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PRODUCTS OF SPACES AND THE CONVERGENCE OF SEQUENCES

By the Hewitt-Marczewski—Pondiczery theorem, the Tychonoff product of 2 separable spaces is separable.
We continue to explore the problem of the existence in the Tychonoff product [][ Z, of 2 separable
ae2v
spaces a dense countable subset, which does not contain non-trivial convergent sequences. We say that a
sequence A\ = {x,: n € w} is simple, if, for every z,, € \, a set {n’ € w: z,y = z,,} is finite. We prove
that in the product of separable spaces [][ Z,, such that Z, (« € 2“) contains a simple nonconvergent
ae2v
sequence, there is a countable dense set Q C [] Z,, which does not contain non-trivial convergent in
ae2w
[I Za. sequences.
ae2w
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Introduction
The Hewitt-Marczewski—Pondiczery theorem (see [3]) states that if [[ X, is the Tychonoff
acA
product of topological spaces, d(X,) < 7> w forall « € A and |A| < 27, then d( [] X,) < 7.

acA
We consider the problem of the existence in the product of topological spaces a subspace

without non-trivial convergent sequences. This problem has been studied extensively in recent
decades. In [7], M. Hrusak, U. A. Ramos-Garcia, S. Shelah and J. van Mill constructed, in ZFC,
the subgroup of 2¢ without non-trivial convergent sequences. In [8], W. H. Priestley proved that
the Tychonoff cube /¢ contains a countable dense set without non-trivial convergent sequences.
In [9], P. Simon proved the existence of such countable set in 2°. In [5], it was proved the
existence of such countable dense set in the product of ¢ many spaces, which contain two disjoint
non-empty closed sets. In [6], it was constructed two countable dense sets in /¢ with properties
which ensure, among other properties, that these sets contain no non-trivial convergent sequences.

We say that a sequence A = {x,: n € w} is simple if the set {n’ € w: x, = x,/} is finite
for every x,, € A\. We prove (Theorem 2.1) that in the product of separable spaces [][ Z, of 2,

ae2w
such that Z, (« € 2¥) contains a simple nonconvergent sequence, there is a countable dense set

Q C [] Z., which does not contain non-trivial convergent in [[ Z, sequences.
ae2vw ag2w

§ 1. Preliminaries

Definitions and the notions used in the paper can be found in [1-3]. I¢ = ][] I, is the
ae2w
Tychonoff cube of the weight ¢; 2 = {0, 1} is the two point discrete space. d(.X) stands for the

density of a space X; by [A] we denote the closure of A; exp A denotes the set of all subsets
of A; by Exp A we denote the set of all non-empty subsets of A.

We say that X is a countable set if | X| = w. A sequence {z,}%_; is called trivial, if there is
no € w such that x,, = x,, for all n > ny. A sequence A\ = {x,}*_, is called simple, if for every
x, € Mthe set {n’ € w: z,, = x, } is finite.
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We use the notion of an independent matrix. It was defined by J. van Mill [10] as a subfamily
of an independent linked family defined by K. Kunen [11].

Definition 1.1 (see [10]). For a countable set X, an indexed family {A;;: i € I, j € J} of
subsets of X is called a J by I independent matrix, if:

— whenever jy, j; € J are distinct and ¢ € [ then |A;;, N A;;,| < w;
— if4y,...,4, € I are distinct and j3,...,j, € J then | {A4;,,: k=1,....,n} = w.

The space X is decomposable, if X contains two disjoint non empty closed sets.

Let us present the constructions developed in [4]. These constructions are not widely known
but quite complex. We will use them further in the proof of the main result.

Consider (Exp k)*P* for k € w. Elements of this set we will denote by v, u, etc.
For k € w, denote

Hy = {u € (Exp k)*P*: {n} € u(expk) forall n < k},

H = J{H: k € w}.
For X € expw, Y € Expw and k € w, denote

A(X,Y)={ue H: u(X Nk)=Y Nk},

AXY) = {AX,Y): | € w).

The family
M; ={AX,Y): X €expw,Y € Expw}

is the independent matrix.

Lemma 1.1. Let v € Hy, C H for some ky € w and a set ' C H such that
- |[FNHg| <1 forallk € w;
— |F N Hy| =@ forall k < k.

Then for every set X € expw there exists a set Y € Expw such that v € A(X,Y) and
AX)Y)NF =2

Lemma 1.2. Let u,v € H, u # v. For every B C expw, |B| < 2%, there is X € expw \ B and
Y € Expw such that u € A(X,Y) andv ¢ A(X,Y).

Definition 1.2. Let F be the family of countable sets of H such that for every F' € F the
following holds:

1) |[FNHg| <1forall k € w;
2) {Y € Expw: A(X,Y)NF = &| > w for every X € expw.
The family F has the following property: |F| = c.
Lemma 1.3. For every countable set E C H there are 2 many F' € F such that F C F.
Lemma 1.4. Let F' € F and X € expw. Then there is a family T'(X, F) C Exp w such that:
- TNX, P =
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- JAX,Y)NF|<wforall Y € T\X, F);
- UAX,Y): Y € TV(X, F)} = H.

For F € F there is T%(X, F) C Expw, |[T*(X, F)| = w such that A(X,Y) N F = & for all
Y € T*(X, F). Denote T'(X, F) =T X, F) UT?*(X, F).
Let P be the set of all ordered pairs (u,v) of elements u,v € H. By Lemma 1.2, there is a
countable family
L Cexpw, L={Xww: (u,v) € P}

such that for every X(, ., € £ there is Y{, .y € Expw such that u € A(X (., Yiuw)),
v & AX ), Vi) and Xy # X if (u,0) 7 (0,0).

Denote R = expw \ £. Let X': F — R be one-to-one mapping. For F' € F denote
Xp=X(F).

Consider (u,v) € P. Let Tluw € Expw be a countable family such that Y, .,y € T(,.) and
AKX @), Y): Y € Tuw} = H.

Define for every X € expw the family Ty C Exp w by the following rule:

T for X = X(,,) € £;
YT\ T(Xp, F), for FeFand Xp=X(F).

By the similar way as in [4], by using the matrix M, we define the matrix
My = {Z(X,Y): X €expw, Y € Tx}
which satisfies the following conditions:

1) for every (u,v) € P, there exist X = X, € L and Y{,.,) € T(y.) such that
u € A(X(u,v)a Ku,v))a v ¢ A(X(u,v)a Ku,v))a

2) for F e Fand X = Xp = X(F), |A(Xp,Y)NF| <wforall Y € T(Xp, F);
3) for Fe Fand X = Xp = X(F), {Y € T(X,F): A(Xp,Y)NF # &} = w;
4) AX,Y)NAX,Y)=2ifY,Y €Tx,Y £Y', X € expw;

5) U{A(X,Y): Y € Ty} = H for all X € expw;

6) if X;...,X, € expw are distinct and Y; € T, (i = 1,...,n) then there is ky € w such
that (N{A(X;,Y;):i=1,...,n}) N Hy # @ for all k > k.

The matrix M generates a space

Y = H Ty.

Xeexpw

For £ € ¥ and X € expw, denote
Ex =mx(§) € Tx

for the X projection mx: 3 — T'x. The £x is a X-coordinate of &.

Lemma 1.5. The set ¥ satisfies the following conditions:
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1) if &,& € X, & # &, then there is X € expw such that
AX, mx(6) N AX, 7x(&2)) = 2

2) |N{AX,éx): X € expw}| < 1forall§ €%
3) for every u € H there is the only £* € 3 such that ({A(X,€"): X € expw} = {u};

4) ifui,us € H, uy # uy, then §"* # £,

Denote by p: H — 3 a mapping from H into 3 defined by the rule u(u) = &* (see
Lemma 1.5) for every u € H.

Lemma 1.6. The set j1(H) is a dense subset of the space ..

§ 2. Main result

We consider the problem of the existence of a countable dense set in the product [[ Z, of
ae2w
2% separable spaces, which does not contain non-trivial convergent sequences.

It has been proved in [4] that such a countable dense set exists in the product of separable
Ti-spaces. In general case, the existence of such a countable dense set has been proved in the
product [][ Z, of separable decomposable spaces Z,, (« € 2¢).

aEe2vw
Now we prove (Theorem 2.1) that there is a space Z, which is not 7j-space and is not a

decomposable space, but [[ Z, (Z, = Z for a € 2*) contains a countable dense set, which
aEe2vw
does not contain non-trivial convergent sequences.

Theorem 2.1. Let [| Z, be the product of separable spaces such that Z,, (o € 2¥) contains a
ae2w
simple nonconvergent sequence. Then there is a countable dense set () C || Z.,which does not
ae2v
contain non-trivial convergent in || Z, sequences.
ag2v

Proof Let ][] Zx be the product of separable spaces such that Zx (X € expw) contains
Xeexpw
a simple non-convergent sequence.

In every Zx (X € expw) there is a non-convergent sequence qx = {aX:n € w} such
that aX # a2 if n # n’, and a dense countable set Dy C Zx such that |[Dx \ ¢x| = w. For
Y= ][] Txand ][] Zx, letus definethe mapping from X onto [[] Dx C [] Zx:

Xeexpw Xe€expw X€expw X€expw
v [ Zx
Xeexpw
by the following way.

Let X € L,i.e., X = Xy, for (u,v) € P. In this case Tx = T ).

Let ¢x: Tx — Dx be a one-to-one mapping from T'x = T{, ) onto Dy.

Let X = Xp = X(F) for some F' € F. Consider Tx =T(Xp, F) =TYX,F)UT?*(X, F).

By Lemma 1.4, we have |T%| = w. Since T% = Tx \ T%, we have |T%| = w.

Define a one-to-one mapping ¢x: Tx — Dx from Tx onto Dy such that

ox(Ty) = qx.

Uy — H Dy C H Zx

X€Eexpw Xe€expw

Define the mapping



A. A. Gryzlov, R. A. Golovastov, E. S. Bastrykov 567

as follows: for & = {{x }xecexpw € X define ¥(§) = 2 = {2x } xecexpw Such that zx = ¢x(£x) for
X € expuw.
The mapping VU is one-to-one and continuous. We have zx = mx(2) = 7x(V(£)) = ¢x(€x)

for the projection 7x: || Zx — Zx.
Xe€expw

Foru € H, mx(V(u(u))) = ¢x(£%).
Let us prove that, for F € F and X = Xp = X(F),

mx (Vo u(F)) = qx.

By the definition of &,, we have &, € Tx. Therefore {&,: u € F} C Tx.
By the property 4) of the matrix M5, we have

{€:u € Fy =Ty
Therefore, ¢x ({£%: u € F}) = ¢x(T%) = qx. So we have

ax = ox(Tx) = ox({€%: w € F}) = mx(U(u(F))).

Let us prove that the set
Q = ¥(p(H))

does not contain any convergent non-trivial sequence.
Suppose v = {z,}22, C @ is a convergent sequence, lim z, = z. Without loss of generality
n—oo

we can assume that z,, # z, if n #£ n'.

Since ¥ is a one-to-one mapping from X onto [[ Dx € ] Zxand pu: H — ¥ is
Xeexpw X€expw
a one-to-one mapping from H into >, for every z, € < there is the only u, € H such that

U (u(un)) = 2.
Consider the set £ = {u,,: n € w}.
By Lemma 1.3, there is ' € F such that F' C E.
Let F' = {u,, : k € w}. Consider a sequence 7' = {z,, : k € w} where z,,, = V(u(uy,)).
The +' is a convergent sequence too and

mx () = 7x(U(u(F))) = ax.

The projection 7x: ] Zx — Zx is a continuous mapping, then 7(7') = gx must be
X€expw
convergent, but ¢x is not a convergent sequence. Contradiction.

So, the set () does not contain a convergent non-trivial sequence.

Since VU is a continuous mapping, p(H) is dense in ¥ (Lemma 1.6) and [] Dy is dense
Xe€expw

in ] Zx,theset @ is a countable dense subset of [[ Zx. O

Xeexpw X€eexpw

Let us present an example that illustrates Theorem 2.1.

Example 2.1. Let us consider the set Z = {0, 1,2,...}. We consider the following topology 7
onZ: 7={2,Z}U{U,: n € w}, where U, = {0,1,...,n}.

The space Z with this topology 7 is not a Tj-space, but for every n,m € Z such that
n < m, for the neighborhood On = {0,...,n}, we have m ¢ On, and for the neighborhood
Om ={0,...,m} we have n € Om. For every n € Z we have [{n}] = {n,n+1,...}. Therefore
the space Z does not contain disjoint closed sets and Z is not a decomposable space.
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But every non-trivial sequence ¢ C Z is not a convergent sequence. In fact, let n € Z. The
neighborhood On = {0,...,n} of the point n is finite and therefore n is not a limit of ¢. So,
the space Z is not a 7i-space and is not a decomposable space but satisfies the conditions of

Theorem 2.1 and therefore the product [[ Z,, where Z, = Z (o € 2¥), contains a countable
age2v
dense set, which does not contain non-trivial convergent sequences.
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Hp0H3BeI[eHI/Iﬂ MMPOCTPAHCTB U CXOAUMOCTb nocJienoBareJabHOCTel

Knwouesvie cnosa: THXOHOBCKOE IIPOU3BECACHUE, TIJIOTHOEC MHOXECTBO, CXOAAIIAACA IMOCIEA0BATCIbHOCTD,
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DOLI: 10.35634/vm230402

ITo teopeme Xprourra—MapueBckoro-IloHauiepn THXOHOBCKOE Mpou3BeneHUe 2¢ cenapabenbHBIX Mpo-
CTpaHCTB cenapalenbHo. MBI IPOAOIDKaeM HCCIIE0oBaTh MIPO0IeMy CyIECTBOBAHUS B TUXOHOBCKOM IIPO-
usBenenun || X, cemapabeibHBIX MPOCTPAHCTB IUIOTHOIO CYETHOTO MOAMHOKECTBA, HE COJEpIKallle-

ag2v

TO HETPUBHAIBHBIX CXOISIIUXCS MOCIENOBATeIbHOCTEH. MBI TOBOPUM, YTO IMOCIENOBATEIBHOCTE A =
= {x,: n € w} sABNAETCA NPOCTOM, €CIU JUI KAKIOTO T, € A MHOXecTBO {n’ € w: x,; = z,} Ko-
HeuHO. MBI JI0Ka3biBaeM, 4TO B MPOU3BENCHUU {Z,: o € 2¥} cemapabenbHBIX MPOCTPAHCTB, IIE BCAKOE
Za (0 € w) COmEPKUT MPOCTYIO HECXOMSILYIOCS MOCIEA0BATEIbHOCTD, €CTh CUSTHOE IIOTHOE MHOXECTBO
Q C [] Za., xoTopoe He COmEpKUT HETPUBUAIBHBIX CXOMAIMMXCA B || Z,, MOCIIENOBATENBHOCTEN.

10.

11.

aEe2w aEe2vw
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