẋ = (A+ u1B1 + . . .+ urBr)x, x ∈ K
ns, uν ∈ K, (19)

A =



A11 . . . A1n

...
...

An1 . . . Ann


, Bν =



Bν11 . . . Bν1n

...
...

Bνn1 . . . Bνnn


, (20)

Aij, Bνij ∈Ms(K), i, j = 1, n, ν = 1, r.

Here x ∈ Kns is a state vector, u = col(u1, . . . , ur) ∈ Kr is a control vector.

Definition 4. We say that, for system (19), (20), the problem of arbitrary matrix coefficient

assignment (AMCA) for the characteristic matrix polynomial (CMP) is resolvable if for any Γi ∈
Ms(K), i = 1, n, there exist uν ∈ K, ν = 1, r, such that the system (19), (20) is reducible by some

non-degenerate change of variables z = Sx to the system (18) with the matrix Φ of (17), that is

the matrix of the system (19), (20) is similar to the matrix (17): S(A+u1B1+. . .+urBr)S
−1 = Φ.

In this paper, the results of the paper [3], obtained for system (15), are generalized (partially)

to a more general class of block matrix bilinear control systems (19), (20).

§ 2. Notations, definitions, and auxiliary statements

We will use some notations, definitions, and statements from [1] and [3]. Here and throughout,

we suppose that the numbers s, n, r ∈ N, and p ∈ {1, . . . , n} are fixed. For any matrix Z ∈ Mω,

we suppose, by definition, Z0 = I ∈ Mω, where I is the identity matrix; [e1, . . . , eω] := I ∈ Mω;

SpZ is the trace of Z ∈Mω. Denote by ⊗ the right Kronecker product of matrices Y = {yij} ∈
∈ Mω,ρ, i = 1, ω, j = 1, ρ, and Z ∈Mσ,τ [24, Ch. 12] defined by the formula

Y ⊗ Z :=




y11Z y12Z . . . y1ρZ

y21Z y22Z . . . y2ρZ
...

...
...

yω1Z yω2Z . . . yωρZ


 ∈Mωσ,ρτ .

Denote J := J ⊗ I ∈Mns where I ∈Ms and J := {ǫij} ∈Mn, ǫij = 1 for j = i+1 and ǫij = 0
for j 6= i+ 1. We will use the mapping vecc that unroll a matrix Z = {zij} ∈Mω,ρ(K), i = 1, ω,

j = 1, ρ, column-by-column into the column vector :

veccZ = col(z11, . . . , zω1, . . . , z1ρ, . . . , zωρ) ∈Mωρ,1(K).

Definition 5 (see [1, Definition 4]). For the fixed s ∈ N, let us introduce the operation of the

block trace SPs : Mωs → Ms by the following rule: if Z = {Zij} ∈ Mωs, Zij ∈ Ms, i, j = 1, ω,

then SPsZ =
ω∑

i=1

Zii.

Definition 6 (see [1, Definition 5]). Suppose that X and Y are block matrices with s× s-blocks

such that the number of the (block) columns of X is equal to the number of the (block) rows

of Y :

X = {Xij} ∈Mωs,ρs, Xij ∈Ms, i = 1, ω, j = 1, ρ;

Y = {Yjν} ∈Mρs,τs, Yjν ∈Ms, j = 1, ρ, ν = 1, τ .
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For the matrices X and Y , let us introduce the operation of the block multiplication by the

following rule:

Z = X ⋆ Y := {Ziν}, Ziν :=

ρ∑

j=1

Xij ⊗ Yjν , i = 1, ω, ν = 1, τ .

We have Ziν ∈Ms2 for all i = 1, ω, ν = 1, τ , therefore, Z := X ⋆ Y ∈Mωs2,τs2 .

Definition 7 (see [1, Definition 6]). For the fixed s ∈ N, let us introduce the operation of the

block transposition T by the following rule: if Y = {Yij} ∈ Mωs,ρs, Yij ∈Ms, i = 1, ω, j = 1, ρ,
then

Y T := Z = {Zji} ∈Mρs,ωs, Zji := Yij, j = 1, ρ, i = 1, ω.

Definition 8 (see [1, Definition 7]). Let X be a block matrix with s× s-blocks:

X = {Xij} ∈Mωs,ρs, Xij ∈Ms, i = 1, ω, j = 1, ρ.

Let us construct the mappings VecCRs, VecRRs : Mωs,ρs → Ms,ωρs that unroll the matrix

X = {Xij} ∈ Mωs,ρs by block columns and by block rows respectively into the block row with

s× s-blocks:

VecCRsX = [X11, . . . , Xω1, . . . , X1ρ, . . . , Xωρ],

VecRRsX = [X11, . . . , X1ρ, . . . , Xω1, . . . , Xωρ].

Consider a block matrix

Z = {Zij} ∈Mns, Zij ∈Ms, i, j = 1, n. (21)

It is said that the matrix Z is a lower block Hessenberg matrix if Zij = 0 ∈ Ms, j > i + 1. If,

in addition, detZi,i+1 6= 0, then this lower block Hessenberg matrix is called unreduced. We will

consider only those lower block Hessenberg matrices that are unreduced, therefore, for brevity,

we will omit the word “unreduced”. If, for the block matrix (21), we have Zi,i+1 = I ∈ Ms,

i = 1, n− 1, and Zij = 0 ∈ Ms, i = 1, n− 1, j = 1, n, i + 1 6= j (that is Z has the form (17)),

then it is said that Z is a lower block Frobenius matrix.

Lemma 1 (see [3, Lemma 3]). Suppose that a block matrix (21) is a lower block Hessenberg

matrix. Then there exists a non-degenerate lower block triangular matrix S such that the matrix

SZS−1 is a lower block Frobenius matrix.

§ 3. Sufficient conditions to solving the problem of AMCA for CMP for block matrix bilin-

ear control systems with a lower block Frobenius matrix

Consider system (19), (20). Suppose that the coefficients of this system have the following

special form: for some p ∈ {1, . . . , n}, the first p−1 block rows and the last n−p block columns

of the matrices Bν are zero, and the matrix A is a lower block Frobenius matrix, i. e.,

A =




0 I 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I

−An −An−1 −An−2 . . . −A1



, 0, I, Ai ∈Ms, i = 1, n, (22)
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Bν =




0 . . . 0 0 . . . 0
...

...
...

...

0 . . . 0 0 . . . 0
Bνp1 . . . Bνpp 0 . . . 0

...
...

...
...

Bνn1 . . . Bνnp 0 . . . 0




, 0, Bντσ ∈Ms, ν = 1, r, τ = p, n, σ = 1, p. (23)

Construct the following matrices Ψiα ∈Ms2,1(K), i = 1, n, α = 1, r:

Ψ11 = vecc
[
SPs(B1)

]
, . . . . . . , Ψ1r = vecc

[
SPs(Br)

]
,

Ψ21 = vecc
[
SPs(AB1)

]
, . . . . . . , Ψ2r = vecc

[
SPs(ABr)

]
,

. . . . . . . . . . . . . . . . . . . . . , . . . . . . , . . . . . . . . . . . . . . . . . . . . . ,

Ψn1 = vecc
[
SPs(A

n−1B1)
]
, . . . . . . , Ψnr = vecc

[
SPs(A

n−1Br)
]
.

(24)

Construct

Ψ =



Ψ11 . . . Ψ1r

...
...

Ψn1 . . . Ψnr


 ∈Mns2,r(K). (25)

Theorem 1. For system (19), (20), with coefficients (22), (23), the problem of AMCA for CMP is

resolvable, if the following condition holds:

rankΨ = ns2. (26)

§ 4. Proof of Theorem 1

The proof of Theorem 1 will follow the scheme of proof of the corresponding theorem for

system (11), (12), (13), (14) (see [3, Theorem 3]). Let the matrix A have the form (22). Here and

everywhere below we assume that A0 := I ∈ Ms. From the matrix A, construct the following

matrix:

P :=




A0 0 . . . 0
A1 A0 . . . 0
...

. . .
. . .

...

An−1 . . . A1 A0


 ∈Mns. (27)

Let a block matrix D ∈Mns with s× s-blocks have the following form: the first p− 1 block

rows and the last n− p block columns of the matrix D are zero, i. e.,

D =




0 . . . 0 0 . . . 0
...

...
...

...

0 . . . 0 0 . . . 0
Dp1 . . . Dpp 0 . . . 0

...
...

...
...

Dn1 . . . Dnp 0 . . . 0




, 0, Dτσ ∈Ms, τ = p, n, σ = 1, p. (28)

Lemma 2 (see [3, Lemma 5]). There exists a lower block triangular matrix S such that the

following holds: the matrix S(A + D)S−1 is equal to the matrix Φ of (17), the block matrix

coefficients of which are related to the coefficients of the matrices A and D as follows:

Γi = Ai − SPs(J
i−1PD), i = 1, n.
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From the matrix A, construct the following matrices:

N0 := I ∈Mns, Nµ := Nµ−1 · A+ (L⊗ Aµ) ∈Mns, µ = 1, n− 1,

where L = I ∈Mn. Then,

N0 = I,

N1 = A+ (I ⊗A1),

N2 = A2 + (I ⊗ A1) · A + (I ⊗ A2),

. . . ,

Nµ = Aµ + (I ⊗A1) · A
µ−1 + (I ⊗A2) · A

µ−2 + . . .+ (I ⊗ Aµ−1) · A+ (I ⊗ Aµ),

. . . ,

Nn−1 = An−1 + (I ⊗A1) · A
n−2 + . . .+ (I ⊗An−2) ·A + (I ⊗An−1).

Lemma 3 (see [3, Lemma 6]). Let a block matrix D ∈Mns have the form (28). Then,

SPs(J
µPD) = SPs(NµD)

for all µ = 0, . . . , n− 1.

Lemma 4 (see [3, Lemma 7]). Let matrices A and D have the form (22) and (28), respectively.

Then, there exists a lower block triangular matrix S such that the following holds: the matrix

S(A+D)S−1 is equal to the matrix Φ of (17), the block matrix coefficients of which are related

to the coefficients of the matrices A and D as follows:

Γi = Ai − SPs(Ni−1D), i = 1, n. (29)

Lemma 4 follows from Lemmas 2 and 3.

Denote

T1 := SPs(D), T2 := SPs(AD), . . . , Tn := SPs(A
n−1D), (30)

Γ̂ :=




Γ1

Γ2
...

Γn


 ∈Mns,s, Â :=




A1

A2
...

An


 ∈Mns,s, T̂ :=




T1
T2
...

Tn


 ∈Mns,s. (31)

Lemma 5 (see [3, Lemma 8]). Equalities (29) are equivalent to the equality

Γ̂ = Â− P T̂ . (32)

Remark 1. Since P is non-degenerate, then, for any Γ̂, one can express T̂ from (32):

T̂ = P−1(Â− Γ̂). (33)

Consider the system (19), (20) with coefficients (22), (23). From (23), it follows that the

matrix
∑r

ν=1 uνBν has the form (28) of the matrix D. Let us replace the matrix D in the

equalities (30) with
∑r

ν=1 uνBν . Then, equalities (30) take the form

T1 = SPs

(
r∑

ν=1

uνBν

)
,

T2 = SPs

(
A

r∑

ν=1

uνBν

)
,

. . . . . . . . . . . . . . . . . . . . . . . . ,

Tn = SPs

(
An−1

r∑

ν=1

uνBν

)
.

(34)
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Equalities (34) are equivalent to

T1 =

r∑

ν=1

uν SPs(Bν),

T2 =

r∑

ν=1

uν SPs(ABν),

. . . . . . . . . . . . . . . . . . . . . ,

Tn =
r∑

ν=1

uν SPs(A
n−1Bν).

(35)

Denote

u := col(u1, . . . , ur) ∈ K
r, (36)

w := col
(
vecc (T1), . . . , vecc (Tn)

)
∈ K

ns2 . (37)

Let us apply the mapping vecc to equalities (35). Then, equalities (35) take the form

Ψu = w, (38)

where Ψ is defined by (24), (25).

Lemma 6. System (38) is resolvable with respect to u for arbitrary w iff condition (26) holds.

The proof of Lemma 6 is clear. If condition (26) holds, then system (38) has the particular

solution

u = ΨT (ΨΨT )−1w. (39)

Let us carry out the final arguments to prove Theorem 1. Let condition (26) hold. We

show that the problem of AMCA for CMP is resovable. Let arbitrary matrices Γi ∈ Ms(K)
be given. One needs to construct uν ∈ K, ν = 1, r, and a matrix S ∈ Mns(K) such that

S(A + u1B1 + . . . + urBr)S
−1 = Φ and Φ has the given block coefficients −Γn+1−i in the

last block row. By Lemma 4, for this, it is sufficient to construct u ∈ Kr, which ensures the

fulfillment of the equalities

Γi = Ai − SPs

(
Ni−1

r∑

ν=1

uνBν

)
, i = 1, n. (40)

Construct the matrices Â and Γ̂ by using formula (31). By using (33), let us construct the

matrix T̂ . Construct the vector w by using formula (37). Let us resolve the system (38) by

formula (39). From (39), we find the vector u ∈ K
r of (36). Then, taking into account Lemma 5,

equalities (40) are satisfied. The proof of Theorem 1 is complete. �

Based on the proof of Theorem 1, we present an algorithm for solving the problem of AMCA

for CMP, for system (19), (20), with coefficients (22), (23).

Algorithm 1. Let the system (19), (20) with coefficients (22), (23) be given.

1. By usung (24), (25), construct the matrix Ψ.

2. Check the condition (26). If this condition is satisfied, then the problem is solvable.

3. Let arbitrary matrices Γ1, . . . ,Γn ∈Ms be given.

4. Construct the matrices P of (27) and the matrices Γ̂ and Â of (31).

5. Calculate the matrix T̂ using the equality (33).
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6. The matrix T̂ has the form (31). From T̂ , find the matrices T1, . . . , Tn ∈Ms.

7. From the matrices T1, . . . , Tn ∈Ms, construct the vector w using the formula (37).

8. Solve the system (38) with respect to the vector u; for example, using the formula (39).

9. Denote the matrix A + u1B1 + . . . + urBr of the closed-loop system by Z. This matrix

is a lower block Hessenberg matrix. By Lemma 1 (see [3, Lemma 3]), from the matrix Z,

construct the matrices S1, . . . , Sn and the matrix S. Then, this matrix S reduces the matrix

Z = A+u1B1+ . . .+urBr of the closed-loop system to the matrix Φ of (17), i. e., S(A+u1B1+
+ . . .+ urBr)S

−1 = Φ.

We will demonstrate this algorithm below in Section 8.

§ 5. Theorem 1 generalizes the theorem on AMCA for CMP by LSOF for system (11)–(13)

Consider system (11), (12), (13). Suppose that the coefficients of this system have the follow-

ing special form: for some p ∈ {1, . . . , n}, the first p − 1 block rows of the matrix G are zero,

the last n − p block columns of the matrix H are zero, the matrix F is a lower block Frobenius

matrix, i. e.,

F =




0 I 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I

−An −An−1 −An−2 . . . −A1



, 0, I, Ai ∈Ms, i = 1, n, (41)

G =




0 . . . 0
...

...

0 . . . 0
Gp1 . . . Gpm

...
...

Gn1 . . . Gnm




, 0, Gjα ∈Ms, j = p, n, α = 1, m, (42)

H =



H11 . . . H1p 0 . . . 0

...
...

...
...

Hk1 . . . Hkp 0 . . . 0


, 0, Hβi ∈ Ms, β = 1, k, i = 1, p. (43)

Consider the matrices

(HT )T ⋆ G, (HT )T ⋆ (FG), . . . , (HT )T ⋆ (F n−1G).

We have (HT )T ∈Mks,ns, F
i−1G ∈Mns,ms, hence, (HT )T ⋆ (F i−1G) ∈Mks2,ms2 for all i = 1, n.

Let us construct the matrices VecRRs2

(
(HT )T ⋆ (F i−1G)

)
∈Ms2,kms2 , i = 1, n, and the matrix

Θ =




VecRRs2

(
(HT )T ⋆ G

)

VecRRs2

(
(HT )T ⋆ (FG)

)

. . . . . . . . . . . . . . . . . . . . .

VecRRs2

(
(HT )T ⋆ (F n−1G)

)


 ∈Mns2,kms2. (44)

The following theorem was proved in [3, Theorem 3].

Theorem 2. For system (11), (12), with coefficients (41), (42), (43), the problem of AMCA for

CMP by LSOF is resolvable, if the following condition holds:

rankΘ = ns2. (45)
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We will show here that Theorem 1 is a generalization of Theorem 2.

Suppose that system (11), (12) has coefficients (41), (42), (43). Consider the closed-loop

system

ẋ = (F +GQH)x, x ∈ K
ns. (46)

Let us represent system (46) in the form (19).

We have Q = {Qαβ} ∈Mms,ks(K), Qαβ ∈ Ms(K), α = 1, m, β = 1, k. Consider formula [3,

(73)]. We have

VecCRsQ = [Q11, Q21, . . . , Qm1, . . . , Q1k, . . . , Qmk] =: ∆ ∈Ms,mks(K). (47)

Denote

Qαβ =:



q11αβ . . . q1sαβ
...

...

qs1αβ . . . qssαβ


 ∈Ms(K), α = 1, m, β = 1, k. (48)

Then,

vecc∆ = col (q1111 , . . . , q
s1
11, . . . , q

1s
11, . . . , q

ss
11, q

11
21, . . . , q

s1
21, . . . , q

1s
21, . . . , q

ss
21, . . . ,

q11m1, . . . , q
s1
m1, . . . , q

1s
m1, . . . , q

ss
m1, . . . ,

q111k, . . . , q
s1
1k, . . . , q

1s
1k, . . . , q

ss
1k, . . . , q

11
mk, . . . , q

s1
mk, . . . , q

1s
mk, . . . , q

ss
mk).

(49)

Set r := mks2. Set

u := vecc∆ ∈ K
r. (50)

Let G =: [G1, . . . , Gm]; here Gα ∈ Mns,s(K) (α = 1, m). Denote Gα =: [g1α, . . . , g
s
α],

gρα ∈ K
ns, α = 1, m, ρ = 1, s.

Let H =:



Ξ1

. . .

Ξk


; here Ξβ ∈ Ms,ns(K) (β = 1, k). Denote Ξβ =:



ξ1β
. . .

ξsβ


, ξτβ ∈

(
Kns
)T

,

β = 1, k, τ = 1, s.
Let us construct the following matrices Bν ∈Mns(K), ν = 1, r:

B1 := g11ξ
1
1 , . . . . . . , Bs := gs1ξ

1
1 , . . . . . . ,

Bs2−s+1 := g11ξ
s
1, . . . . . . , Bs2 := gs1ξ

s
1,

Bs2+1 := g12ξ
1
1 , . . . . . . , Bs2+s := gs2ξ

1
1 , . . . . . . ,

B2s2−s+1 := g12ξ
s
1, . . . . . . , B2s2 := gs2ξ

s
1,

. . . . . . , . . . . . . , . . . . . . , . . . . . . ,

. . . . . . , . . . . . . , . . . . . . ,

B(m−1)s2+1 := g1mξ
1
1 , . . . . . . , B(m−1)s2+s := gsmξ

1
1 , . . . . . . ,

Bms2−s+1 := g1mξ
s
1, . . . . . . , Bms2 := gsmξ

s
1,

. . . . . . , . . . . . . , . . . . . . , . . . . . . ,

. . . . . . , . . . . . . , . . . . . . ,

B(k−1)ms2+1 := g11ξ
1
k, . . . . . . , B(k−1)ms2+s := gs1ξ

1
k, . . . . . . ,

B((k−1)m+1)s2−s+1 := g11ξ
s
k, . . . . . . , B((k−1)m+1)s2 := gs1ξ

s
k,

. . . . . . , . . . . . . , . . . . . . , . . . . . . ,

. . . . . . , . . . . . . , . . . . . . ,

B(km−1)s2+1 := g1mξ
1
k, . . . . . . , B(km−1)s2+s := gsmξ

1
k, . . . . . . ,

Bkms2−s+1 := g1mξ
s
k, . . . . . . , Bkms2 := gsmξ

s
k.

(51)
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By virtue of equalities (49), (50), and (51), we have

GQH = u1B1 + . . .+ urBr. (52)

By virtue of equalities (42), (43), and (51), the matrices (51) have the form (23).

Set

A := F. (53)

Then, system (46) has the form of system (19), (20) with matrices (22), (23).

By virtue of (52) and (53), the equalities (34), for the system (46), take the form

T1 = SPs(GQH),

T2 = SPs(FGQH),

. . . . . . . . . . . . . . . . . . ,

Tn = SPs(F
n−1GQH).

(54)

(See [3, (72)].) Denote

v := vecc (VecCRsQ) ∈ K
kms2 , (55)

w := col
(
vecc (T1), . . . , vecc (Tn)

)
∈ K

ns2 . (56)

By [3, Lemma 9], equalities (54) are equivalent to the equality

Θv = w, (57)

where Θ is defined by (44), v is defined by (55), and w is defined by (56). In its turn, equali-

ties (34) are equivalent to (38). From (37) and (56), it follows that

w = w. (58)

From (47), (48), (49), (50), and (55), it follows that

u = v. (59)

Thus, we get: equality (38), after applying the vecc−1 operation, takes the form (34); equali-

ties (34) coincide with (54); equalities (54), after applying the vecc operation, by [3, Lemma 9],

take the form (57). Due to equalities (58) and (59), we obtain that

Ψ = Θ. (60)

Thus, if the bilinear system has the form (46) with matrices (41), (42), (43), then the condition (26)

of Theorem 1 turns into the condition (45) of Theorem 2, due to the equality (60).

Thus, we have the following proposition.

Theorem 3. Theorem 1 is a generalization of Theorem 2, for systems (11), (12) with matrices (41),

(42), (43), to block matrix bilinear control systems (19), (20) with matrices (22), (23).
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§ 6. Special cases

In [3], for system (11), (12), (13) with matrices (41), (42), (43), in special cases when the

matrix blocks are scalar matrices, it was shown that rank condition (45) can be reduced (see [3,

Section 7]).

Let us consider system (19), (20) with coefficients (22), (23). Suppose that the blocks of the

matrices (22), (23) are scalar matrices, i. e.,

Ai = aiI, ai ∈ K, I ∈Ms, i = 1, n,

Bντσ = bντσI, bντσ ∈ K, I ∈Ms, ν = 1, r, τ = p, n, σ = 1, p.

Denote

A = J + enϕ ∈Mn, ϕ = [−an, . . . ,−a1] ∈M1,n,

Bν = {bντσ}
n
τ,σ=1 ∈Mn, bντσ := 0

(
τ = 1, p− 1 ∨ σ = p+ 1, n

)
, ν = 1, r.

Then,

A = A⊗ I, Bν = Bν ⊗ I, I ∈Ms, ν = 1, r.

Then, for all i = 0, . . . , n− 1 and ν = 1, . . . , r,

SPs

(
AiBν

)
= SPs

(
(A⊗ I)i(Bν ⊗ I)

)
= SPs

(
AiBν ⊗ I

)
= Sp(AiBν) · I. (61)

Consider the first block row in matrix (25):

L1 :=
[
Ψ11 . . . Ψ1r

]
.

The first row of the matrix L1 is ψ1 = [b1pp, . . . , brpp]. Since all the matrices Bν

(
ν = 1, r

)
are

scalar, therefore the remaining rows of the matrix L1 are either zero or coincide with ψ1. We

obtain that all rows of the matrix L1 linearly depend on the first row, that is, the rank of the

matrix L1 does not exceed 1. Due to the equality (61), similar properties hold for other block

rows of the matrix (25). Thus, the rank of the matrix Ψ does not exceed n. Therefore, if s > 1,
then the condition (26) of Theorem 1 cannot be satisfied. Thus, the propositions of [3, Section 7]

that hold for system (11), (12), (13) with matrices (41), (42), (43) cannot be extended to block

matrix bilinear control systems in the general case when s > 1.

Remark 2. The case s = 1 was fully investigated in [19] and [20]. The conditions of Theorem 1

are transformed into the conditions of [20, Theorem 2]. Moreover, these conditions are both

sufficient and necessary.

§ 7. The converse of Theorem 1 is not true in general

The question of the converse of Theorem 2 was raised in [3], and it was pointed out that in

some partial cases the converse is true, but in general the question remained open.

We will show here that, for Theorem 1, the converse is not true in general.

In Ms(K), consider the subspace UTs(K) ⊂ Ms(K) of the upper triangular matrices. By

analogy with [2, Definition 3], we give the following definition.

Definition 9. We say that, for system (19), (20), the problem of arbitrary upper triangular matrix

coefficient assignment (AUTMCA) for CMP is resolvable if for any ∆i ∈ UTs(K), i = 1, n, there

exist uν ∈ K, ν = 1, r, such that the system (19), (20) is reducible by some non-degenerate

change of variables z = Sx to the system

ż = Ωz, z ∈ K
ns,
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with the matrix

Ω =




0 I 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I

−∆n −∆n−1 −∆n−2 . . . −∆1



, (62)

that is the matrix of the system (19), (20) is similar to the matrix (62):

S(A+ u1B1 + . . .+ urBr)S
−1 = Ω. (63)

The following theorem takes place (see [2, Theorem 3]).

Theorem 4. Let K = C, n = 2, and s = 2. For any matrix Φ of (17), where 0, I,Γi ∈ Ms(K),
i = 1, n, there exists a matrix Ω of (62), where 0, I,∆i ∈ UTs(K), i = 1, n, such that Ω ∼ Φ.

Theorem 4 implies the following theorem.

Theorem 5. Let K = C, n = 2, and s = 2. Suppose that, for system (19), (20), the problem of

AUTMCA for CMP is resolvable. Then, for system (19), (20), the problem of AMCA for CMP is

resolvable.

Now, consider the following example. Let n = 2, s = 2, r = 6, K = C. Suppose that the

system (19), (20) has the following block matrix coefficients:

A :=




0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0


, B1 :=




0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0


, B2 :=




0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0


, B3 :=




0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0


,

B4 :=




0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0


, B5 :=




0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0


, B6 :=




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


.

(64)

So, the coefficients have the form (22), (23), where p = 2. Let arbitrary upper triangular matrices

be given:

∆1 =

[
δ1 δ2
0 δ3

]
, ∆2 =

[
δ4 δ5
0 δ6

]
. (65)

Let the matrix Ω have the form (62) with the matrices (65). Set u1 := −δ4, u2 := −δ5, u3 := −δ6,
u4 := −δ1, u5 := −δ2, u6 := −δ3. Set S := I ∈ M4. Then, obviously, the equality (63) is

satisfied. Hence, for system (19), (20) with the matrices (64), the problem of AUTMCA for CMP

is resolvable. Therefore, by Theorem 5, for system (19), (20) with the matrices (64), the problem

of AMCA for CMP is resolvable.

Now, for system (19), (20) with the matrices (64), construct the matrix Ψ of (25). Then

Ψ =




0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0




. (66)
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From (66), it follows that rankΨ = 6. So, rankΨ < 8 = ns2. Thus, condition (26) does not

hold. So, for the case K = C, n = 2, and s = 2, the converse of Theorem 1 is not true.

Remark 3. The question of the validity of Theorems 4 and 5, for the case K = C and (n > 2 or

s > 2), remains open.

Remark 4. The question of a similar counterexample for the case K = R remains open.

§ 8. Example

Example 1. Consider an example illustrating Theorem 3 and Theorem 1. Consider sys-

tem (11), (12) with n = 3, s = 2, m = k = p = 2 with the following matrices:

F =




0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
2 0 −1 0 0 0
0 0 0 −1 0 −1



, G =




0 0 0 0
0 0 0 0
0 1 1 0
0 −1 0 1
−1 3 1 −1
2 1 0 −1



, H =




1 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 −1 1 0 0 0


. (67)

The matrices (67) have the form (41), (42), (43).

Constructing matrix (44) (see [3, Example 1]), we get

Θ =




0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 1
0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 1 −1 3 1 0 1 −1
0 −1 0 0 0 1 0 0 0 −1 2 1 0 1 0 −1
0 0 −1 3 0 0 1 −1 0 0 0 −1 0 0 −1 0
0 0 2 1 0 0 0 −1 0 0 0 1 0 0 0 −1
−1 3 0 0 1 −1 0 0 −1 3 0 −1 1 −1 −1 0
2 1 0 0 0 −1 0 0 2 1 −2 0 0 −1 0 0
0 0 0 −1 0 0 −1 0 0 0 1 −3 0 0 −1 1
0 0 −2 0 0 0 0 0 0 0 −2 −1 0 0 0 1




.

Let us represent system (46) in the form (19).

We have

g11 =




0
0
0
0
−1
2



, g21 =




0
0
1
−1
3
1



, g12 =




0
0
1
0
1
0



, g22 =




0
0
0
1
−1
−1



.

ξ11 = [1, 0, 0, 0, 0, 0],

ξ21 = [0, 0, 0, 1, 0, 0],

ξ12 = [1, 0, 0, 0, 0, 0],

ξ22 = [0,−1, 1, 0, 0, 0].
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Let us construct matrices (51). We get

B1 = g11ξ
1
1 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
2 0 0 0 0 0



, B2 = g21ξ

1
1 =




0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
3 0 0 0 0 0
1 0 0 0 0 0



, (68)

B3 = g11ξ
2
1 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 2 0 0



, B4 = g21ξ

2
1 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 −1 0 0
0 0 0 3 0 0
0 0 0 1 0 0



, (69)

B5 = g12ξ
1
1 =




0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0



, B6 = g22ξ

1
1 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
−1 0 0 0 0 0



, (70)

B7 = g12ξ
2
1 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0



, B8 = g22ξ

2
1 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 −1 0 0
0 0 0 −1 0 0



, (71)

B9 = g11ξ
1
2 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
2 0 0 0 0 0



, B10 = g21ξ

1
2 =




0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
3 0 0 0 0 0
1 0 0 0 0 0



, (72)

B11 = g11ξ
2
2 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 −1 0 0 0
0 −2 2 0 0 0



, B12 = g21ξ

2
2 =




0 0 0 0 0 0
0 0 0 0 0 0
0 −1 1 0 0 0
0 1 −1 0 0 0
0 −3 3 0 0 0
0 −1 1 0 0 0



, (73)

B13 = g12ξ
1
2 =




0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0



, B14 = g22ξ

1
2 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
−1 0 0 0 0 0



, (74)
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B15 = g12ξ
2
2 =




0 0 0 0 0 0
0 0 0 0 0 0
0 −1 1 0 0 0
0 0 0 0 0 0
0 −1 1 0 0 0
0 0 0 0 0 0



, B16 = g22ξ

2
2 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 −1 1 0 0 0
0 1 −1 0 0 0
0 1 −1 0 0 0



, (75)

Define the matrix A according to (53). Then,

A =




0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
2 0 −1 0 0 0
0 0 0 −1 0 −1



. (76)

Let us calculate the matrices AjBν , j = 1, 2, ν = 1, 16. We get

AB1 =




0 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
2 0 0 0 0 0
0 0 0 0 0 0
−2 0 0 0 0 0



, AB2 =




1 0 0 0 0 0
−1 0 0 0 0 0
3 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0



,

AB3 =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 2 0 0
0 0 0 0 0 0
0 0 0 −2 0 0



, AB4 =




0 0 0 1 0 0
0 0 0 −1 0 0
0 0 0 3 0 0
0 0 0 1 0 0
0 0 0 −1 0 0
0 0 0 0 0 0



,

AB5 =




1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0



, AB6 =




0 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



,

AB7 =




0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 0 0 0



, AB8 =




0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 −1 0 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 0 0 0



,



372 Arbitrary matrix coefficient assignment

AB9 =




0 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
2 0 0 0 0 0
0 0 0 0 0 0
−2 0 0 0 0 0



, AB10 =




1 0 0 0 0 0
−1 0 0 0 0 0
3 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0



|!,

AB11 =




0 0 0 0 0 0
0 0 0 0 0 0
0 1 −1 0 0 0
0 −2 2 0 0 0
0 0 0 0 0 0
0 2 −2 0 0 0



, AB12 =




0 −1 1 0 0 0
0 1 −1 0 0 0
0 −3 3 0 0 0
0 −1 1 0 0 0
0 1 −1 0 0 0
0 0 0 0 0 0



,

AB13 =




1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0



, AB14 =




0 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



,

AB15 =




0 −1 1 0 0 0
0 0 0 0 0 0
0 −1 1 0 0 0
0 0 0 0 0 0
0 1 −1 0 0 0
0 0 0 0 0 0



, AB16 =




0 0 0 0 0 0
0 −1 1 0 0 0
0 1 −1 0 0 0
0 1 −1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



,

A2B1 =




−1 0 0 0 0 0
2 0 0 0 0 0
0 0 0 0 0 0
−2 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



, A2B2 =




3 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
−1 0 0 0 0 0



,

A2B3 =




0 0 0 −1 0 0
0 0 0 2 0 0
0 0 0 0 0 0
0 0 0 −2 0 0
0 0 0 1 0 0
0 0 0 0 0 0



, A2B4 =




0 0 0 3 0 0
0 0 0 1 0 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 −1 0 0



,

A2B5 =




1 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0



, A2B6 =




−1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0



,
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A2B7 =




0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0



, A2B8 =




0 0 0 −1 0 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0



,

A2B9 =




−1 0 0 0 0 0
2 0 0 0 0 0
0 0 0 0 0 0
−2 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0



, A2B10 =




3 0 0 0 0 0
1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
−1 0 0 0 0 0



,

A2B11 =




0 1 −1 0 0 0
0 −2 2 0 0 0
0 0 0 0 0 0
0 2 −2 0 0 0
0 −1 1 0 0 0
0 0 0 0 0 0



, A2B12 =




0 −3 3 0 0 0
0 −1 1 0 0 0
0 1 −1 0 0 0
0 0 0 0 0 0
0 1 −1 0 0 0
0 1 −1 0 0 0



,

A2B13 =




1 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0



, A2B14 =




−1 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0



,

A2B15 =




0 −1 1 0 0 0
0 0 0 0 0 0
0 1 −1 0 0 0
0 0 0 0 0 0
0 −1 1 0 0 0
0 0 0 0 0 0



, A2B16 =




0 1 −1 0 0 0
0 1 −1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 −1 1 0 0 0
0 −1 1 0 0 0



.

By using (24), (25), we construct the matrix Ψ for system (19), (20) with the matrices (76),

(68)–(75). So, we get

Ψ =




0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 1
0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 1 −1 3 1 0 1 −1
0 −1 0 0 0 1 0 0 0 −1 2 1 0 1 0 −1
0 0 −1 3 0 0 1 −1 0 0 0 −1 0 0 −1 0
0 0 2 1 0 0 0 −1 0 0 0 1 0 0 0 −1
−1 3 0 0 1 −1 0 0 −1 3 0 −1 1 −1 −1 0
2 1 0 0 0 −1 0 0 2 1 −2 0 0 −1 0 0
0 0 0 −1 0 0 −1 0 0 0 1 −3 0 0 −1 1
0 0 −2 0 0 0 0 0 0 0 −2 −1 0 0 0 1




.
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We obtain that the matrix Ψ coincides with Θ. Thus, the statement of Theorem 3 is confirmed.

Now, using the example of the system (19), (20) with the matrices (76), (68)–(75) we will

demonstrate Theorem 1 and Algorithm 1.

Calculating the rank of the matrix Ψ, we obtain that rankΨ = 12. So, conditions of Theorem 1

are fulfilled. Hence, by Theorem 1, for system (19), (20) with the matrices (76), (68)–(75), the

problem of AMCA for CMP is resolvable. Let us construct this feedback control. Suppose, for

example, that

Γ1 =

[
7 2
0 9

]
, Γ2 =

[
14 9
0 23

]
, Γ3 =

[
8 7
0 15

]
.

We have

A =




0 I 0
0 0 I

−A3 −A2 −A1


, A1 =

[
0 0
0 1

]
, A2 =

[
1 0
0 1

]
, A3 =

[
−2 0
0 0

]
.

Construct the matrix P =



I 0 0
A1 I 0
A2 A1 I


 of (27) and Γ̂ =



Γ1

Γ2

Γ3


 и Â =



A1

A2

A3


 of (31).

Calculating (33), we obtain that

T̂ =



T1
T2
T3


, T1 =

[
−7 −2
0 −8

]
, T2 =

[
−13 −9
0 −14

]
, T3 =

[
−3 −5
0 7

]
.

Construct w by formula (37). Then, w = col (−7, 0,−2,−8,−13, 0,−9,−14,−3, 0,−5, 7).
Now, resolving the system Θu = w of (38) by the formula (39), we obtain that

u = col

(
0,−

5

2
,−11,−33,−

15

2
,−10, 31,−41, 0,−

5

2
,
15

2
,
43

2
,−

15

2
,−10,−

57

2
,
43

2

)
.

Denote by Z the matrix A+ u1B1 + . . .+ u16B16. We get

Z =




0 0 1 0 0 0
0 0 0 1 0 0
−20 7 −7 −2 1 0
−15 0 0 −8 0 1
−8 −7 6 −16 0 0
15 −15 15 −15 0 −1



.

Applying step 9 of Algorithm 1, we obtain that

S =



I 0 0
0 I 0
S31 S32 I


, S31 =

[
−20 7
−15 0

]
, S32 =

[
−7 −2
0 −8

]
.

Let us calculate SZS−1. We get

SZS−1 =




0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
−8 −7 −14 −9 −7 −2
0 −15 0 −23 0 −9



.

So, the statement of Theorem 1 is confirmed.
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Remark 5. The property of AMCA allows simultaneously assign eigenvalues and eigenvectors,

i. e., eigenstructure (see [1, Theorem 11] and [2, Theorem 8]). System (18) with the matrix (17)

is equivalent to the linear multidimensional differential equation of higher order

x(n) + Γ1x
(n−1) + . . .+ Γnx = 0, x ∈ K

s. (77)

Consider the following task. It is required to construct a controller u ∈ Kr such that the closed-

loop system (19), (20) is equivalent to the differential equation (77) having a given basis of

solutions. In [1, 2], it is shown that this basis can be quite arbitrary.

Let an arbitrary set of linearly independent vectors h1, . . . , hs ∈ Ks be given and an arbitrary

list Ω = (λ1, λ2, . . . , λns) of ns numbers λξ ∈ K be given such that following vector functions

are linearly independent:

ψ1,1(t) = h1e
λ1t, ψ1,2(t) = h2e

λ2t, . . . . . . ψ1,s(t) = hse
λst,

ψ2,1(t) = h1e
λs+1t, ψ2,2(t) = h2e

λs+2t, . . . . . . ψ2,s(t) = hse
λ2st,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

ψn,1(t) = h1e
λ(n−1)s+1t, ψn,2(t) = h2e

λ(n−1)s+2t, . . . . . . ψn,s(t) = hse
λnst.

(78)

Then, the set (78) may serve as such a basis.

For example, let n = 3, s = 2, h1 =

[
1
0

]
, h2 =

[
1
1

]
, Ω = (−1,−1,−2,−3,−4,−5). Then,

the set (78) is

ψ1,1(t) =

[
1
0

]
e−t, ψ1,2(t) =

[
1
1

]
e−t,

ψ2,1(t) =

[
1
0

]
e−2t, ψ2,2(t) =

[
1
1

]
e−3t,

ψ3,1(t) =

[
1
0

]
e−4t, ψ3,2(t) =

[
1
1

]
e−5t.

(79)

The vector functions (79) are linearly independent. Using the proof of [1, Theorem 11] and [2,

Theorem 8], construct a differential equation (77) that has the set (79) as its basis of solutions.

We have (see [1, (96)])

N1 =

[
−1 0
0 −1

]
, N2 =

[
−2 0
0 −3

]
, N3 =

[
−4 0
0 −5

]
.

Construct S := [h1, h2] =

[
1 1
0 1

]
. Then (see [1, (97)]),

L1 = SN1S
−1 =

[
−1 0
0 −1

]
, L2 = SN2S

−1 =

[
−2 −1
0 −3

]
, L3 = SN3S

−1 =

[
−4 −1
0 −5

]
.

Constructing Γi, i = 1, 2, 3, by the formulas (see [1, (98)])

Γ1 = −(L1 + L2 + L3), Γ2 = L1L2 + L1L3 + L2L3, Γ3 = −L1L2L3,

we obtain that

Γ1 =

[
7 2
0 9

]
, Γ2 =

[
14 9
0 23

]
, Γ3 =

[
8 7
0 15

]
. (80)

In Example 1, we constructed a controller that provides the similarity of the matrix of sys-

tem (19), (20) with the coefficients (76), (68)–(75) to the matrix (17) with the coefficients (80).

Thus, in Example 1, for system (19), (20) with the coefficients (76), (68)–(75), a controller is

constructed, which ensures the following property: The closed-loop system (19) is equivalent to

the differential equation (77) having the basis of solutions (79). In particular, the system (19)

(and the equation (77)) is exponentially stable.
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Conclusion

In this work, we have introduced the formulation of the problem of AMCA for CMP, for block

matrix bilinear control systems. This problem is a generalization of the problem of assigning the

scalar spectrum. Sufficient conditions have been obtained for resolving the problem of AMCA

for CMP, when the state matrix is a lower block Frobenius matrix, and the matrix coefficients at

the controller contain some zero blocks. The main result is a generalization of the corresponding

results of [3] obtained for block matrix linear control system closed-loop by linear static output

feedback. Special case is considered when blocks of the matrix coefficients are scalar matrices.

It is proved that the obtained sufficient conditions are generally not necessary. The main results

are demonstrated by an example. It is shown how the property of AMCA allows simultaneously

assign eigenvalues and eigenvectors for a linear multidimensional differential equation of higher

order equivalent to the original block matrix system.

Funding. The research was carried out with a grant from the Russian Science Foundation No. 24–
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УДК 517.977, 512.643
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Работа относится к классической задаче назначения спектра собственных значений. Мы рассматри-

ваем эту задачу в обобщенной постановке. Коэффициенты системы являются блочными матрицами.

Требуется построить регулятор, который назначает замкнутой системе заданные блочные матричные

коэффициенты характеристического матричного полинома. Для блочных матричных билинейных

систем управления получены достаточные условия разрешимости задачи назначения произвольных

матричных коэффициентов характеристического матричного полинома, когда коэффициенты систе-

мы имеют специальный вид, а именно, матрица состояния является нижней блочной матрицей Фро-

бениуса, а матричные коэффициенты при регуляторе содержат некоторые нулевые блоки. Доказано,

что основной результат обобщает соответствующую теорему для блочной матричной линейной си-

стемы управления, замкнутой линейной статической обратной связью по выходу. Показано, что до-

статочные условия не являются необходимыми. Рассмотрены частные случаи. Приведены примеры,

иллюстрирующие полученные результаты.
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