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Â ïîñëåäíèå äâà äåñÿòèëåòèÿ óãëåðîäíûå íàíîòðóáêè àêòèâíî èññëåäóþòñÿ â �èçè÷åñêîé ëèòåðàòóðå,

÷òî îáóñëîâëåíî ìíîãîîáåùàþùèìè ïåðñïåêòèâàìè èõ ïðèìåíåíèÿ â ìèêðîýëåêòðîíèêå; â òî æå âðå-

ìÿ èíòåðåñíûå ìàòåìàòè÷åñêèå ñâîéñòâà èñïîëüçóåìûõ ïðè ýòîì ãàìèëüòîíèàíîâ, ê ñîæàëåíèþ, ÷àñòî

îñòàþòñÿ áåç äîëæíîãî âíèìàíèÿ ìàòåìàòèêîâ. Â íàñòîÿùåé ñòàòüå ïðîâåäåíî ìàòåìàòè÷åñêè ñòðîãîå

èññëåäîâàíèå ñïåêòðàëüíûõ ñâîéñòâ ãàìèëüòîíèàíà Hε = H0 + εV, ãäå ãàìèëüòîíèàí ýëåêòðîíà â óãëå-
ðîäíîé íàíîòðóáêå òèïà ¾çèãçàã¿ H0 çàïèñàí â ïðèáëèæåíèè ñèëüíîé ñâÿçè, à îïåðàòîð εV (ïîòåíöèàë)

èìååò âèä

(εV ψ)(n) = ε

(
V1ψ1(n)

V2ψ2(n)

)
δn0;

çäåñü ε > 0, V1, V2 � âåùåñòâåííûå ÷èñëà, δn0 � ñèìâîë Êðîíåêåðà. �àìèëüòîíèàí Hε îòâå÷àåò óãëåðîä-

íîé íàíîòðóáêå ñ ïðèìåñüþ, ðàâíîìåðíî ðàñïðåäåëåííîé â ñå÷åíèè íàíîòðóáêè. Äàííûé ãàìèëüòîíèàí

ÿâëÿåòñÿ ðàçíîñòíûì îïåðàòîðîì, îïðåäåëåííûì íà �óíêöèÿõ èç (l2(Ω))2, ãäå Ω = Z×{0, 1, . . . , N −1},
N > 2, óäîâëåòâîðÿþùèõ ïåðèîäè÷åñêèì ãðàíè÷íûì óñëîâèÿì. Â ñòàòüå, â ÷àñòíîñòè, äîêàçàíî, ÷òî

äëÿ êàæäîé ïîäçîíû ñïåêòðà âáëèçè îäíîé èç ãðàíè÷íûõ òî÷åê ïîäçîíû â ñëó÷àå ìàëûõ ïîòåíöèàëîâ

ñóùåñòâóåò ðîâíî îäèí êâàçèóðîâåíü, òî åñòü ñîáñòâåííîå çíà÷åíèå èëè ðåçîíàíñ. Äëÿ êâàçèóðîâíåé

ïîëó÷åíû àñèìïòîòè÷åñêèå �îðìóëû âèäà

λ±
l
= ±

∣∣∣2 cos πl
N

+ 1
∣∣∣ ·
(
1 +

ε2(V1 + V2)
2

16 cos πl

N

)
+O(ε3),

ãäå l � íîìåð ïîäçîíû, N � ÷èñëî àòîìîâ â ñå÷åíèè íàíîòðóáêè, ± � çíàê λ. Òàêæå íàéäåíî óñëîâèå
òîãî, êîãäà êâàçèóðîâåíü ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì.

Êëþ÷åâûå ñëîâà: ãàìèëüòîíèàí óãëåðîäíîé íàíîòðóáêè, ñîáñòâåííîå çíà÷åíèå, ðåçîíàíñ.

Ââåäåíèå

Â ïîñëåäíèå äâà äåñÿòèëåòèÿ óãëåðîäíûå íàíîòðóáêè àêòèâíî èññëåäóþòñÿ â �èçè÷åñêîé

ëèòåðàòóðå (ñì., íàïðèìåð, [1�3℄), ÷òî îáóñëîâëåíî ìíîãîîáåùàþùèìè ïåðñïåêòèâàìè èõ ïðè-

ìåíåíèÿ â ìèêðîýëåêòðîíèêå. �àìèëüòîíèàí äëÿ îäíîñëîéíîé (single-wall) óãëåðîäíîé íàíî-

òðóáêè â ïðèáëèæåíèè ñèëüíîé ñâÿçè ìîæíî ïîëó÷èòü, ðàññìàòðèâàÿ îäíîýëåêòðîííûé îïå-

ðàòîð Øð¼äèíãåðà â ïðèáëèæåíèè ñèëüíîé ñâÿçè â ïîëîñêå ãðà�åíà (ïðåäñòàâëÿþùåãî ñîáîé

äâóìåðíóþ êðèñòàëëè÷åñêóþ ðåøåòêó èç àòîìîâ óãëåðîäà, ðàñïîëîæåííûõ â âåðøèíàõ ïðà-

âèëüíûõ øåñòèóãîëüíèêîâ � óçëàõ) ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè, îòâå÷àþùèìè

ñâîðà÷èâàíèþ ïîëîñêè â òðóáêó. Ïðè ýòîì äëÿ óäîáñòâà íóìåðàöèè óçëîâ åñòåñòâåííûì îá-

ðàçîì ââîäÿòñÿ äâå ïîäðåøåòêè; óçåë ëþáîé èç ïîäðåøåòîê îêðóæåí òðåìÿ óçëàìè äðóãîé

ïîäðåøåòêè. Âîëíîâàÿ �óíêöèÿ ýëåêòðîíà ψ îïðåäåëåíà íà óçëàõ ðåøåòêè. Ñóæåíèÿ íà ïîä-

ðåøåòêè îáîçíà÷èì ÷åðåç ψj , j = 1, 2 (ýòî òàê íàçûâàåìûå ïñåâäîñïèíîâûå êîìïîíåíòû ψ),
òîãäà ψ =

(
ψ1(n,m), ψ2(n,m)

)
, ãäå n,m � öåëî÷èñëåííûå êîîðäèíàòû, íóìåðóþùèå ïàðû ñî-

ñåäíèõ óçëîâ èç ðàçíûõ ïîäðåøåòîê.

Â ñòàòüå ðàññìàòðèâàþòñÿ óãëåðîäíûå íàíîòðóáêè òèïà ¾çèãçàã¿ [1, 2℄. Àìïëèòóäû ïåðå-

ñêîêà t ýëåêòðîíà íà ñîñåäíèé àòîì ïðåäïîëàãàþòñÿ îäèíàêîâûìè, áåç îãðàíè÷åíèÿ îáùíîñòè

ïîëàãàåì t = 1. Ñîîòâåòñòâóþùèé ãàìèëüòîíèàí ÿâëÿåòñÿ ðàçíîñòíûì îïåðàòîðîì âèäà [1, 2℄

(H0ψ)(n,m) =

(
ψ2(n,m) + ψ2(n − 1,m) + ψ2(n,m− 1)
ψ1(n,m) + ψ1(n + 1,m) + ψ1(n,m+ 1)

)
.

1

�àáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ÓðÎ �ÀÍ (ãðàíò 12�Ó�2�1021).
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Îïåðàòîð H0 äåéñòâóåò â ïîäïðîñòðàíñòâå ãèëüáåðòîâà ïðîñòðàíñòâà

(
l2(Ω)

)2
, ãäå Ω = Z×

×{0, 1, . . . , N − 1}, N > 2, îáðàçîâàííîì �óíêöèÿìè, óäîâëåòâîðÿþùèìè ïåðèîäè÷åñêèì ãðà-

íè÷íûì óñëîâèÿì ψ|m=0 = ψ|m=N . Ïîëîæèì Hε = H0+εV, ãäå ε > 0, à îïåðàòîð εV (ïîòåíöèàë)

äåéñòâóåò ïî �îðìóëå

(εV ψ)(n) = ε

(
V1ψ1(n)

V2ψ2(n)

)
δn0,

ãäå V1, V2 � âåùåñòâåííûå ÷èñëà, δn0 � ñèìâîë Êðîíåêåðà. Ïîòåíöèàë V ìîäåëèðóåò âîçäåé-

ñòâèå ïðèìåñè, ðàâíîìåðíî ðàñïðåäåëåííîé â ñå÷åíèè íàíîòðóáêè, íà ýëåêòðîí.

Â äàííîé ñòàòüå èçó÷àþòñÿ ñïåêòðàëüíûå ñâîéñòâà îïåðàòîðà Hε. Â ÷àñòíîñòè, äëÿ êàæ-

äîé ïîäçîíû ñïåêòðà â ñëó÷àå ìàëûõ ε äîêàçàíî ñóùåñòâîâàíèå âáëèçè îäíîé èç ãðàíè÷íûõ

òî÷åê ïîäçîíû ðîâíî îäíîãî êâàçèóðîâíÿ (òî åñòü ñîáñòâåííîãî çíà÷åíèÿ èëè ðåçîíàíñà). Äëÿ

êâàçèóðîâíåé ïîëó÷åíû àñèìïòîòè÷åñêèå �îðìóëû, à òàêæå óñëîâèå òîãî, êîãäà êâàçèóðîâåíü

ÿâëÿåòñÿ ðåçîíàíñîì.

×åðåç σ(A) è σess(A) îáîçíà÷èì ïåêòð è ñóùåñòâåííûé ñïåêòð îïåðàòîðà A ñîîòâåòñòâåííî.

� 1. �åçîëüâåíòà è ñïåêòð îïåðàòîðà H0

Íàéäåì ðåçîëüâåíòó R0(λ) = (H0 − λI)−1
îïåðàòîðà H0. Äëÿ ýòîãî ðåøèì óðàâíåíèå

(H0 − λI)ψ = ϕ (1)

â ïðîñòðàíñòâå

(
l2(Ω)

)2
îòíîñèòåëüíî ψ. Ôóíêöèè exp (−i2πlm

N
)/
√
N, l = 0, . . . , N −1, îáðàçóþò

îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå L2{0, . . . , N − 1}, ïîýòîìó äëÿ �óíêöèé ψ = (ψ1, ψ2)
èç îáëàñòè îïðåäåëåíèÿ îïåðàòîðà H èìååì

ψj(n,m) =
1√
N

N−1∑

l=0

ψjl(n)e
− 2πilm

N , (2)

ãäå

ψjl(n) =
(
ψj(n,m),

1√
N
e−

2πilm

N

)

(÷åðåç (·, ·) îáîçíà÷åíî ñêàëÿðíîå ïðîèçâåäåíèå â L2{0, . . . , N − 1}). Èç (1), (2) èìååì

(H0ψ)(n,m) =
1√
N

N−1∑

l=0

(
ψ2l(n) + ψ2l(n− 1) + e

2πil

N ψ2l(n)

ψ1l(n) + ψ1l(n+ 1) + e−
2πil

N ψ1l(n)

)
e−

2πilm

N .

Òàêèì îáðàçîì, óðàâíåíèå (1) ðàñïàäàåòñÿ íà ñîâîêóïíîñòü íåçàâèñèìûõ ëèíåéíûõ ñèñòåì âèäà

{
ψ2l(n) + ψ2l(n− 1) + e

2πil

N ψ2l(n)− λψ1l(n) = ϕ1l(n),

ψ1l(n) + ψ1l(n+ 1) + e−
2πil

N ψ1l(n)− λψ2l(n) = ϕ2l(n)
(3)

äëÿ l = 0, . . . , N − 1. Èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå

ψ(n) ∈ l2(Z) 7→ 1√
2π

∑

n∈Z

ψ(n)e−ikn = ψ̂(k) ∈ L2[π, π), (4)

ïðåîáðàçóåì ñèñòåìó (3) ê âèäó

(
−λ 1 + e−ik + e

2πil

N

1 + eik + e−
2πil

N −λ

)(
ψ̂1l

ψ̂2l

)
=

(
ϕ̂1l

ϕ̂2l

)
, l = 0, . . . , N − 1.
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Îòñþäà ïî �îðìóëàì Êðàìåðà íàõîäèì

ψ̂1l =− λϕ̂1l + (1 + e−ik + e
2πil

N )ϕ̂2l

λ2 −
[
3 + 2

(
cos k + cos

2πl

N
+ cos

(
k +

2πl

N

))] ,

ψ̂2l =− λϕ̂2l + (1 + eik + e−
2πil

N )ϕ̂1l

λ2 −
[
3 + 2

(
cos k + cos

2πl

N
+ cos

(
k +

2πl

N

))] , l = 0, . . . , N − 1.

(5)

Óñëîâèå îáðàùåíèÿ â íóëü çíàìåíàòåëåé â (5) õîòÿ áû ïðè íåêîòîðûõ k è l ïîçâîëÿåò íàéòè
ñïåêòð îïåðàòîðà H0. Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé èìååì

3 + 2
(
cos k + cos

2πl

N
+ cos

(
k +

2πl

N

))
=
(
2 cos

πl

N
∓ 1
)2

+ 4cos
πl

N

(
cos
(
k +

πl

N

)
± 1
)
. (6)

Óñëîâèåì ïðèíàäëåæíîñòè λ ñïåêòðó îïåðàòîðà H0 ÿâëÿåòñÿ ïðèíàäëåæíîñòü λ2 ìíîæåñòâó

çíà÷åíèé îäíîé èç �óíêöèé (6), òî åñòü ïðîìåæóòêó

[(
2 cos

πl

N
− 1
)2
,
(
2 cos

πl

N
+ 1
)2]

â ñëó÷àå cos
πl

N
> 0 è ïðîìåæóòêó

[(
2 cos

πl

N
+ 1
)2
,
(
2 cos

πl

N
− 1
)2]

=
[(
2 cos

πl′

N
− 1
)2
,
(
2 cos

πl′

N
+ 1
)2]

,

ãäå l′ = N − l, â ñëó÷àå cos
πl

N
< 0. Òàêèì îáðàçîì, ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Èìååò ìåñòî ðàâåíñòâî

σ(H0) = [−3,−a] ∪ [a, 3],

ãäå a = min
l:cos πl

N
≥0

|2 cos πl
N

− 1|.

Îáëàñòè çíà÷åíèé �óíêöèé

λ = ±
√[

3 + 2
(
cos k + cos

2πl

N
+ cos(k +

2πl

N
)
)]
,

îáúåäèíåíèå êîòîðûõ îáðàçóåò ñïåêòð, áóäåì íàçûâàòü ïîäçîíàìè.

Çàìå÷àíèå 1. Åñëè N äåëèòñÿ íà òðè, òî a = 0 è ñïåêòð ñîâïàäàåò ñ [−3, 3], â ïðîòèâíîì
ñëó÷àå â ñïåêòðå îïåðàòîðà H0 åñòü ùåëü � èíòåðâàë (−a, a). Î÷åâèäíî, ÷òî a = a(N) → 0
ïðè N → ∞. Åñëè N ÷åòíî, òî ïðè l0 = N/2, ñîãëàñíî (6), ïîëó÷àåì äâå âûðîæäåííûå â òî÷êó

ïîäçîíû {±1}. Óðàâíåíèå H0ψ = ±ψ äëÿ ψ(n,m) = (1/
√
N)ψl0(n)e

2πiml0
N

èìååò, â ñèëó (3)

ñ ϕ = 0, âèä ψ2l0(n−1) = ±ψ1l0(n). Ýòî óðàâíåíèå èìååò áåñêîíå÷íî ìíîãî ëèíåéíî íåçàâèñèìûõ
ðåøåíèé âèäà ψl0(n) = (δn,n0 ,±δn,n0+1), n0 ∈ Z, ãäå δnm � ñèìâîë Êðîíåêåðà. Òàêèì îáðàçîì,

λ = ±1 � ýòî ñîáñòâåííûå çíà÷åíèÿ áåñêîíå÷íîé êðàòíîñòè.

Òåîðåìà 2. Ñïðàâåäëèâî ðàâåíñòâî

σess(H) = σess(H0) = σ(H0).
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Ä î ê à ç à ò å ë ü ñ ò â î. Îïåðàòîð V R0(λ), ãäå λ ∈ σ(H0), åñòü îïåðàòîð êîíå÷íîãî ðàíãà,
à ñëåäîâàòåëüíî, êîìïàêòíûé îïåðàòîð. Â ñèëó òåîðåìû îá îòíîñèòåëüíî êîìïàêòíûõ âîçìó-

ùåíèÿõ [4℄ èìååì óòâåðæäåíèå òåîðåìû. �

Äàëåå äëÿ íàõîæäåíèÿ ðåçîëüâåíòû îïåðàòîðà H0 âû÷èñëèì èíòåãðàëû (ñì. (4), (5))

ψjl(n) =
1√
2π

∫
2π

0

eiknψ̂jl(k) dk,

êîòîðûå â ñëó÷àå cos πl
N

6= 0, ñîãëàñíî (5), (6), ñâîäÿòñÿ ê èíòåãðàëó âèäà

B =
1√
2π

∫
2π

0

eiknϕ̂(k) dk

αl − 2 cos
(
k + πl

N

) =
e−

iπln

N

√
2π

∫
2π

0

eiknϕ̂
(
k − πl

N

)
dk

αl − 2 cos k
, (7)

ãäå ϕ̂(k) ∈ L2(0, 2π) ïðîäîëæàåòñÿ ïî ïåðèîäè÷íîñòè íà ÷èñëîâóþ îñü, è

αl =
λ2 − 3− 2 cos 2πl

N

2 cos πl
N

. (8)

�àññìîòðèì â l2(Z) óðàâíåíèå âèäà (h0 − λ)ψ = ϕ îòíîñèòåëüíî íåèçâåñòíîé ψ, ãäå

(h0ψ)(n) = ψ(n + 1) + ψ(n− 1).

Ïîñëå ïðåîáðàçîâàíèÿ Ôóðüå (4) óðàâíåíèå ïðèìåò âèä

(2 cos k − λ)ψ̂(k) = ϕ̂(k),

îòêóäà íàõîäèì ðåçîëüâåíòó r0(λ) îïåðàòîðà h0:

ψ(n) = (r0(λ)ϕ)(n) =
1√
2π

∫
2π

0

eiknϕ̂(k) dk

2 cos k − λ
=

1

2i sin θ

∑

n′∈Z

e±iθ|n−n′|ϕ(n′), (9)

ãäå cos θ = λ/2, sin θ = −
√

1− (λ/2)2 (ñì. [5℄). Êîðåíü ñ÷èòàåòñÿ àðè�ìåòè÷åñêèì äëÿ

1− (λ/2)2 > 0. Èñïîëüçóÿ ðàâåíñòâî

ϕ̂
(
k − πl

N

)
=

̂(
e

iπln

N ϕ(n)
)
,

èç (7), (9) èìååì

B = − e−
iπln

N

2i sin θ

∑

n′∈Z

eiθ|n−n′| · e iπln
′

N ϕ(n′), (10)

ãäå

cos θ = αl/2, sin θ = −
√

1− (αl/2)2.

Çíàìåíàòåëü â (5) â ñèëó (6) è (8) ðàâåí

2 cos
πl

N

(
αl − 2 cos

(
k +

πl

N

))
. (11)

Ïðåäïîëàãàåì, ÷òî âûïîëíåíî óñëîâèå αl 6= 2, òîãäà sin θ 6= 0. Çàìåòèì, ÷òî ñîãëàñíî (4)

̂ϕ(n ± 1) = e±ikϕ̂(k).

Òàêèì îáðàçîì, èç (5), (7), (10) è (11) ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà 1. �åçîëüâåíòà R0 îïåðàòîðà H0 èìååò âèä

(R0(λ)ϕ)1l(n) =
1

4i cos πl
N
sin kl

∑

n′∈Z

(
eikl|n−n′|e−

iπl(n−n
′)

N (λϕ1l(n
′) + (1 + e

2πil

N )ϕ2l(n
′)) +

+ eikl|n−n′−1|e−
iπl(n−n

′
−1)

N ϕ2l(n
′)
)
,

(R0(λ)ϕ)2l(n) =
1

4i cos πl
N
sin kl

∑

n′∈Z

(
eikl|n−n′|e−

iπl(n−n
′)

N (λϕ2l(n
′) + (1 + e−

2πil

N )ϕ1l(n
′)) +

+ eikl|n−n′+1|e−
iπl(n−n

′+1)
N ϕ1l(n

′)
)

(12)

â ñëó÷àå l 6= N/2 è èìååò âèä

(R0(λ)ϕ)1l(n) = −λϕ1l(n) + ϕ2l(n − 1)

λ2 − 1
,

(R0(λ)ϕ)2l(n) = −λϕ2l(n) + ϕ1l(n− 1)

λ2 − 1

â ñëó÷àå ÷åòíîãî N äëÿ l = N/2. Çäåñü

sin kl = −
√
1− cos2 kl, cos kl =

λ2 − 3− 2 cos 2πl
N

4 cos πl
N

. (13)

� 2. Èññëåäîâàíèå êâàçèóðîâíåé

Óðàâíåíèå Øð¼äèíãåðà Hεψ = λψ, â îáëàñòè, ãäå ñóùåñòâóåò ÿäðî ðåçîëüâåíòû R0(λ)
(�óíêöèÿ �ðèíà îïåðàòîðà H0), ìîæíî çàïèñàòü â âèäå

ψ = −R0(λ)(V ψ), (14)

ãäå �óíêöèÿ ψ ïðîèçâîëüíà. Ïðè ýòîì ñîãëàñíî ëåììå 1 óðàâíåíèå (14) ðàñïàäàåòñÿ â N óðàâ-

íåíèé äëÿ l = 1, . . . , N , òî åñòü äëÿ êàæäîé ïîäçîíû. Â äàëüíåéøåì ïðåäïîëàãàåì, ÷òî ðåçîëü-

âåíòà â êàæäîé èç ïîäçîí àíàëèòè÷åñêè ïðîäîëæåíà ïî ïàðàìåòðó kl ñâîåé �óíêöèåé �ðèíà

íà ñîîòâåòñòâóþùóþ ðèìàíîâó ïîâåðõíîñòü.

Îïðåäåëåíèå 1. ×èñëî λ (èëè ñîîòâåòñòâóþùåå kl), äëÿ êîòîðîãî ñóùåñòâóåò íåíóëåâîå

ðåøåíèå ψ /∈
(
l2(Ω)

)2
óðàâíåíèÿ (14), áóäåì íàçûâàòü ðåçîíàíñîì îïåðàòîðà Hε.

Îïðåäåëåíèå 2. Êâàçèóðîâíåì îïåðàòîðà Hε íàçîâåì åãî ñîáñòâåííîå çíà÷åíèå èëè ðåçî-

íàíñ.

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî 2 cos πl
N
+1 6= 0, l 6= N/2. Òîãäà äëÿ êàæäîãî l = 0, . . . , N−1

è âñåõ äîñòàòî÷íî ìàëûõ ε > 0 ñóùåñòâóþò ðîâíî äâà êâàçèóðîâíÿ λ±l = λ±l (ε, V1, V2) îïåðà-
òîðà Hε, àíàëèòè÷åñêè çàâèñÿùèå îò ε, V1 è V2, äëÿ êîòîðûõ ñïðàâåäëèâà �îðìóëà

λ±l = ±
∣∣∣2 cos πl

N
+ 1
∣∣∣ ·
(
1 +

ε2(V1 + V2)
2

16 cos πl
N

)
+O(ε3),

ãäå ± � ýòî çíàê λ.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàïèøåì óðàâíåíèå (14) â âèäå ñèñòåìû





ψ1l(0) =
iβε

sin kl

[
λV1ψ1l(0) +

(
1 + e

2iπl

N V2ψ2l(0)
)
+ eikle

iπl

N V2ψ2l(0)
]
,

ψ2l(0) =
iβε

sin kl

[
λV2ψ2l(0) +

(
1 + e−

2iπl

N V1ψ1l(0)
)
+ eikle−

iπl

N V1ψ1l(0)
]
,

(15)
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ãäå β = 1/(4 cos πl
N
). Îïðåäåëèòåëü ∆ ñèñòåìû (15) èìååò âèä

∆ =
1

sin2 kl

[
(sin kl − iβελV1)(sin kl − iβελV2) + β2ε2V1V2

(
2 cos

πl

N
+ eikl

)2]
. (16)

Äàëåå, ñîãëàñíî (13)

λ2 = 4cos kl cos
πl

N
+ 2cos

2πl

N
+ 3 = 4 cos

πl

N
+ 2
(
2 cos2

πl

N
− 1
)
+

+ 3− 2k2l cos
πl

N
+O(k4l ) = (2 cos

πl

N
+ 1)2 − 2k2l cos

πl

N
+O(k4l ),

îòêóäà

λ = ±
(∣∣2 cos πl

N
+ 1
∣∣− cos πl

N

|2 cos πl
N

+ 1|
k2l

)
+O(k4l ), (17)

ãäå ± � ýòî çíàê λ. Óðàâíåíèå ∆ = ∆(kl) = 0, îïèñûâàþùåå êâàçèóðîâíè, ïîëüçóÿñü (16)

è ââîäÿ ïåðåìåííóþ z = sin kl (ïðè ýòîì kl = arcsin z = z +O(z2)), çàïèøåì â âèäå

(
1 + εO(1)

)
z2 ∓ iβε

∣∣2 cos πl
N

+ 1
∣∣ · (V1 + V2)z + ε2O(z) = 0. (18)

Óðàâíåíèå (18) èìååò ¾ëèøíåå¿ ðåøåíèå z = 0, òî åñòü kl = 0, êîòîðîå íå ÿâëÿåòñÿ êâàçèóðîâ-

íåì. Ñîêðàòèâ íà z, ïîëó÷àåì óðàâíåíèå

z = ± 1

1 + εO(1)

(
iβε
∣∣2 cos πl

N
+ 1
∣∣ · (V1 + V2) + ε2O(1)

)
. (19)

Ïðàâóþ ÷àñòü (19) ìîæíî ðàññìàòðèâàòü êàê àíàëèòè÷åñêóþ �óíêöèþ ïåðåìåííûõ z, ε, V1 è V2.
Â ñèëó òåîðåìû î íåÿâíîé �óíêöèè [6℄ â íåêîòîðîé îêðåñòíîñòè íóëÿ äëÿ âñåõ äîñòàòî÷-

íî ìàëûõ ε ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå z = z(ε, V1, V2) (à çíà÷èò, è kl = kl(ε, V1, V2))
óðàâíåíèÿ (19), àíàëèòè÷åñêè çàâèñÿùåå îò ïàðàìåòðîâ ε, V1 è V2. Äàëåå, èç (19) ïîëó÷àåì

àñèìïòîòè÷åñêóþ �îðìóëó

z = ± iε
∣∣2 cos πl

N
+ 1
∣∣ · (V1 + V2)

4 cos πl
N

+O(ε2), (20)

ïðè÷åì ýòà æå �îðìóëà, î÷åâèäíî, ñïðàâåäëèâà è äëÿ kl âìåñòî z. Èç (17) è (20) ïîëó÷àåì

óòâåðæäåíèå òåîðåìû.

Çàìå÷àíèå 2. Åñëè (V1 + V2)/ cos
πl
N
> 0 â ñëó÷àå ïîëîæèòåëüíîãî êâàçèóðîâíÿ λ+l , òî ñî-

ãëàñíî (12), (14) ñîîòâåòñòâóþùàÿ (îáîáùåííàÿ) ñîáñòâåííàÿ �óíêöèÿ ýêñïîíåíöèàëüíî óáû-

âàåò ïðè |n| → ∞ è λ+l ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì, â ïðîòèâíîì ñëó÷àå îáîáùåí-

íàÿ ñîáñòâåííàÿ �óíêöèÿ ýêñïîíåíöèàëüíî âîçðàñòàåò è λ+l ÿâëÿåòñÿ ðåçîíàíñîì. Åñëè ïðè

ýòîì cos πl
N
> 0, òî êâàçèóðîâåíü íàõîäèòñÿ âáëèçè âåðõíåé ãðàíè÷íîé òî÷êè ïîäçîíû, à åñëè

cos πl
N
< 0 � òî âáëèçè íèæíåé (ñì. ðàññóæäåíèå ïåðåä òåîðåìîé 1). Ïîäîáíîå óòâåðæäåíèå

ñïðàâåäëèâî è äëÿ îòðèöàòåëüíîãî êâàçèóðîâíÿ λ−l .

ÑÏÈÑÎÊ ËÈÒÅ�ÀÒÓ�Û

1. Dubois S.M.-M., Zanolli Z., Delerk X., Charliera J.-C. Eletroni properties and quantum transport in

graphene-based nanostrutures // Eur. Phys. J. B. 2009. Vol. 72. P. 1�24.

2. Laird E.A., Kuemmeth F., Steele G., Grove-Rasmussen K., Nyg�ard J., Flensberg K., Kouwenhoven L.P.

Quantum transport in arbon nanotubes // arXiv: 1403.6113 [ond-mat.mes-hall℄. 2014.

http://arxiv.org/pdf/1403.6113v1.pdf



82 Ë.Å. Ìîðîçîâà, Þ.Ï. ×óáóðèí

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 4

3. Charlier J.-C., Blase X., Rohe S. Eletroni and transport properties of nanotubes // Rev. Mod. Phys.

2007. Vol. 79. P. 677�732.

4. �èä Ì., Ñàéìîí Á. Ìåòîäû ñîâðåìåííîé ìàòåìàòè÷åñêîé �èçèêè. Ò. 4. Àíàëèç îïåðàòîðîâ. Ì.:

Ìèð, 1982. 428 .

5. Baranova L.Y., Chuburin Y.P. Quasi-levels of the two-partile disrete Shrödinger operator with

a perturbed periodi potential // J. Phys. A.: Math. Theor. 2008. Vol. 41. 435205 (11 p).

6. �àííèíã �., �îññè Õ. Àíàëèòè÷åñêèå �óíêöèè ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ. Ì.: Ìèð, 1969.

396 ñ.

Ïîñòóïèëà â ðåäàêöèþ 30.10.2014

Ìîðîçîâà Ëþäìèëà Åâãåíüåâíà, ê.�.-ì. í., äîöåíò, Èæåâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-

òåò èì. Ì.Ò. Êàëàøíèêîâà, 426069, �îññèÿ, ã. Èæåâñê, óë. Ñòóäåí÷åñêàÿ, 7.

E-mail: luvial�mail.ru

×óáóðèí Þðèé Ïàâëîâè÷, ä.�.-ì. í., âåäóùèé íàó÷íûé ñîòðóäíèê, îòäåë òåîðåòè÷åñêîé �èçèêè,

Ôèçèêî-òåõíè÷åñêèé èíñòèòóò ÓðÎ �ÀÍ, 426000, �îññèÿ, ã. Èæåâñê, óë. Êèðîâà, 132.

E-mail: huburin�ftiudm.ru

L.E. Morozova, Yu.P. Chuburin

Quasi-levels of the Hamiltonian for a arbon nanotube

Keywords: Hamiltonian of a arbon nanotube, eigenvalue, resonane.

MSC: 81Q10, 81Q15

In the past two deades, arbon nanotubes have been atively investigated in the physis literature, beause

of the promising prospets for their use in miroeletronis; at the same time, interesting mathematial

properties of used Hamiltonians, unfortunately, are often overlooked by mathematiians. In this paper, we

arry out the mathematially rigorous investigation of spetral properties of the Hamiltonian Hε = H0+ εV ,
where the Hamiltonian H0 of an eletron in a zigzag arbon nanotube is written in the tight-binding approah,

and the operator εV (potential) has the form

(εV ψ)(n) = ε

(
V1ψ1(n)

V2ψ2(n)

)
δn0

(here ε > 0, V1, V2 are real numbers, δn0 is the Kroneker delta). The Hamiltonian Hε orresponds to

the arbon nanotube with an impurity uniformly distributed over the ross setion of the nanotube. This

Hamiltonian is the di�erene operator de�ned on funtions from (l2(Ω))2, where Ω = Z× {0, 1, . . . , N − 1},
N > 2, satisfying the periodi boundary onditions. In partiular, in this paper we prove that for eah subband
of the spetrum near one of the boundary points of the subband exatly one quasilevel (i.e. eigenvalue or

resonane) exists in the ase of small potentials. For quasilevels, the asymptoti formulas of the form

λ±
l
= ±

∣∣∣2 cos πl
N

+ 1
∣∣∣ ·
(
1 +

ε2(V1 + V2)
2

16 cos πl

N

)
+O(ε3),

are obtained, where l is the subband number, N is the number of atoms in the ross setion of the nanotube,

and ± is the sign of the λ. Also, we �nd the ondition when a quasilevel is an eigenvalue.
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