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Ìß�ÊÎÅ ÓÁÅ�ÀÍÈÅ ÆÅÑÒÊÎ ÑÊÎÎ�ÄÈÍÈ�ÎÂÀÍÍÛÕ ÓÁÅ�ÀÞÙÈÕ

Â ÍÅËÈÍÅÉÍÎÉ ÇÀÄÀ×Å ��ÓÏÏÎÂÎ�Î Ï�ÅÑËÅÄÎÂÀÍÈß

Åñòåñòâåííûì îáîáùåíèåì äè��åðåíöèàëüíûõ èãð äâóõ ëèö ÿâëÿþòñÿ êîí�ëèêòíî óïðàâëÿåìûå ïðî-

öåññû ñ ó÷àñòèåì ãðóïïû óïðàâëÿåìûõ îáúåêòîâ (õîòÿ áû ñ îäíîé èç ïðîòèâîáîðñòâóþùèõ ñòîðîí).

Ïðè ýòîì íàèáîëüøóþ òðóäíîñòü äëÿ èññëåäîâàíèé ïðåäñòàâëÿþò çàäà÷è êîí�ëèêòíîãî âçàèìîäåé-

ñòâèÿ ìåæäó äâóìÿ ãðóïïàìè óïðàâëÿåìûõ îáúåêòîâ. Ñïåöè�èêà ýòèõ çàäà÷ òðåáóåò ñîçäàíèÿ íîâûõ

ìåòîäîâ èõ èññëåäîâàíèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íåëèíåéíàÿ çàäà÷à ãðóïïîâîãî ïðåñëåäî-

âàíèÿ ãðóïïû æåñòêî ñêîîðäèíèðîâàííûõ (òî åñòü èñïîëüçóþùèõ îäèíàêîâîå óïðàâëåíèå) óáåãàþùèõ

ïðè óñëîâèè, ÷òî ìàíåâðåííîñòü óáåãàþùèõ âûøå. Öåëü óáåãàþùèõ � îáåñïå÷èòü ìÿãêîå óáåãàíèå âñåé

ãðóïïû. Ïîä ìÿãêèì óáåãàíèåì ïîíèìàåòñÿ íåñîâïàäåíèå ãåîìåòðè÷åñêèõ êîîðäèíàò, óñêîðåíèé è òàê

äàëåå äëÿ óáåãàþùåãî è âñåõ ïðåñëåäîâàòåëåé. Äëÿ ëþáûõ íà÷àëüíûõ ïîçèöèé ó÷àñòíèêîâ ïîñòðîåíî

ïîçèöèîííîå óïðàâëåíèå, îáåñïå÷èâàþùåå ìÿãêîå óáåãàíèå îò ãðóïïû ïðåñëåäîâàòåëåé âñåõ óáåãàþùèõ.

Êëþ÷åâûå ñëîâà: ìÿãêîå óáåãàíèå, ãðóïïîâîå ïðåñëåäîâàíèå, íåëèíåéíûå äè��åðåíöèàëüíûå èãðû, êîí-

�ëèêòíî óïðàâëÿåìûå ïðîöåññû.

Ââåäåíèå

Åñòåñòâåííûì îáîáùåíèåì äè��åðåíöèàëüíûõ èãð äâóõ ëèö [1�3℄ ÿâëÿþòñÿ çàäà÷è ïðåñëå-

äîâàíèÿ�óáåãàíèÿ ñ ó÷àñòèåì ãðóïïû óïðàâëÿåìûõ îáúåêòîâ (õîòÿ áû ñ îäíîé èç ïðîòèâîáîð-

ñòâóþùèõ ñòîðîí), ïðè ýòîì íàèáîëüøóþ òðóäíîñòü äëÿ èññëåäîâàíèé ïðåäñòàâëÿþò çàäà÷è

êîí�ëèêòíîãî âçàèìîäåéñòâèÿ ìåæäó äâóìÿ ãðóïïàìè óïðàâëÿåìûõ îáúåêòîâ [4�7℄. Ñïåöè�è-

êà ýòèõ çàäà÷ (íàïðèìåð, íåâûïóêëîñòü è íåñâÿçíîñòü îáúåäèíåíèÿ ìíîæåñòâ äîñòèæèìîñòè

ïðåñëåäîâàòåëåé èëè öåëåâûõ ìíîæåñòâ óáåãàþùèõ) òðåáóåò ñîçäàíèÿ íîâûõ ìåòîäîâ èõ èññëå-

äîâàíèÿ.

Ïî âñåé âèäèìîñòè, ïåðâîé ðàáîòîé, ïîñâÿùåííîé çàäà÷å êîí�ëèêòíîãî âçàèìîäåéñòâèÿ

ìåæäó äâóìÿ ãðóïïàìè, áûëà ðàáîòà [8℄. Äëÿ ñëó÷àÿ ðàâíûõ äèíàìè÷åñêèõ è èíåðöèîííûõ

âîçìîæíîñòåé âñåõ ó÷àñòíèêîâ áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óêëîíåíèÿ îò âñòðå÷è

è ïîëó÷åíû îöåíêè ñâåðõó è ñíèçó ìèíèìàëüíîãî ÷èñëà óáåãàþùèõ, óêëîíÿþùèõñÿ îò çàäàí-

íîãî ÷èñëà ïðåñëåäîâàòåëåé èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïðåñëåäîâàíèÿ ãðóïïû óáåãàþùèõ ãðóï-

ïîé ïðåñëåäîâàòåëåé, ïðè ýòîì ìàíåâðåííîñòü óáåãàþùèõ âûøå, à äèíàìèêà ïðåñëåäîâàòåëåé

íåëèíåéíà. Ïðåäïîëàãàåòñÿ, ÷òî âñå óáåãàþùèå èñïîëüçóþò îäèíàêîâîå (æåñòêî ñêîîðäèíèðî-

âàííîå) óïðàâëåíèå, êîòîðîå �îðìèðóåòñÿ â êàæäûé ìîìåíò âðåìåíè ñ ó÷åòîì òåêóùèõ ïîçè-

öèé ó÷àñòíèêîâ. Ïîñòðîåíî êóñî÷íî-ïîñòîÿííîå óïðàâëåíèå, îáåñïå÷èâàþùåå ìÿãêîå óáåãàíèå

âñåõ óáåãàþùèõ (òî åñòü íåñîâïàäåíèå ãåîìåòðè÷åñêèõ êîîðäèíàò, ñêîðîñòåé, óñêîðåíèé è ò. ä.)

îò ãðóïïû ïðåñëåäîâàòåëåé. Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ [9, 10℄.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
k (k > 2) íà èíòåðâàëå [t0,∞) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ

n+m ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn èm óáåãàþùèõ E1, E2, . . . , Em ñ çàêîíàìè äâèæåíèÿ

Pi : x
(ni)
i = fi

(
xi, ẋi, . . . , x

(ni−1)
i , ui, t

)
, ui ∈ Ui, x

(αi)
i (t0) = Xαi

i , αi ∈ Ni,

Ej : y
(mj )
j = v, ‖v‖ 6 γ, y

(βj)
j (t0) = Y

βj

j , βj ∈ Mj ,

ïðè÷åì ni > mj > 1 è X
βj

i 6= Y
βj

j äëÿ âñåõ i, j, βj ∈ Mj .

(1.1)
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Çäåñü è âñþäó äàëåå (åñëè íå îãîâîðåíî ñïåöèàëüíî) xi ∈ R
k, yj ∈ R

k, v ∈ R
k, Ui ⊂ R

ki ,
ki > 1, γ > 0, fi : R

k × R
k × · · · × R

k

︸ ︷︷ ︸
ni ðàç

×Ui × [t0,∞) → R
k, i ∈ I = {1, 2, . . . , n}, j = 1, 2, . . . ,m,

Ni = {0, 1, . . . , ni − 1}, Mj = {0, 1, . . . ,mj − 1}, D(o, ρ) � øàð â ïðîñòðàíñòâå R
k
ðàäèóñà ρ

ñ öåíòðîì â òî÷êå o.

Îòìåòèì, ÷òî ëèíåéíûé ñëó÷àé èãðû Γ ïðè óñëîâèè, ÷òî fi

(
xi, ẋi, . . . , x

(ni−1)
i , ui, t

)
= ui

è Ui � êîìïàêòû â R
k, ðàññìàòðèâàëñÿ â [9, 10℄.

Îïðåäåëåíèå 1. Óïðàâëåíèÿ ui(t) ïðåñëåäîâàòåëåé Pi è v(t) óáåãàþùèõ Ej èç êëàññà èç-

ìåðèìûõ ïî Ëåáåãó �óíêöèé, óäîâëåòâîðÿþùèå óêàçàííûì â (1.1) îãðàíè÷åíèÿì, íàçûâàþòñÿ

äîïóñòèìûìè.

Ïðåäïîëîæåíèå 1. Êàæäàÿ �óíêöèÿ fi óäîâëåòâîðÿåò óñëîâèÿì ñóùåñòâîâàíèÿ, åäèí-

ñòâåííîñòè è ïðîäîëæèìîñòè ðåøåíèÿ íà ëþáîé îòðåçîê ïðè âñåõ äîïóñòèìûõ óïðàâëåíè-

ÿõ ui(t) ïðåñëåäîâàòåëåé Pi.

Ïðåäïîëîæåíèå 2. Ñóùåñòâóåò ïîñòîÿííàÿ G > 0 òàêàÿ, ÷òî êàæäàÿ �óíêöèÿ fi óäîâëå-
òâîðÿåò íåðàâåíñòâó

∣∣∣fi(aα, α ∈ Ni, b, t)
∣∣∣6 G äëÿ âñåõ (aα, α ∈ Ni, b, t) ∈ R

k × R
k × · · · × R

k

︸ ︷︷ ︸
ni ðàç

×Ui × [t0,∞).

Â ýòîé ðàáîòå ñ÷èòàåì, ÷òî ïðåäïîëîæåíèÿ 1 è 2 âûïîëíåíû.

Îïðåäåëåíèå 2. Â èãðå Γ âîçìîæíî ìÿãêîå óáåãàíèå, åñëè äëÿ ëþáûõ äîïóñòèìûõ óïðàâ-

ëåíèé ui(t) ïðåñëåäîâàòåëåé Pi íàéäåòñÿ òàêîå äîïóñòèìîå óïðàâëåíèå óáåãàþùèõ Ej

v(t) = v
(
t, x

(αi)
i (t), αi ∈ Ni, y

(βj)
j (t), βj ∈ Mj

)
,

÷òî x
(βj)
i (t) 6= y

(βj)
j (t), βj ∈ Mj äëÿ âñåõ t ∈ [t0,∞).

Äåéñòâèÿ óáåãàþùèõ ìîæíî òðàêòîâàòü ñëåäóþùèì îáðàçîì: èìååòñÿ öåíòð, êîòîðûé

â êàæäûé ìîìåíò âðåìåíè t ∈ [t0,∞) ïî âåëè÷èíàì

{
x
(αi)
i (t), αi ∈ Ni, y

(βj)
j (t), βj ∈ Mj

}
äëÿ

âñåõ óáåãàþùèõ Ej âûáèðàåò îäíî è òî æå óïðàâëåíèå v(t).

� 2. Ìÿãêîå óáåãàíèå â çàäà÷å ñ îäíèì óáåãàþùèì (ñëó÷àé m = 1)

Â ýòîì ïàðàãðà�å ïîñòðîèì äîïóñòèìîå óïðàâëåíèå v(t), îáåñïå÷èâàþùåå ìÿãêîå óáåãàíèå
èç ëþáûõ íà÷àëüíûõ ïîçèöèé â çàäà÷å ñ îäíèì óáåãàþùèì E1.

Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî â ïðåäïîëîæåíèè 2 ïîñòîÿííàÿ G = 1 (óêàçàííîå

òðåáîâàíèå ïðè G > 1 äîñòèãàåòñÿ çàìåíîé ïåðåìåííûõ x∗i (t) = xi(t)G
−1, y∗j (t) = yj(t)G

−1).

Ôèêñèðóåì ïðîèçâîëüíûé åäèíè÷íûé âåêòîð e ∈ R
k.

Èç âîçìîæíîñòè ìÿãêîãî óáåãàíèÿ äëÿ k = 2, òî åñòü íà ïëîñêîñòè, ñëåäóåò âîçìîæíîñòü

ìÿãêîãî óáåãàíèÿ è ïðè k > 2. Äåéñòâèòåëüíî, åñëè k > 2, òîãäà âûáåðåì ïëîñêîñòü Π, âêëþ-
÷àþùóþ â ñåáÿ âåêòîð Y 0

1 + e, òàêóþ, ÷òî Π(Xβ
i ) 6= Π(Y β

1 ), β ∈ M1, ãäå ïîä Π(z) ïîíèìàåòñÿ
ïðîåêöèÿ òî÷êè z ∈ R

k
íà ïëîñêîñòü Π. Òàêàÿ ïëîñêîñòü íàéäåòñÿ â ñèëó êîíå÷íîñòè ÷èñëà

ïðåñëåäîâàòåëåé n. Çàòåì â ïëîñêîñòè Π âûáèðàåì åäèíè÷íûé âåêòîð e⊥, ïåðïåíäèêóëÿðíûé e
ïðîòèâ ÷àñîâîé ñòðåëêè. Ïî e, e⊥ êàê ïî îðò-âåêòîðàì ïîëó÷àåì äåêàðòîâó ñèñòåìó êîîðäèíàò,

â êîòîðîé è ðåøàåì çàäà÷ó. Åñëè çàäà÷à ìÿãêîãî óáåãàíèÿ îò ïðîåêöèé ðàçðåøèìà, òî òåì

ñàìûì ðàçðåøèìà è èñõîäíàÿ çàäà÷à.

Äàëåå â ýòîì ïàðàãðà�å ñ÷èòàåì, ÷òî

k = 2, c = 1, 2 è zc � c-àÿ êîîðäèíàòà âåêòîðà z ∈ R
2.
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Ïóñòü

lc(t) =
∣∣∣Lc(t)

∣∣∣, ãäå Lc(t) =
{
α ∈ I : x(m1−1)

cα (t) < y
(m1−1)
c1 (t)

}
,

qc(t) =
∣∣∣Qc(t)

∣∣∣, ãäå Qc(t) =
{
α ∈ I : x(m1−1)

cα (t) = y
(m1−1)
c1 (t)

}
.

Çà�èêñèðóåì ïîëîæèòåëüíûå êîíñòàíòû δ1, δ2, ρ1, ρ2 òàê, ÷òîáû

δ1 −
ρ1
4

> 0, δ2 −
ρ2
4

> 0 è

√(
δ1 + 2ρ1n+

ρ1
4

)2
+
(
δ2 + 2ρ2n+

ρ2
4

)2
6 γ, (2.1)

íàïðèìåð:

δc =
3ρc
4

> 0, ρc =
γ√

2(2n + 1)
> 0.

Ëåììà 1 (ñì. [9, ëåììà 1℄). Äëÿ ëþáûõ ρ > 0, σ, ξ1, ξ2, . . . , ξq ∈ R
1
, q > 1

max
ω∈Ω

min
{
|ω − ξ1|, . . . , |ω − ξq|

}
> ρ, ãäå Ω = {σ + 2ρb, b = 0, 1, . . . , q}.

Äëÿ êàæäîãî ìîìåíòà t ∈ [t0,∞) îïðåäåëèì ìíîæåñòâî

Ωc(t) =
{
δc + 2ρclc(t) + 2ρcb, b = 0, 1, . . . , qc(t)

}

è âåëè÷èíó ωc(t) ∈ Ωc(t) ñëåäóþùèì îáðàçîì: åñëè qc(t) = 0, òîãäà ωc(t) = δc + 2ρclc(t); åñëè
qc(t) > 1, òîãäà ωc(t) îïðåäåëÿåòñÿ èç óñëîâèÿ

min
α∈Qc(t)

{∣∣ωc(t)− x(m1)
cα (t)

∣∣
}
= max

ω∈Ωc(t)
min

α∈Qc(t)

{∣∣ω − x(m1)
cα (t)

∣∣
}
> ρc.

(2.2)

Íåðàâåíñòâî â (2.2) ñëåäóåò èç ëåììû 1. Äëÿ îïðåäåëåííîñòè: åñëè ñóùåñòâóåò íåñêîëüêî çíà÷å-

íèé ωc(t), òî âîçüìåì ìàêñèìàëüíîå èç íèõ. Òàêèì îáðàçîì, äëÿ âñåõ t ∈ [t0,∞) âåëè÷èíà ωc(t)
îïðåäåëåíà îäíîçíà÷íî è

ωc(t) ∈ Ω∗
c =

{
δc + 2ρcb, b = 0, 1, . . . , n}. (2.3)

Ëåììà 2. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1 è 2. Òîãäà äëÿ âñåõ t ∈ [t0,∞), T > 0
è r ∈ M1 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) îáëàñòü äîñòèæèìîñòè x
(r)
i â ìîìåíò t+ T âêëþ÷åíà â ìíîæåñòâî

D

(
ni−r−1∑

k=0

x
(r+k)
i (t)T k

k!
,

T ni−r

(ni − r)!

)
;

2) îáëàñòü äîñòèæèìîñòè x
(r)
ci â ìîìåíò t+ T âêëþ÷åíà â îòðåçîê

[
ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
− T ni−r

(ni − r)!
,

ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
+

T ni−r

(ni − r)!

]
;

3) åñëè vc(τ) = vc(t) äëÿ âñåõ τ ∈ [t, t+ T ], òî

y
(r)
c1 (t+ T ) =

m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+ vc(t)

Tm1−r

(m1 − r)!
.
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Ä î ê à ç à ò å ë ü ñ ò â î. Èç ñèñòåìû (1.1) è ïðåäïîëîæåíèÿ 2 ïîëó÷àåì, ÷òî

∣∣∣x(ni)
i (s)

∣∣∣ =
∣∣∣fi(x(αi)

i (s), αi ∈ Ni, ui(s), s)
∣∣∣ 6 G = 1 äëÿ ïî÷òè âñåõ s ∈ [t, t+ T ].

Èíòåãðèðîâàíèåì ýòîãî íåðàâåíñòâà íà èíòåðâàëå [t, t + T ] äîêàçûâàþòñÿ óòâåðæäåíèÿ 1 è 2.

Óòâåðæäåíèå 3 ëåììû ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì èíòåãðèðîâàíèåì íà èíòåðâàëå [t, t+ T ]
óðàâíåíèÿ äâèæåíèÿ óáåãàþùåãî (1.1) ïðè óêàçàííîì óñëîâèè íà åãî óïðàâëåíèå.

Ëåììà äîêàçàíà. �

Äëÿ êàæäîãî t ∈ [t0,∞) îïðåäåëèì �óíêöèè T r
ci(t) > 0, r ∈ M1, êàê âðåìÿ, â òå÷åíèå

êîòîðîãî íå ìîãóò ñîâïàñòü c-ûå êîîðäèíàòû x
(r)
i (t) è y

(r)
1 (t), òî åñòü

x
(r)
ci (s) 6= y

(r)
c1 (s) äëÿ âñåõ s ∈ [t, t+ T r

ci(t)),

ïðè óñëîâèè ÷òî E1 èñïîëüçóåò óïðàâëåíèå vc(τ) = vc(t) äëÿ âñåõ τ ∈ [t,∞).
Âîçìîæíû òðè ñëó÷àÿ:

1) y
(r)
c1 (t) < x

(r)
ci (t); èç (1.1) è ëåììû 2 ïîëó÷èì, ÷òî T r

ci(t) åñòü íàèìåíüøåå ïîëîæèòåëüíîå
(îòíîñèòåëüíî T ) ðåøåíèå óðàâíåíèÿ

m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+ vc(t)

Tm1−r

(m1 − r)!
=

ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
− T ni−r

(ni − r)!
;

2) y
(r)
c1 (t) = x

(r)
ci (t); ïîëîæèì T r

ci(t) = 0;

3) y
(r)
c1 (t) > x

(r)
ci (t); òîãäà T r

ci(t) åñòü íàèìåíüøåå ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ

m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+ vc(t)

Tm1−r

(m1 − r)!
=

ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
+

T ni−r

(ni − r)!
.

Òàêèì îáðàçîì, äëÿ âñåõ t ∈ [t0,∞) è r ∈ M1 çíà÷åíèå T
r
ci(t) îïðåäåëÿåòñÿ êàê ìèíèìàëüíûé

íåîòðèöàòåëüíûé (îòíîñèòåëüíî T ) êîðåíü ìíîãî÷ëåíà

0 = −sign
(
y
(r)
c1 (t)− x

(r)
ci (t)

) T ni−r

(ni − r)!
−

ni−r−1∑

k=m1−r+1

x
(r+k)
ci (t)T k

k!
+

+
(
vc(t)− x

(m1)
ci (t)

) Tm1−r

(m1 − r)!
+

m1−r−1∑

k=1

(
y
(r+k)
c1 (t)− x

(r+k)
ci (t)

)
T k

k!
+
(
y
(r)
c1 (t)− x

(r)
ci (t)

)
,

(2.4)

êîòîðûé ñóùåñòâóåò, òàê êàê äàííîå óðàâíåíèå ïðåäñòàâèìî â âèäå

T ni−r + a1T
ni−r−1 + · · · + ani−r−1T = ani−r, ãäå ani−r > 0.

Äëÿ âñåõ t ∈ [t0,∞) è r ∈ M1 îïðåäåëèì �óíêöèè

Jr
ci(t) = min

{
T p
dα(t), (d, α, p) ∈ {1, 2} × I ×M1 è (d, α, p) 6= (c, i, r)

}
.

Èíà÷å ãîâîðÿ, Jr
ci(t) > 0 ïðè êàæäîì t ∈ [t0,∞) åñòü ìèíèìàëüíîå èç âñåõ îïðåäåëåííûõ âûøå

çíà÷åíèé T p
dα(t), (d, α, p) ∈ {1, 2}×I×M1, çà èñêëþ÷åíèåì òîëüêî îäíîãî T r

ci(t), òî åñòü ìèíèìóì
âûáèðàåòñÿ èç 2nm1 − 1 ÷èñåë.

Äëÿ êàæäîãî r ∈ M1 îïðåäåëèì �óíêöèè

Kr
ci(t) =





1, åñëè y
(r)
c1 (t) < x

(r)
ci (t) è äëÿ T = T r

ci(t) âûïîëíåíî íåðàâåíñòâî
m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k! +
(
vc(t) +

ρc
8

)
Tm1−r

(m1−r)! >
ni−r−1∑
k=0

x
(r+k)
ci (t)T k

k! + Tni−r

(ni−r)! ;

−1, åñëè y
(r)
c1 (t) > x

(r)
ci (t) è äëÿ T = T r

ci(t) âûïîëíåíî íåðàâåíñòâî
m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k! +
(
vc(t)− ρc

8

)
Tm1−r

(m1−r)! 6
ni−r−1∑
k=0

x
(r+k)
ci (t)T k

k! − Tni−r

(ni−r)! ;

0 � â ïðîòèâíîì ñëó÷àå.

(2.5)
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Ëåììà 3. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1, 2 è óáåãàþùèé E1 èñïîëüçóåò ïðîèçâîëüíîå

ïîñòîÿííîå óïðàâëåíèå. Òîãäà äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ ui(t) ïðåñëåäîâàòåëÿ Pi

è r ∈ M1 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè äëÿ t > t0 è íåêîòîðîãî σ > 0

y
(r)
c1 (τ) < x

(r)
ci (τ)

{
y
(r)
c1 (τ) > x

(r)
ci (τ)

}
äëÿ âñåõ τ ∈ [t− σ, t), y

(r)
c1 (t) = x

(r)
ci (t),

y
(r)
d (τ) 6= x

(r)
di (τ) äëÿ âñåõ τ ∈ [t− σ, t], ãäå d ∈ {1, 2}\{c},

òî íàéäåòñÿ ε ∈ (0, σ] òàêîå, ÷òî

Kr
ci(τ) = 1

{
Kr

ci(τ) = −1
}
è T r

di(τ) > T r
ci(τ) äëÿ âñåõ τ ∈ [t− ε, t);

2) åñëè äëÿ t > t0 è íåêîòîðîãî σ > 0

y
(r)
11 (τ) 6= x

(r)
1i (τ), y

(r)
21 (τ) 6= x

(r)
2i (τ) äëÿ âñåõ τ ∈ [t− σ, t), y

(r)
1 (t) = x

(r)
i (t),

òî íàéäåòñÿ ε ∈ (0, σ] òàêîå, ÷òî

Kr
1i(τ) 6= 0 è T r

2i(τ) > T r
1i(τ) > 0 äëÿ âñåõ τ ∈ [t− ε, t) èëè

Kr
2i(τ) 6= 0 è T r

1i(τ) > T r
2i(τ) > 0 äëÿ âñåõ τ ∈ [t− ε, t).

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (2.4) è óñëîâèé ëåììû ñëåäóåò íåïðåðûâíîñòü �óíêöèé T r
1i(τ),

T r
2i(τ) äëÿ âñåõ τ ∈ [t0,∞).
1. Ïóñòü

y
(r)
c1 (τ) < x

(r)
ci (τ), τ ∈ [t− σ, t), y

(r)
d (τ) 6= x

(r)
di (τ), τ ∈ [t− σ, t],

y
(r)
c1 (t) = x

(r)
ci (t), y

(r)
d (t) 6= x

(r)
di (t).

Â ýòîì ñëó÷àå

T r
ci(t) = 0, T r

di(t) > 0.

Ó÷èòûâàÿ íåïðåðûâíîñòü, ïîëó÷àåì, ÷òî ñóùåñòâóåò ε ∈ (0, σ] òàêîå, ÷òî

T r
di(τ) > T r

ci(τ),
ρc
8

> 2
(m1 − r)!

(ni − r)!
(T r

ci(τ))
ni−m1 , τ ∈ [t− ε, t).

Èç (2.5) ñëåäóåò, ÷òî Kr
ci(τ) = 1, τ ∈ [t− ε, t), åñëè

m1−r−1∑

k=0

y
(r+k)
c1 (τ)(T r

ci(τ))
k

k!
+
(
vc(τ) +

ρc
8

) (T r
ci(τ))

m1−r

(m1 − r)!
>

ni−r−1∑

k=0

x
(r+k)
ci (τ)(T r

ci(τ))
k

k!
+

(T r
ci(τ))

ni−r

(ni − r)!
,

÷òî ýêâèâàëåíòíî íåðàâåíñòâó

[(
m1−r−1∑

k=0

y
(r+k)
c1 (τ)(T r

ci(τ))
k

k!
+vc(τ)

(T r
ci(τ))

m1−r

(m1 − r)!

)
−
(

ni−r−1∑

k=0

x
(r+k)
ci (τ)(T r

ci(τ))
k

k!
− (T r

ci(τ))
ni−r

(ni − r)!

)]
+

+

[(
ρc
8

− 2
(m1 − r)!

(ni − r)!
(T r

ci(τ))
ni−m1

)
(T r

ci(τ))
m1−r

(m1 − r)!

]
> 0,

êîòîðîå âûïîëíåíî, òàê êàê ïåðâîå ñëàãàåìîå ðàâíî 0 ïî îïðåäåëåíèþ �óíêöèè T r
ci(τ), à âòîðîå

íåîòðèöàòåëüíî ïî âûáîðó ε.
Âòîðîé ñëó÷àé ðàññìàòðèâàåòñÿ àíàëîãè÷íî. Óòâåðæäåíèå 1 äîêàçàíî.

2. Èìååì

T r
1i(τ) > 0, T r

2i(τ) > 0, τ ∈ [t− σ, t), T r
1i(t) = T r

2i(t) = 0.
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Ó÷èòûâàÿ íåïðåðûâíîñòü, ïîëó÷àåì, ÷òî ñóùåñòâóåò ε ∈ (0, σ] òàêîå, ÷òî äëÿ âñåõ τ ∈ [t− ε, t)

(
ρc
16

(ni − r)!

(m1 − r)!

) 1
ni−m1

> T r
2i(τ) > T r

1i(τ) > 0 èëè

(
ρc
16

(ni − r)!

(m1 − r)!

) 1
ni−m1

> T r
1i(τ) > T r

2i(τ) > 0.

Àíàëîãè÷íî óòâåðæäåíèþ 1 äëÿ òàêèõ ε äîêàçûâàåòñÿ, ÷òî

Kr
1i(τ) 6= 0 èëè Kr

2i(τ) 6= 0, τ ∈ [t− ε, t).

Óòâåðæäåíèå 2 è ëåììà äîêàçàíû ïîëíîñòüþ. �

Äëÿ âñåõ t ∈ [t0,∞) è r ∈ M1 îïðåäåëèì �óíêöèè

Br
1i(t) =





1, åñëè Kr
1i(t) 6= 0, Jr

1i(t) > T r
1i(t),

Bp
1α(t) = Bp

2α(t) = 0
äëÿ âñåõ α ∈ I è p = r + 1, r + 2, . . . ,m1 − 1,
Br

11(t) = Br
12(t) = · · · = Br

1i−1(t) = 0,
0 � â îñòàëüíûõ ñëó÷àÿõ,

(2.6)

Br
2i(t) =





1, åñëè Kr
2i(t) 6= 0, Jr

2i(t) > T r
2i(t),

Bp
1α(t) = Bp

2α(t) = Br
1α(t) = 0

äëÿ âñåõ α ∈ I è p = r + 1, r + 2, . . . ,m1 − 1,
Br

21(t) = Br
22(t) = · · · = Br

2i−1(t) = 0,
0 � â îñòàëüíûõ ñëó÷àÿõ.

(2.7)

Èç (2.6), (2.7) ñëåäóåò, ÷òî â êàæäûé ìîìåíò t ∈ [t0,∞) èç 2nm1 �óíêöèé Br
ci íå áîëåå ÷åì

îäíà îáðàùàåòñÿ â 1. Âû÷èñëåíèå �óíêöèé Br
ci ìîæíî ïðîâîäèòü â ñëåäóþùåì ïîðÿäêå:

Bm1−1
11 , Bm1−1

12 , . . . , Bm1−1
1n , Bm1−1

21 , Bm1−1
22 , . . . , Bm1−1

2n ,

Bm1−2
11 , Bm1−2

12 , . . . , Bm1−2
1n , Bm1−2

21 , Bm1−2
22 , . . . , Bm1−2

2n , . . . ,
B0

11, B0
12, . . . , B0

1n, B0
21, B0

22, . . . , B0
2n.

Òàê äîéäåì äî �óíêöèè, ðàâíîé 1 èëè äî B0
2n. Åñëè èñïîëüçîâàòü ýòó ñõåìó, òî èç (2.6), (2.7)

ñëåäóåò, ÷òî äëÿ êàæäîé �óíêöèé Br
ci äîñòàòî÷íî ïðîâåðÿòü óñëîâèÿ Kr

ci(t) 6= 0, Jr
ci(t) > T r

ci(t)
(åñëè îíè âûïîëíÿþòñÿ, òî Br

ci(t) = 1, èíà÷å Br
ci(t) = 0).

Îïðåäåëÿåì óïðàâëåíèå v(t) óáåãàþùåãî E1 ñëåäóþùèì îáðàçîì:

vc(t) =





ωc(τ
c
2b), t ∈ [τ c2b, τ

c
2b+1), ãäå

τ c2b+1 > τ c2b � ìîìåíò, êîãäà âïåðâûå íàéäóòñÿ

α ∈ I, r ∈ M1 : Br
cα(τ

c
2b+1) = 1 è vd(τ

c
2b+1) ∈ Ω∗

d;

ωc(τ
c
2b+1) +Kr

cα(τ
c
2b+1)

ρc
4
, t ∈ [τ c2b+1, τ

c
2b+2), ãäå

τ c2b+2 > τ c2b+1 � ìîìåíò, êîãäà âïåðâûå

íàéäåòñÿ β ∈ I : y
(r)
c1 (τ

c
2b+2) = x

(r)
cβ (τ

c
2b+2).

(2.8)

Çäåñü τ c0 = t0, d ∈ {1, 2}\{c}, b = 0, 1, 2, . . . ; äëÿ îïðåäåëåííîñòè: åñëè íàéäåòñÿ íåñêîëüêî

çíà÷åíèé α ∈ I, óäîâëåòâîðÿþùèõ óêàçàííîìó ñâîéñòâó, òî âîçüìåì ìèíèìàëüíîå èç íèõ.

Äëÿ äîêàçàòåëüñòâà íèæåñëåäóþùèõ óòâåðæäåíèé îïðåäåëèì ÷èñëîâóþ ïîñëåäîâàòåëü-

íîñòü tcb ñëåäóþùèì îáðàçîì: tc0 = t0; åñëè τ c2a+1 > tcb−1 � ìîìåíò, êîãäà âïåðâûå â (2.8)

r = m1 − 1, òîãäà tcb = τ c2a+2 (b = 1, 2, . . . ).

Äàëåå ñ÷èòàåì, ÷òî óïðàâëåíèå v(t) è ïîñëåäîâàòåëüíîñòè {τ cb }bcb=0 îïðåäåëåíû ñîãëàñ-

íî (2.8), ïðè ýòîì ëèáî bc < ∞, ëèáî bc = ∞, à ïîñëåäîâàòåëüíîñòè {tcb}
b∗c
b=0 ⊂ {τ cb }bcb=0 îïðåäå-

ëåíû êàê îïèñàíî âûøå, ïðè ýòîì ëèáî b∗c < ∞, ëèáî b∗c = ∞.

Îáîçíà÷èì ÷åðåç ÷ îïåðàöèþ äåëåíèÿ íàöåëî.
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Ëåììà 4. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1, 2. Òîãäà äëÿ ëþáûõ äîïóñòèìûõ óïðàâëå-

íèé ui(t) ïðåñëåäîâàòåëåé Pi âûïîëíåíû ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè b1 > 2 è b2 > 2, òî

{τ12b}b1÷2
b=1

⋂
{τ22b}b2÷2

b=1 = ∅;

2) åñëè bc > 2, òî

y
(r)
c1 (t) 6= x

(r)
ci (t) äëÿ âñåõ r ∈ M1 è t ∈

bc÷2−1⋃

b=0

(τ c2b, τ
c
2b+2);

3) vc(τ) ∈
[
δc −

ρc
4
, δc + 2ρcn+

ρc
4

]
äëÿ âñåõ τ ∈ {τ cb }bcb=0;

4) åñëè bc = ∞, òî è b∗c = ∞;

5) vc(t
c
b)−

ρc
4

6 vc(t) 6 vc(t
c
b) +

ρc
4

äëÿ âñåõ t ∈ [tcb, t
c
b+1).

Ä î ê à ç à ò å ë ü ñ ò â î. 1. Èç �îðìóëû (2.8) ñëåäóåò, ÷òî τ12p+1 6= τ22q+1 äëÿ âñåõ p, q > 0,

ïðè êîòîðûõ τ12p+1, τ
2
2q+1 îïðåäåëåíû, ïîñêîëüêó âûøå áûëî îòìå÷åíî, ÷òî ïðè êàæäîì t > t0

èç 2nm1 �óíêöèé Br
ci íå áîëåå ÷åì îäíà îáðàùàåòñÿ â 1.

Ïóñòü íàñòóïèë ìîìåíò τ12p+1, òîãäà èç (2.8), (2.6), (2.5), (2.3) ïîëó÷èì, ÷òî

v1(t) = v1(τ
1
2p+1) +Kr

1α(τ
1
2p+1)

ρ1
4

/∈ Ω1
∗, t ∈ (τ12p+1, τ

1
2p+2).

Îòñþäà è èç ñêàçàííîãî âûøå ñëåäóåò, ÷òî

τ22q+1 /∈ [τ12p+1, τ
1
2p+2), v2(t) = v2(τ

1
2p+1), t ∈ (τ12p+1, τ

1
2p+2).

Îáúåäèíÿåì {
v1(t) = v1(τ

1
2p+1) +Kr

1α(τ
1
2p+1)

ρ1
4
,

v2(t) = v2(τ
1
2p+1),

t ∈ (τ12p+1, τ
1
2p+2),

è ïîëó÷àåì ñèñòåìó {
τ12p+2 ∈ (τ12p+1, τ

1
2p+1 + T r

1α(τ
1
2p+1)),

Jr
1α(τ

1
2p+1) > T r

1α(τ
1
2p+1),

èç êîòîðîé ñëåäóåò, ÷òî

y
(r)
21 (t) 6= x

(r)
2i (t) äëÿ âñåõ r ∈ M1, t ∈ [τ12p+1, τ

1
2p+2] è τ22q /∈ [τ12p+1, τ

1
2p+2].

Ïóñòü íàñòóïèë ìîìåíò âðåìåíè τ22q+1; àíàëîãè÷íî ïîëó÷èì, ÷òî

y
(r)
11 (t) 6= x

(r)
1i (t) äëÿ âñåõ r ∈ M1, t ∈ [τ22q+1, τ

2
2q+2] è τ12p /∈ [τ22q+1, τ

2
2q+2].

Óòâåðæäåíèå 1 äîêàçàíî.

2. Äîêàæåì, ÷òî äëÿ âñåõ r ∈ M1 è ïðîèçâîëüíîãî p ∈ {0, 1, . . . , b1 ÷ 2− 1}

y
(r)
11 (t) 6= x

(r)
1i (t) äëÿ âñåõ t ∈ (τ12p, τ

1
2p+2).

Èç ëåììû 3 ñëåäóåò, ÷òî

y
(r)
11 (t) 6= x

(r)
1i (t), t ∈ (τ12p,min{τ12p+1, τ

2
2q+1}).

Åñëè min{τ12p+1, τ
2
2q+1} = τ12p+1, òîãäà óòâåðæäåíèå äîêàçàíî.

Ïóñòü min{τ12p+1, τ
2
2q+1} = τ22q+1. Â äîêàçàòåëüñòâå óòâåðæäåíèÿ 1 äàííîé ëåììû ïîêàçàíî,

÷òî â ýòîì ñëó÷àå

y
(r)
11 (t) 6= x

(r)
1i (t), t ∈ [τ22q+1, τ

2
2(q+1)].
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Òåïåðü, ñíîâà ïðèìåíÿÿ ëåììó 3, ïîëó÷àåì, ÷òî

y
(r)
11 (t) 6= x

(r)
1i (t), t ∈ (τ22(q+1),min{τ12p+1, τ

2
2(q+1)+1}).

Ïðîäîëæàÿ äàëåå, ïîëó÷èì, ÷òî äëÿ íåêîòîðîãî l çíà÷åíèå min{τ12p+1, τ
2
2(q+l)+1} = τ12p+1.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî

y
(r)
21 (t) 6= x

(r)
2i (t) äëÿ âñåõ t ∈ (τ22q, τ

2
2q+2).

Óòâåðæäåíèå 2 äîêàçàíî.

3. Èç (2.3) è (2.8) ïîëó÷èì, ÷òî vc(τ
c
2b) ∈ Ω∗

c ⊂ [δc, δc + 2ρcn] è

vc(τ
c
2b+1) = vc(τ

c
2b)± ρc/4 ∈ [δc − ρc/4, δc + 2ρcn+ ρc/4].

4. Åñëè m1 = 1, òî {tcb}
b∗c
b=0 = {τ c2b}∞b=0, îòêóäà b∗c = ∞.

Ïóñòü m1 = 2. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå íå âûïîëíåíî, òî åñòü bc = ∞ è b∗c < ∞.
Ñëåäîâàòåëüíî, íàéäåòñÿ íîìåð p òàêîé, ÷òî ïðè ëþáîì b > p äëÿ âñåõ i âûïîëíåíî ðàâåíñòâî
B1

ci(τ
c
2b+1) = 0 è äëÿ íåêîòîðîãî α ∈ I èìååò ìåñòî ðàâåíñòâî B0

cα(τ
c
2b+1) = 0. Èç óòâåðæäåíèÿ 2

ýòîé ëåììû ñëåäóåò, áåç ïîòåðè îáùíîñòè, ÷òî íàéäåòñÿ a ∈ {0, 1, . . . , n} òàêîå, ÷òî äëÿ âñåõ

t > τ c2(p+1) âûïîëíåíû íåðàâåíñòâà

ẋc1(t), ẋc2(t), . . . , ẋca(t) < ẏc1(t) < ẋca+1(t), ẋca+2(t), . . . , ẋcn(t).

Èç ïîñëåäíåãî ñëåäóåò ñóùåñòâîâàíèå íîìåðà q òàêîãî, ÷òî äëÿ âñåõ t > τ c2(p+q) èìåþò ìåñòî

íåðàâåíñòâà

xc1(t), xc2(t), . . . , xck(t) < yc1(t) < xca+1(t), xca+2(t), . . . , xcn(t).

Îáúåäèíÿÿ äâà íåðàâåíñòâà äëÿ t > τ c2(p+q), ïîëó÷èì, ÷òî bc < ∞. Ïîëó÷èëè ïðîòèâîðå÷èå.

Ñëó÷àé m1 > 3 ðàññìàòðèâàåòñÿ àíàëîãè÷íî. Óòâåðæäåíèå 4 äîêàçàíî.

5. Ïóñòü tcb = τ c2p 6 τ c2p+1 < τ c2(p+1) 6 τ c2(p+1)+1 < · · · < τ c2(p+q) = tcb+1, òîãäà, ïðèìåíÿÿ

óòâåðæäåíèå 2 ýòîé ëåììû è (2.8), ïîëó÷èì, ÷òî

vc(t
c
b) = vc(τ

c
2p), vc(τ

c
2p+1) = vc(t

c
b)± ρc/4, vc(τ

c
2(p+1)) = vc(t

c
b), . . . ,

vc(τ
c
2(p+q−1)) = vc(t

c
b), vc(τ

c
2(p+q−1)+1) = vc(t

c
b)± ρc/4.

Èç ïîñëåäíåãî ñëåäóåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ 5. Ëåììà äîêàçàíà. �

Äîêàæåì, ÷òî �îðìóëà (2.8) îïðåäåëÿåò v(t) äëÿ âñåõ t ∈ [t0,∞). Äëÿ ýòîãî äîñòàòî÷íî

ïîêàçàòü, ÷òî èìååò ìåñòî ñëåäóþùàÿ ëåììà.

Ëåììà 5. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1, 2. Òîãäà äëÿ ëþáîãî íàáîðà äîïóñòèìûõ

óïðàâëåíèé ui(t) ïðåñëåäîâàòåëåé Pi ëèáî çíà÷åíèå bc êîíå÷íî, ëèáî lim
b→∞

τ cb = ∞.

Ä î ê à ç à ò å ë ü ñ ò â î. �àññìîòðèì ñëó÷àé c = 1. Äëÿ êàæäîãî íàáîðà äîïóñòèìûõ

óïðàâëåíèé ui(t) âîçìîæåí îäèí èç ñëåäóþùèõ äâóõ ñëó÷àåâ.

I. Àëãîðèòì (2.8) ïðèìåíÿåòñÿ êîíå÷íîå ÷èñëî ðàç, ïîýòîìó çíà÷åíèå b1 êîíå÷íî.
II. Àëãîðèòì (2.8) ïðèìåíÿåòñÿ áåñêîíå÷íîå ÷èñëî ðàç. Òðåáóåòñÿ äîêàçàòü, ÷òî ïîëó÷åííàÿ

ïî ýòîé �îðìóëå ïîñëåäîâàòåëüíîñòü {τ1b }∞b=0 óäîâëåòâîðÿåò óñëîâèþ lim
b→∞

τ1b = ∞. Ïðåäïîëî-

æèì ïðîòèâíîå, òî åñòü ñóùåñòâóåò íàáîð äîïóñòèìûõ óïðàâëåíèé u∗i (t) òàêîé, ÷òî

lim
b→∞

τ1b = τ∗ < ∞.

II.1. �àññìîòðèì ÷èñëà x
(m1−1)
1i (τ∗). Ïóñòü îíè ïðèíèìàþò r ∈ I ðàçëè÷íûõ çíà÷åíèé

ξ1 < ξ2 < · · · < ξr.



Ìÿãêîå óáåãàíèå æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ 11

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 4

Íå òåðÿÿ îáùíîñòè, ñ÷èòàåì, ÷òî

x
(m1−1)
1s (τ∗) = ξa, s ∈ Sa, ãäå Sa = {sa−1 + 1, sa−1 + 2, . . . , sa}, a = 1, 2, . . . , r (s0 = 0, sr = n).

Äëÿ êàæäîãî ε ∈ [0, τ∗] îïðåäåëèì ìíîæåñòâà

Ha(ε) =
⋃

s∈Sa

{
z ∈ R

1 : z = x
(m1−1)
1s (t), t ∈ [τ∗ − ε, τ∗]

}
, a = 1, 2, . . . , r.

Ïóñòü G1, G2 ⊂ R
1, îáîçíà÷èì

dist(G1, G2) = inf
g1∈G1, g2∈G2

|g1 − g2|,

h(ε) = min
{
dist

(
Ha(ε),Ha+1(ε)

)
, a = 1, 2, . . . , r − 1

}
,

H(ε) = h(ε)− 2(δ1 + 2ρ1n+ ρ1/4)ε, ε ∈ [0, τ∗].

Â ñèëó íåïðåðûâíîñòè �óíêöèè H è óñëîâèÿ h(0) > 0 ïîëó÷àåì, ÷òî ñóùåñòâóåò ε1 > 0
òàêîå, ÷òî H(ε) > 0 äëÿ âñåõ ε ∈ [0, ε1]. Îòñþäà

h(ε)

δ1 + 2ρ1n+ ρ1/4
> 2ε äëÿ âñåõ ε ∈ [0, ε1]. (2.9)

II.2. Åñëè |Sa| = 1, òîãäà ïîëàãàåì εa2 = ∞.

Ïóñòü |Sa| > 2 è α, β ∈ Sa. �àññìîòðèì çíà÷åíèÿ x
(m1−1)
1α , x

(m1−1)
1β , x

(m1)
1α , x

(m1)
1β . Îòìåòèì, ÷òî

x
(m1−1)
1α (τ∗) = x

(m1−1)
1β (τ∗) = ξa. (2.10)

�àçáåðåì âñåâîçìîæíûå ñëó÷àè èõ âçàèìíîãî ðàñïîëîæåíèÿ:

1) x
(m1)
1α (τ∗) > x

(m1)
1β (τ∗); â ñèëó íåïðåðûâíîñòè ýòèõ �óíêöèé ñóùåñòâóåò ε > 0 òàêîå,

÷òî x
(m1)
1α (t) > x

(m1)
1β (t), t ∈ [τ∗ − ε, τ∗]; êðîìå òîãî, èç (2.10) ñëåäóåò x

(m1−1)
1α (t) < x

(m1−1)
1β (t),

t ∈ [τ∗ − ε, τ∗);

2) x
(m1)
1α (τ∗) < x

(m1)
1β (τ∗); àíàëîãè÷íî ñëó÷àþ 1 ñóùåñòâóåò ε > 0 òàêîå, ÷òî x

(m1)
1α (t) <

< x
(m1)
1β (t), x

(m1−1)
1α (t) > x

(m1−1)
1β (t), t ∈ [τ∗ − ε, τ∗);

3) x
(m1)
1α (τ∗) = x

(m1)
1β (τ∗); ýòîò ñëó÷àé èìååò íåñêîëüêî âàðèàíòîâ; ñóùåñòâóåò ε > 0, ÷òî:

3.1) x
(m1)
1α (t) = x

(m1)
1β (t), t ∈ [τ∗ − ε, τ∗], òîãäà è x

(m1−1)
1α (t) = x

(m1−1)
1β (t), t ∈ [τ∗ − ε, τ∗];

3.2) x
(m1)
1α (t) > x

(m1)
1β (t), t ∈ [τ∗ − ε, τ∗), òîãäà, ïîäîáíî ñëó÷àþ 1, x

(m1−1)
1α (t) < x

(m1−1)
1β (t),

t ∈ [τ∗ − ε, τ∗);

3.3) x
(m1)
1α (t) < x

(m1)
1β (t), t ∈ [τ∗ − ε, τ∗), òîãäà, ïîäîáíî ñëó÷àþ 2, x

(m1−1)
1α (t) > x

(m1−1)
1β (t),

t ∈ [τ∗ − ε, τ∗).

Òåïåðü, ïåðåáèðàÿ âñå çíà÷åíèÿ x
(m1−1)
1s , x

(m1)
1s , s ∈ Sa ïîïàðíî, êàê x

(m1−1)
1α , x

(m1−1)
1β , x

(m1)
1α ,

x
(m1)
1β , ïîëó÷èì, ÷òî ñóùåñòâóåò εa2 > 0 òàêîå, ÷òî ðàñïîëîæåíèå x

(m1−1)
1s , x

(m1)
1s , s ∈ Sa äðóã

îòíîñèòåëüíî äðóãà íå èçìåíÿåòñÿ íà [τ∗ − εa2, τ
∗). Ïîñëåäíåå, áåç ïîòåðè îáùíîñòè, îçíà÷àåò,

÷òî

x
(m1−1)
1sa−1+1(t) ≦ x

(m1−1)
1sa−1+2(t) ≦ · · · ≦ x

(m1−1)
1sa

(t),

x
(m1)
1sa−1+1(t) ≧ x

(m1)
1sa−1+2(t) ≧ · · · ≧ x

(m1)
1sa

(t),
t ∈ [τ∗ − εa2, τ

∗). (2.11)

Â (2.11) çíàêè ¾≦¿ è ¾≧¿ îçíà÷àþò, ÷òî íà âñåì ïðîìåæóòêå [τ∗ − εa2, τ
∗), â ïåðâîé ñòðîêå

�îðìóëû, çíàê ëèáî ¾<¿, ëèáî ¾=¿, à âî âòîðîé ñòðîêå çíàê ¾>¿ ñîîòâåòñòâóåò çíàêó ¾<¿
ïåðâîé ñòðîêè, çíàê ¾=¿ ñîîòâåòñòâóåò çíàêó ¾=¿.

Âûáèðàåì ε2 = min
{
ε12, ε

2
2, . . . , ε

r
2

}
> 0.
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II.3. Èç íåïðåðûâíîñòè x
(m1)
1i (t) ñëåäóåò ñóùåñòâîâàíèå εi3 > 0 òàêîãî, ÷òî

∣∣∣x(m1)
1i (τ∗ − ε′)− x

(m1)
1i (τ∗ − ε′′)

∣∣∣< ρ1/4 äëÿ âñåõ ε′, ε′′ ∈ [0, εi3). (2.12)

Âîçüìåì ε3 = min
{
ε13, ε

2
3, . . . , ε

n
3

}
> 0.

II.4. Îïðåäåëèì

ε∗ = min
{
ε1, ε2, ε3} > 0. (2.13)

Èç ïðåäïîëîæåíèÿ, ÷òî lim
b→∞

τ1b = τ∗, ñëåäóåò, ÷òî äî ìîìåíòà τ∗ − ε∗ < τ∗ óïðàâëåíèå v1(t)

îïðåäåëåíî è ñóùåñòâóåò íîìåð p òàêîé, ÷òî t1p, t
1
p+1, t

1
p+2, · · · ∈ [τ∗−ε∗, τ∗), ãäå ñîãëàñíî ëåììå 4

èìååò ìåñòî âêëþ÷åíèå {t1b}∞b=0 ⊂ {τ1b }∞b=0.
�àññìîòðèì èãðó Γ íà÷èíàÿ ñ ìîìåíòà τ∗ − ε∗ è äîêàæåì, ÷òî íàéäåòñÿ íîìåð q òàêîé, ÷òî

t1(p+q) > τ∗. Òåì ñàìûì ïîëó÷èì ïðîòèâîðå÷èå ñ ïðåäïîëîæåíèåì î êîíå÷íîì çíà÷åíèè lim
b→∞

τ1b .

Òàêèì îáðàçîì, ëåììà áóäåò äîêàçàíà ïîëíîñòüþ.

Èòàê, ìîìåíò t1p ∈ [τ∗ − ε∗, τ∗). Íåîáõîäèìî âêëþ÷åíèå y
(m1−1)
11 (t1p) ∈ Ha(ε

∗) ïðè íåêîòîðîì

çíà÷åíèè a ∈ {1, 2, . . . , r}. Íàïîìíèì, ÷òî

x
(m1−1)
1s (t) ∈ Ha(ε

∗), t ∈ [τ∗ − ε∗, τ∗], s ∈ Sa.

Ñóùåñòâóåò õîòÿ áû îäíî α ∈ Sa òàêîå, ÷òî y
(m1−1)
11 (t1p) = x

(m1−1)
1α (t1p).

Èç (2.2) ñëåäóåò, ÷òî âîçìîæíû äâà ñëó÷àÿ.

1. v1(t
1
p) > x

(m1)
1α (t1p) + ρ1 (α � ýòî îäèí èëè íåñêîëüêî ïîñëåäîâàòåëüíûõ èíäåêñîâ èç Sa).

Èç ëåììû 4 ñëåäóåò, ÷òî

v1(t
1
p)− ρ1/4 6 v1(t) 6 v1(t

1
p) + ρ1/4, t ∈ [t1p, t

1
p+1).

Îòñþäà, ó÷èòûâàÿ (2.12), (2.13), ïîëó÷àåì

v1(t) > x
(m1)
1α (t) + ρ1/2 äëÿ âñåõ t ∈ [t1p, t

1
p+1). (2.14)

Â ñèëó (2.11) â ìîìåíò t1p+1 äîëæíî âûïîëíèòüñÿ îäíî èç äâóõ óñëîâèé:

à) y
(m1−1)
11 (t1p+1) = x

(m1−1)
1α (t1p+1); ýòîò ñëó÷àé íåâîçìîæåí â ñèëó (2.14);

á) y
(m1−1)
11 (t1p+1) = x

(m1−1)
1β (t1p+1), β > α (β � îäèí èëè íåñêîëüêî ïîñëåäîâàòåëüíûõ èíäåêñîâ

èç Sa). �àññìîòðèì ñèñòåìó





∣∣∣x(m1)
1β (t1p+1)− x

(m1)
1β (t)

∣∣∣< ρ1/4,

v1(t)− ρ1/2 > x
(m1)
1α (t) > x

(m1)
1β (t),

t ∈ [tp, tp+1), (2.15)

â êîòîðîé ñïðàâåäëèâîñòü ïåðâîãî íåðàâåíñòâà ñëåäóåò èç (2.12) è (2.13), à âòîðîé öåïî÷êè

íåðàâåíñòâ � èç (2.14) è (2.11). Èç (2.15) ïîëó÷èì, ÷òî

v1(t) > x
(m1)
1β (t1p+1) + ρ1/4, t ∈ [tp, tp+1).

Ïîýòîìó v1(t
1
p+1) ïî (2.8) áóäåò îïðåäåëåíî òàê, ÷òî

v1(t
1
p+1) > x

(m1)
1β (t1p+1) + ρ1.

Ïðîäîëæàÿ äàëåå, ïîëó÷èì, ÷òî ñóùåñòâóåò ìîìåíò t1p+l òàêîé, ÷òî

y
(m1−1)
11 (t1p+l) = x

(m1−1)
1sa

(t1p+l), v1(t
1
p+l) > x

(m1)
1sa

(t1p+l) + ρ1. (2.16)

Èç (2.16) ïîëó÷àåì, ÷òî

x
(m1−1)
1s (t) < y

(m1−1)
11 (t), t ∈ (t1p+l, τ

∗], s ∈ Sa.
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Çíà÷èò, ÷òîáû t1p+l+1 ∈ [τ∗ − ε∗, τ∗), íåîáõîäèìî âûïîëíåíèå ðàâåíñòâà

y
(m1−1)
11 (t1p+l+1) = x

(m1−1)
1η (t1p+l+1), η ∈ I\Sa,

a ýòî îçíà÷àåò, ÷òî y
(m1−1)
11 èç ìíîæåñòâà Ha(ε

∗) äîëæåí ïîïàñòü â ìíîæåñòâî Ha+1(ε
∗). Èç

(2.9) ñëåäóåò, ÷òî íà ýòî ïîòðåáóåòñÿ âðåìåíè, äàæå ïðè ìàêñèìàëüíîì v1, êîòîðîå ïî ëåììå 4
ðàâíî δ1 + 2ρ1n + ρ1/4, áîëüøå ÷åì 2ε∗, îòêóäà t1p+l+1 − t1p+l > 2ε∗. Èòàê, ñóùåñòâóåò íîìåð

q = l + 1 : t1p+q > τ∗.

2. v1(t
1
p) 6 x

(m1)
1α (t1p) − ρ1 (α � ýòî îäèí èëè íåñêîëüêî ïîñëåäîâàòåëüíûõ èíäåêñîâ èç Sa).

Àíàëîãè÷íî äîêàçûâàåòñÿ ñóùåñòâîâàíèå íîìåðà q : t1p+q > τ∗.
Ñëó÷àé c = 2 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.

Ëåììà äîêàçàíà. �

Èç ëåìì 4 è 5 ñëåäóåò, ÷òî îïðåäåëåííûå ïî �îðìóëå (2.8) �óíêöèè vc òàêîâû, ÷òî

vc(t) ∈
[
δc −

ρc
4
, δc + 2ρcn+

ρc
4

]
äëÿ âñåõ t ∈ [t0,∞). (2.17)

Òàêèì îáðàçîì, ïîëíîñòüþ îïðåäåëåíà ñòðàòåãèÿ óáåãàþùåãî E1: â êàæäûé ìîìåíò âðåìåíè

t ∈ [t0,∞) óáåãàþùèé E1 ïî àëãîðèòìó (2.8) îïðåäåëÿåò êîìïîíåíòû v1(t) è v2(t), òåì ñàìûì

ïîëíîñòüþ çàäàåò ñâîå óïðàâëåíèå v(t).

Òåîðåìà 1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1, 2. Òîãäà â èãðå Γ ïðè m = 1 âîçìîæíî

ìÿãêîå óáåãàíèå èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì, ÷òî ñòðàòåãèÿ óáåãàþùåãî, îïðåäåëÿåìàÿ (2.8), ÿâëÿ-

åòñÿ ñòðàòåãèåé ìÿãêîãî óáåãàíèÿ.

1. Óïðàâëåíèå v(t), t ∈ [t0,∞), ïðèíàäëåæèò êëàññó êóñî÷íî-ïîñòîÿííûõ �óíêöèé è ìåíÿåò
çíà÷åíèå â ìîìåíòû τ ∈ {τ1b }b1b=0

⋃{τ2b }b2b=0. Â ñèëó (2.17), (2.1) âûïîëíåíî

‖v(t)‖ 6
√

(δ1 + 2ρ1n+ ρ1/4)2 + (δ2 + 2ρ2n+ ρ2/4)2 6 γ.

2. Âûïîëíåíèå óñëîâèÿ x
(r)
i (t) 6= y

(r)
1 (t) äëÿ âñåõ r ∈ M1 è t > t0 ñëåäóåò èç ëåìì 4 è 5.

Ýòè äâà óòâåðæäåíèÿ ïîëíîñòüþ äîêàçûâàþò òåîðåìó. �

� 3. Ìÿãêîå óáåãàíèå âñåé æåñòêî ñêîîðäèíèðîâàííîé ãðóïïû (
ëó÷àé m > 2)

Íà îñíîâå ñòðàòåãèè ìÿãêîãî óáåãàíèÿ îäíîãî óáåãàþùåãî èç ëþáûõ íà÷àëüíûõ ïîçèöèé ïî-

ñòðîèì ñòðàòåãèþ v(t) ìÿãêîãî óáåãàíèÿ äëÿ ãðóïïû æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ Ej

èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Òåîðåìà 2. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1, 2. Òîãäà â èãðå Γ âîçìîæíî ìÿãêîå óáå-

ãàíèå èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Ââåäåì îáîçíà÷åíèÿ

l = max{m1,m2, . . . ,mm}, lj = l −mj,

wj(t) = Y 0
j + Y 1

j (t− t0) + Y 2
j

(t− t0)
2

2
+ · · ·+ Y

mj−1
j

(t− t0)
mj−1

(mj − 1)!
.

(3.1)

Îòìåòèì, ÷òî äëÿ âñåõ βj ∈ Mj

w
(βj)
j (t) = Y

βj

j + Y
βj+1
j (t− t0) + Y

βj+2
j

(t− t0)
2

2
+ · · ·+ Y

mj−1
j

(t− t0)
mj−βj−1

(mj − βj − 1)!
,

w
(βj)
j (t0) = Y

βj

j ,

(3.2)

à ïðîèçâîäíûå ïîðÿäêà mj,mj + 1,mj + 2, . . . òîæäåñòâåííî ðàâíû 0.



14 À.È. Áëàãîäàòñêèõ

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 4

Â R
k
íà èíòåðâàëå [t0,∞) îïðåäåëèì âñïîìîãàòåëüíóþ äè��åðåíöèàëüíóþ èãðó Γ∗ nm+1

ëèö: nm ïðåñëåäîâàòåëåé Pij è óáåãàþùåãî E ñ çàêîíàìè äâèæåíèÿ è íà÷àëüíûìè óñëîâèÿìè

Pij : ξ
(lj+ni)
ij = fi

(
ξ
(lj+αi)
ij + w

(αi)
j , αi ∈ Ni, ui, t

)
, ui ∈ Ui,

ξij(t0) = Ξ0
ij 6= 0, ξ̇ij(t0) = Ξ1

ij 6= 0, . . . , ξ
(lj−1)
ij (t0) = Ξ

lj−1
ij 6= 0,

ξ
(lj)
ij (t0) = X0

i − Y 0
j , ξ

(lj+1)
ij (t0) = X1

i − Y 1
j , . . . , ξ

(lj+mj−1)
ij (t0) = X

mj−1
i − Y

mj−1
j ,

ξ
(lj+mj)
ij (t0) = X

mj

i , ξ
(lj+mj+1)
ij (t0) = X

mj+1
i , . . . , ξ

(lj+ni−1)
ij (t0) = Xni−1

i ,

E : η(l) = ϑ, ‖ϑ‖ 6 γ,

η(t0) = η̇(t0) = · · · = η(l−1)(t0) = 0.

(3.3)

Â èãðå Γ∗
â êàæäûé ìîìåíò t ∈ [t0,∞) ïðåäïèøåì ïðåñëåäîâàòåëÿì Pij èñïîëüçîâàòü îäíî è

òî æå óïðàâëåíèå, âûáðàííîå ïðåñëåäîâàòåëåì Pi â èãðå Γ, òî åñòü äîïóñòèìîå óïðàâëåíèå ui(t)
ïðåñëåäîâàòåëÿ Pi â èãðå Γ, îïèñûâàåìîé ñèñòåìîé (1.1), è äîïóñòèìîå óïðàâëåíèå ui(t) ïðå-
ñëåäîâàòåëåé Pij â èãðå Γ∗, îïèñûâàåìîé ñèñòåìîé (3.3), ïîëíîñòüþ ñîâïàäàþò.

Ïîêàæåì, ÷òî èìåþò ìåñòî ðàâåíñòâà

x
(βj)
i (t) = ξ

(lj+βj)
ij (t) + w

(βj)
j (t) äëÿ âñåõ t ∈ [t0,∞) è βj ∈ Mj, (3.4)

ãäå xi(t) � òðàåêòîðèÿ ïðåñëåäîâàòåëÿ Pi, ðåàëèçîâàâøàÿñÿ â èãðå Γ ïîä âîçäåéñòâèåì äîïó-

ñòèìîãî óïðàâëåíèÿ ui(t).
Äåéñòâèòåëüíî, ðàññìîòðèì �óíêöèþ

xi(t) = ξ
(lj)
ij (t) + wj(t)

(íåçàâèñèìîñòü îò j äîêàçàíà íèæå, ïîýòîìó â ëåâîé ÷àñòè ðàâåíñòâà ýòîò èíäåêñ íå óêàçûâà-

åì). Òîãäà, ñëåäóÿ (3.1), (3.2) è (3.3), ïîëó÷èì, ÷òî

x
(βj)
i (t) = ξ

(lj+βj)
ij (t) + w

(βj)
j (t), βj ∈ Mj ,

îòêóäà x
(βj)
i (t0) = X

βj

i − Y
βj

j + Y
βj

j = X
βj

i , βj ∈ Mj ; (3.5)

äàëåå, x
(mj)
i (t) = ξ

(lj+mj)
ij (t), x

(mj+1)
i (t) = ξ

(lj+mj+1)
ij (t), . . . , x

(ni−1)
i (t) = ξ

(lj+ni−1)
ij (t),

çíà÷èò, x
(mj)
i (t0) = X

mj

i , x
(mj+1)
i (t) = X

mj+1
i , . . . , x

(ni−1)
i (t) = Xni−1

i ;

íàêîíåö, x
(ni)
i = ξ

(lj+ni)
ij = fi

(
ξ
(lj+αi)
ij + w

(αi)
j , αi ∈ Ni, ui, t

)
= fi

(
x
(αi)
i , αi ∈ Ni, ui, t

)
.

Ïðîâåäåííûå âû÷èñëåíèÿ (3.5) äîêàçûâàþò, ÷òî ïàðà (xi(t), ui(t)) äåéñòâèòåëüíî îïèñûâàåò

ðåøåíèå ñèñòåìû (1.1) äëÿ ïðåñëåäîâàòåëÿ Pi â èãðå Γ è èìåþò ìåñòî ðàâåíñòâà (3.4).

Äàëåå, äëÿ êàæäîãî äîïóñòèìîãî óïðàâëåíèÿ ϑ(t) óáåãàþùåãî E â èãðå Γ∗
íåïîñðåäñòâåí-

íûì èíòåãðèðîâàíèåì ñèñòåìû (3.3) ïîëó÷èì

η(lj+βj)(t) =

∫ t

t0

(t− s)mj−βj−1

(mj − βj − 1)!
ϑ(s) ds äëÿ âñåõ t ∈ [t0,∞) è βj ∈ Mj. (3.6)

Ïóñòü ϑ(t)� äîïóñòèìîå óïðàâëåíèå, îáåñïå÷èâàþùåå ìÿãêîå óáåãàíèå â èãðå Γ∗, âûáðàííîå
óáåãàþùèì E, îòêóäà

ξ
(lj+βj)
ij (t) 6= η(lj+βj)(t) äëÿ âñåõ t ∈ [t0,∞) è βj ∈ Mj . (3.7)

Îïðåäåëÿåì äîïóñòèìîå óïðàâëåíèå v(t) óáåãàþùèõ Ej â èãðå Γ ñëåäóþùèì îáðàçîì:

v(t) = ϑ(t) äëÿ âñåõ t ∈ [t0,∞).
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Òîãäà, èíòåãðèðóÿ ñèñòåìó (1.1) ñ ó÷åòîì ïîñëåäíåãî ðàâåíñòâà è (3.6), ïîëó÷èì

y
(βj)
j (t) = η(lj+βj)(t) + w

(βj)
j (t) äëÿ âñåõ t ∈ [t0,∞) è βj ∈ Mj . (3.8)

Îáúåäèíÿÿ (3.4), (3.7), (3.8), ïîëó÷èì, ÷òî â èãðå Γ

x
(βj)
i (t) 6= y

(βj)
j (t) äëÿ âñåõ t ∈ [t0,∞) è βj ∈ Mj,

÷òî è îçíà÷àåò ìÿãêîå óáåãàíèå âñåé ãðóïïû æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ.

Èç ïîñòðîåíèÿ óïðàâëåíèÿ v(t) è òåîðåìû 1 ñëåäóåò ñïðàâåäëèâîñòü äàííîé òåîðåìû.

Òåîðåìà äîêàçàíà. �

Çàìå÷àíèå 1. Ïóñòü â ñèñòåìå (1.1) îãðàíè÷åíèå íà óïðàâëåíèå v(t) óáåãàþùèõ Ej èìååò

âèä v ∈ V, ãäå V � âûïóêëûé êîìïàêò â R
k
ñ íåïóñòîé âíóòðåííîñòüþ. Òîãäà â èãðå Γ âîçìîæíî

ìÿãêîå óáåãàíèå èç ëþáûõ íà÷àëüíûõ ïîçèöèé ïðè âûïîëíåííûõ ïðåäïîëîæåíèÿõ 1, 2.

Ïîêàæåì, êàê ïðè ýòîì íóæíî èçìåíèòü óïðàâëåíèå v(t) äëÿ ñëó÷àÿ m = 1: åñëè îêàæåòñÿ,
÷òî 0 ∈ IntV 6= ∅, òî íàéäåòñÿ òàêîå ÷èñëî γ > 0, ÷òîD(0, γ) ⊂ V è, íå óâåëè÷èâàÿ âîçìîæíîñòè

óáåãàþùèõ, äîñòàòî÷íî ðåøèòü çàäà÷ó ñ îãðàíè÷åíèåì èç (1.1); åñëè 0 /∈ IntV 6= ∅, òî íàéäóòñÿ
òàêèå z ∈ R

k
è γ > 0, ÷òî D(z, γ) ⊂ V . Ïóñòü âåêòîð e = z/‖z‖ (ðàíåå âûáèðàëñÿ ïðîèçâîëüíî)

è ïîëîæèòåëüíûå êîíñòàíòû δ1, δ2, ρ1, ρ2 âûáèðàþòñÿ èç óñëîâèÿ (âìåñòî (2.1))

δ1 −
ρ1
4

> 0, δ2 −
ρ2
4

> 0 è

[
δ1 −

ρ1
4
, δ1 + 2ρ1n+

ρ1
4

]
×
[
δ2 −

ρ2
4
, δ2 + 2ρ2n+

ρ2
4

]
⊂ D(z, γ).

Ýòî âêëþ÷åíèå îáåñïå÷èò âûïîëíåíèå óñëîâèÿ v(t) ∈ V äëÿ âñåõ t ∈ [t0,∞) (ñì. (2.17)),

â îñòàëüíîì ðåøåíèå çàäà÷è î ìÿãêîì óáåãàíèè ñîâïàäàåò ñ ðàíåå ïðèâåäåííûì.

� 4. Ïðèìåðû êîí�ëèêòíî óïðàâëÿåìûõ ïðîöåññîâ

Ïðèìåð 1. Â R
k (k > 2) íà èíòåðâàëå [t0,∞) ðàññìàòðèâàåòñÿ èãðà Γ1 102 ëèö: 100 ïðåñëå-

äîâàòåëåé P1, P2, . . . , P100 è 2 óáåãàþùèõ E1, E2 ñ çàêîíàìè äâèæåíèÿ

Pi : x
(8)
i = ui, ‖ui‖ 6 10, xi(t0) = X0

i , ẋi(t0) = X1
i , . . . , x

(7)
i (t0) = X7

i , i = 1, 2, . . . , 50,

Pi : x
(6)
i = ui, ‖ui‖ 6 10, xi(t0) = X0

i , ẋi(t0) = X1
i , . . . , x

(5)
i (t0) = X5

i , i = 51, 52, . . . , 100,

E1 : y
(5)
1 = v, ‖v‖ 6 1, y1(t0) = Y 0

1 , ẏ1(t0) = Y 1
1 , . . . , y

(4)
1 (t0) = Y 4

1 ,

E2 : ÿ2 = v, ‖v‖ 6 1, y2(t0) = Y 0
2 , ẏ2(t0) = Y 1

2 ,

ïðè÷åì Y 0
j 6= X0

i , Y 1
j 6= X1

i , j = 1, 2, Y 2
1 6= X2

i , Y 3
1 6= X3

i , Y 4
1 6= X4

i , i ∈ I = {1, . . . , 100}.

Ïðåäïîëîæåíèÿ 1, 2 âûïîëíåíû (fi = ui, i ∈ I). Èç òåîðåìû 2 ñëåäóåò, ÷òî èìååò ìåñòî

Óòâåðæäåíèå 1. Â èãðå Γ1 âîçìîæíî ìÿãêîå óáåãàíèå èç ëþáûõ íà÷àëüíûõ ïîçèöèé (òî

åñòü y1(t) 6= xi(t), ẏ1(t) 6= ẋi(t), ÿ1(t) 6= ẍi(t), y
(3)
1 (t) 6= x

(3)
i (t), y

(4)
1 (t) 6= x

(4)
i (t) è y2(t) 6= xi(t),

ẏ2(t) 6= ẋi(t) äëÿ âñåõ t ∈ [t0,∞), i ∈ I).

×åðåç ŝin(a) äëÿ âñåõ a = (a1, a2, . . . , ak)
T ∈ R

k
îáîçíà÷èì �óíêöèþ

ŝin(a) = (sin(a1), sin(a2), . . . , sin(ak))
T ∈ R

k.
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Ïðèìåð 2. Â R
k (k > 2) íà èíòåðâàëå [t0,∞) ðàññìàòðèâàåòñÿ èãðà Γ2 100 ëèö: 50 ïðåñëå-

äîâàòåëåé P1, P2, . . . , P50 è 50 óáåãàþùèõ E1, E2, . . . , E50 ñ çàêîíàìè äâèæåíèÿ

Pi : x
(3)
i = 10

(
ŝin(xi) + ŝin(ẋi) + ŝin(ẍi)

)
cos(ui), ui ∈ R

1,

xi(t0) = X0
i , ẋi(t0) = X1

i , ẍi(t0) = X2
i ,

Ej : ÿj = v, ‖v‖ 6 1, yj(t0) = Y 0
j , ẏj(t0) = Y 1

j ,

ïðè÷åì Y 0
j 6= X0

i , Y 1
j 6= X1

i , i, j = 1, 2, . . . , 50.

Ôóíêöèè fi(xi, ẋi, ẍi, ui, t) = 10
(
ŝin(xi) + ŝin(ẋi) + ŝin(ẍi)

)
cos(ui) ÿâëÿþòñÿ íåïðåðûâíî-

äè��åðåíöèðóåìûìè ïî ñîâîêóïíîñòè àðãóìåíòîâ, à èõ ïðîèçâîäíûå ïî âñåì ïåðåìåííûì

îãðàíè÷åíû. Ñëåäîâàòåëüíî, äàííûå �óíêöèè óäîâëåòâîðÿþò óñëîâèÿì ñóùåñòâîâàíèÿ, åäèí-

ñòâåííîñòè è ïðîäîëæèìîñòè ðåøåíèÿ íà ëþáîé îòðåçîê ïðè âñåõ äîïóñòèìûõ óïðàâëåíèÿõ

ïðåñëåäîâàòåëåé è ïðåäïîëîæåíèå 1 âûïîëíåíî. Ïðåäïîëîæåíèå 2 âûïîëíåíî (G = 30
√
k).

Òàêèì îáðàçîì, âûïîëíåíû âñå óñëîâèÿ òåîðåìû 2 è èìååò ìåñòî

Óòâåðæäåíèå 2. Â èãðå Γ2 âîçìîæíî ìÿãêîå óáåãàíèå èç ëþáûõ íà÷àëüíûõ ïîçèöèé

(òî åñòü yj(t) 6= xi(t), ẏj(t) 6= ẋi(t) äëÿ âñåõ t ∈ [t0,∞), i, j = 1, 2, . . . , 50).
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A natural generalization of di�erential two-person games is 
on�i
t 
ontrolled pro
esses with a group of


ontrolled obje
ts (from at least one of the 
on�i
ting sides). The problems of 
on�i
t intera
tion between two

groups of 
ontrolled obje
ts are the most di�
ult-to-resear
h. The spe
i�
ity of these problems requires new

methods to study them. This paper deals with the nonlinear problem of pursuing a group of rigidly 
oordinated

evaders (i.e. using the same 
ontrol) by a group of pursuers under the 
ondition that the maneuverability

of evaders is higher. The goal of evaders is to ensure weak evasion for the whole group. By weak evasion we

mean non-
oin
iden
e of geometri
al 
oordinates, speeds, a

elerations and so forth for the evader and all

pursuers. The position 
ontrol is 
onstru
ted for all possible initial positions of the parti
ipants; this 
ontrol

guarantees a weak evasion for all evaders.
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