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1

�àññìàòðèâàåòñÿ çàäà÷à ïîñëåäîâàòåëüíîãî îáõîäà ìåãàïîëèñîâ ñ îãðàíè÷åíèÿìè â âèäå óñëîâèé ïðåä-

øåñòâîâàíèÿ è �óíêöèÿìè ñòîèìîñòè, äîïóñêàþùèìè çàâèñèìîñòü îò ñïèñêà çàäàíèé. Ïîñòàíîâêè òà-

êîãî òèïà ìîãóò, â ÷àñòíîñòè, âîçíèêàòü â àòîìíîé ýíåðãåòèêå ïðè èññëåäîâàíèè âîïðîñîâ, ñâÿçàííûõ

ñî ñíèæåíèåì îáëó÷àåìîñòè ðàáîòíèêîâ ïðè ïåðåìåùåíèè â ðàäèàöèîííûõ ïîëÿõ ñ öåëüþ âûïîëíåíèÿ

êîìïëåêñà ðàáîò, ñâÿçàííûõ ñ äåìîíòèðîâàíèåì èçëó÷àþùèõ ýëåìåíòîâ.

Äðóãîå ïðèìåíåíèå ðàçðàáàòûâàåìûõ â ðàáîòå ìåòîäîâ ñâÿçàíî ñ âàæíîé èíæåíåðíîé çàäà÷åé

î ìàðøðóòèçàöèè äâèæåíèÿ èíñòðóìåíòà ïðè ëèñòîâîé ðåçêå íà ìàøèíàõ ñ ÷èñëîâûì ïðîãðàììíûì

óïðàâëåíèåì. Ïîñëåäíÿÿ çàäà÷à èìååò, êàê ïðàâèëî, äîñòàòî÷íî áîëüøóþ ðàçìåðíîñòü è áîëüøîå ÷èñëî

óñëîâèé ïðåäøåñòâîâàíèÿ: ó äåòàëåé, èìåþùèõ íå òîëüêî âíåøíèé, íî îäèí èëè íåñêîëüêî âíóòðåííèõ

êîíòóðîâ (ïðîñòåéøèé ïðèìåð � øàéáà), ðåçêà ïîñëåäíèõ äîëæíà îñóùåñòâëÿòüñÿ ðàíüøå, ÷åì ðåçêà

âíåøíåãî êîíòóðà (â ðîëè ìåãàïîëèñîâ çäåñü âûñòóïàþò êîíå÷íûå ìíîæåñòâà, ðàñïîëàãàåìûå âáëèçè

ñîîòâåòñòâóþùèõ êîíòóðîâ). Âîçìîæíàÿ çàâèñèìîñòü �óíêöèé ñòîèìîñòè îò ñïèñêà çàäàíèé ìîæåò

â äàííîì ñëó÷àå îòðàæàòü òå èëè èíûå òåõíîëîãè÷åñêèå óñëîâèÿ. Ïîä÷åðêíåì, ÷òî îùóòèìàÿ ðàçìåð-

íîñòü, õàðàêòåðèçóåìàÿ ñîâîêóïíîñòüþ âñåõ êîíòóðîâ, ïîäëåæàùèõ ðåçêå, ïðèâîäèò ê íåîáõîäèìîñòè

èñïîëüçîâàíèÿ ýâðèñòèê, à ïîòîìó âîïðîñû, êàñàþùèåñÿ õîòÿ áû ëîêàëüíîãî óëó÷øåíèÿ ðåøåíèé, ïðåä-

ñòàâëÿþòñÿ äîñòàòî÷íî âàæíûìè äëÿ èññëåäîâàíèÿ.

Îñíîâíîå âíèìàíèå â ðàáîòå óäåëÿåòñÿ ïîñòðîåíèþ îïòèìèçèðóþùèõ âñòàâîê â óñëîæíåííûõ óñëî-

âèÿõ: òðåáóåòñÿ ðåäóöèðîâàòü �ðàãìåíò óñëîâèé ïðåäøåñòâîâàíèÿ è òðàíñ�îðìèðîâàòü ñîîòâåòñòâóþ-

ùèå �óíêöèè ñòîèìîñòè; â ïîñëåäíåì ñëó÷àå âàæíî ñîõðàíèòü â íàäëåæàùåé �îðìå çàâèñèìîñòü îò

ñïèñêà çàäàíèé. Îáà óïîìÿíóòûõ îáñòîÿòåëüñòâà ó÷èòûâàþòñÿ ïðè ïîñòðîåíèè ïðîöåäóðû, èìåþùåé

ñìûñë àëãîðèòìà íà �óíêöèîíàëüíîì óðîâíå.

Êëþ÷åâûå ñëîâà: ìàðøðóò, òðàññà, óñëîâèÿ ïðåäøåñòâîâàíèÿ.

Ââåäåíèå

Â äàëüíåéøåì èñïîëüçóþòñÿ ñëåäóþùèå ñîêðàùåíèÿ: ÇÊ � çàäà÷à êîììèâîÿæåðà, ÄÏ �

äèíàìè÷åñêîå ïðîãðàììèðîâàíèå, Ä� � äîïóñòèìîå ðåøåíèå, ï/ì � ïîäìíîæåñòâî, ÓÏ � óïî-

ðÿäî÷åííàÿ ïàðà, ×ÏÓ � ÷èñëîâîå ïðîãðàììíîå óïðàâëåíèå.

Â ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à ïîñëåäîâàòåëüíîãî îáõîäà êîíå÷íîé ñèñòåìû ìåãàïîëèñîâ,

îñëîæíåííàÿ óñëîâèÿìè ïðåäøåñòâîâàíèÿ è òåì, ÷òî ñòîèìîñòè ïåðåìåùåíèé è (âíóòðåííèõ ïî

ñìûñëó) ðàáîò, âûïîëíÿåìûõ ïðè ïîñåùåíèè ìåãàïîëèñîâ, ìîãóò çàâèñåòü îò ñïèñêà çàäàíèé,

êîòîðûå íå âûïîëíåíû íà òåêóùèé ìîìåíò. Îáà ýòè îñëîæíÿþùèõ îáñòîÿòåëüñòâà ñâÿçàíû

ñ ïðèêëàäíûìè çàäà÷àìè, âîçíèêàþùèìè, â ÷àñòíîñòè, â ìàøèíîñòðîåíèè è àòîìíîé ýíåð-

ãåòèêå. Òàê, íàïðèìåð, â çàäà÷å îá óïðàâëåíèè äâèæåíèåì èíñòðóìåíòà íà ìàøèíàõ ñ ×ÏÓ

ïðè ëèñòîâîé ðåçêå äåòàëåé, èìåþùèõ âíåøíèé è, âîçìîæíî, îäèí èëè íåñêîëüêî âíóòðåííèõ

êîíòóðîâ, òðåáóåòñÿ [1℄, ÷òîáû ïîñëåäíèå âûðåçàëèñü ðàíüøå âíåøíåãî êîíòóðà (ñàìà ðåçêà

îñóùåñòâëÿåòñÿ ïðè ýòîì ïî ñïåöèàëüíûì ýêâèäèñòàíòàì, ñ òåì ÷òîáû îáåñïå÷èòü íåêîòîðûé

¾çàïàñ¿). Â ðåçóëüòàòå âîçíèêàåò áîëüøîå ÷èñëî îãðàíè÷åíèé â âèäå óñëîâèé ïðåäøåñòâîâà-

íèÿ (èìåþòñÿ è äðóãèå îãðàíè÷åíèÿ). Ïîäîáíûå óñëîâèÿ âîçíèêàþò è â çàäà÷àõ î äåìîíòà-

æå ýíåðãîáëîêà ÀÝÑ, âûâåäåííîãî èç ýêñïëóàòàöèè (â ñâÿçè ñ çàäà÷àìè îáñëóæèâàíèÿ ÀÝÑ

ñì. [2℄); òàê, íàïðèìåð, îäíè èç äåìîíòèðóåìûõ îáúåêòîâ ìîãóò ðàñïîëàãàòüñÿ íà äðóãèõ, à ïî-

òîìó (ïåðâûå) ¾âåðõíèå¿ îáúåêòû äîëæíû äåìîíòèðîâàòüñÿ, à çíà÷èò, è ïîñåùàòüñÿ ðàíüøå.

Èòàê, ïðèêëàäíûå çàäà÷è ñ ýëåìåíòàìè ìàðøðóòèçàöèè âêëþ÷àþò ñóùåñòâåííûå îñîáåííîñòè

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî íàó÷íîãî �îíäà (ãðàíò �14�11�00109).
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(â ÷àñòè èñïîëüçóåìûõ îãðàíè÷åíèé) â ñðàâíåíèè ñ èçâåñòíîé òðóäíîðåøàåìîé ÇÊ. Ïåðå÷åíü

ýòèõ îñîáåííîñòåé ìîæíî ïðîäîëæèòü. Òàê, â ÷àñòíîñòè, â óïîìÿíóòîé çàäà÷å î äåìîíòàæå

ñòîèìîñòè ïåðåìåùåíèé (äîçû ðàäèàöèè) çàâèñÿò îò íåäåìîíòèðîâàííûõ íà òåêóùèé ìîìåíò

èçëó÷àþùèõ ýëåìåíòîâ, ÷òî ïîðîæäàåò íà óðîâíå ìàòåìàòè÷åñêîé ïîñòàíîâêè çàâèñèìîñòü îò

ñïèñêà íåâûïîëíåííûõ çàäàíèé.

Èçâåñòíûå òðóäíîñòè âû÷èñëèòåëüíîé ðåàëèçàöèè ðåøåíèé ÇÊ (ñì., íàïðèìåð, [3℄) ñîõðà-

íÿþòñÿ è â óïîìÿíóòîé çàäà÷å ïîñëåäîâàòåëüíîãî îáõîäà ìåãàïîëèñîâ, à ïîòîìó äëÿ çàäà÷

áîëüøîé ðàçìåðíîñòè è çäåñü ïðèõîäèòñÿ îðèåíòèðîâàòüñÿ íà ïîñòðîåíèå ïðèáëèæåííûõ ðå-

øåíèé è èñïîëüçîâàíèå äëÿ ýòîé öåëè ýâðèñòè÷åñêèõ àëãîðèòìîâ, îáåñïå÷èâàþùèõ íóæíîå

áûñòðîäåéñòâèå. Â òî æå âðåìÿ ïðè ðåàëèçàöèè òàêèõ àëãîðèòìîâ íåðåäêî âîçíèêàþò �ðàã-

ìåíòû ïîëó÷àþùèõñÿ ðåøåíèé, êîòîðûå ìîãóò áûòü óëó÷øåíû çà ñ÷åò ïðèìåíåíèÿ òîé èëè

èíîé âñòàâêè. Â ðàññìàòðèâàåìîé çàäà÷å òðåáóåòñÿ, îäíàêî, íå íàðóøàòü ïðè ýòîì îãðàíè÷å-

íèÿ ¾áîëüøîé¿ çàäà÷è, è ïðåæäå âñåãî åå óñëîâèÿ ïðåäøåñòâîâàíèÿ. Êðîìå òîãî, äëÿ óñëîæ-

íåííûõ �óíêöèé ñòîèìîñòè îðãàíèçàöèÿ âñòàâêè äîëæíà áûòü òàêîé, ÷òîáû óëó÷øåíèå îäíîãî

�ðàãìåíòà ýâðèñòè÷åñêîãî ðåøåíèÿ íå ïîâëåêëî áû óõóäøåíèÿ äðóãèõ, ïîñêîëüêó ëîêàëüíîå

èçìåíåíèå ìàðøðóòà âëèÿåò, âîîáùå ãîâîðÿ, íà ñòðóêòóðó ñïèñêîâ (çàäàíèé), ñêëàäûâàþùèõñÿ

ãëîáàëüíî. Ýòèì âîïðîñàì ïîñâÿùåíà íàñòîÿùàÿ ðàáîòà: èññëåäóþòñÿ âîçìîæíîñòè ñî÷åòàíèÿ

â ðàìêàõ îäíîé ñõåìû ýâðèñòè÷åñêèõ ¾ãëîáàëüíûõ¿ è òî÷íûõ (îïòèìàëüíûõ) ëîêàëüíûõ ðåøå-

íèé ïóòåì âñòðàèâàíèÿ ïîñëåäíèõ ïðè ñîáëþäåíèè âñåõ îãðàíè÷åíèé è óëó÷øåíèè (íåóõóäøå-

íèè) ¾ãëîáàëüíîãî¿ ðåçóëüòàòà. ×òî æå êàñàåòñÿ ïîñòðîåíèÿ ëîêàëüíî îïòèìàëüíûõ ðåøåíèé,

òî çäåñü ìîæåò, â ÷àñòíîñòè, ïðèìåíÿòüñÿ âåñüìà îáùàÿ ñõåìà íà îñíîâå ÄÏ, ïðèâåäåííàÿ, â

÷àñòíîñòè, â [4�6℄ è ÿâëÿþùàÿñÿ ðàçâèòèåì [7, � 4.9℄.

Â ñâÿçè ñ îáñóæäåíèåì ìåòîäîâ ðåøåíèÿ ÇÊ îòìåòèì [8�10℄, âàðèàíò ìåòîäà ÄÏ äëÿ ðåøå-

íèÿ ÇÊ ñì. â [11, 12℄. Êðîìå òîãî, â ñâÿçè ñ çàäà÷àìè, ïîäîáíûìè â òîì èëè èíîì ñìûñëå ÇÊ,

îòìåòèì [8, 13, 14℄; ñì. òàêæå [15℄.

Â ñâÿçè ñ âîçìîæíîñòüþ ïðèìåíåíèÿ ÄÏ ïðè ïîñòðîåíèè áåëëìàíîâñêèõ âñòàâîê â çàäà÷å

ñ óñëîæíåííûìè �óíêöèÿìè ñòîèìîñòåé íàïîìíèì [16℄, ãäå èçëîæåí òðåáóåìûé âàðèàíò ÄÏ

(ñì. òàêæå [5, 6℄). Çäåñü ýòè âîïðîñû íå ðàññìàòðèâàþòñÿ.

� 1. Îáîçíà÷åíèÿ è îïðåäåëåíèÿ îáùåãî õàðàêòåðà

Â äàëüíåéøåì èñïîëüçóåòñÿ ñòàíäàðòíàÿ òåîðåòèêî-ìíîæåñòâåííàÿ ñèìâîëèêà, âêëþ÷àÿ

êâàíòîðû, ïðîïîçèöèîíàëüíûå ñâÿçêè;

△
= � ðàâåíñòâî ïî îïðåäåëåíèþ, ∅ � ïóñòîå ìíîæåñòâî,

def çàìåíÿåò �ðàçó ¾ïî îïðåäåëåíèþ¿. Ñåìåéñòâîì íàçûâàåì ìíîæåñòâî, âñå ýëåìåíòû êîòî-

ðîãî ñàìè ÿâëÿþòñÿ ìíîæåñòâàìè. Åñëè T � ìíîæåñòâî, òî ÷åðåç P(T ) (÷åðåç P ′(T )) îáîçíà-
÷àåì ñåìåéñòâî âñåõ (âñåõ íåïóñòûõ) ï/ì T ; ÷åðåç Fin(T ) îáîçíà÷àåì ñåìåéñòâî âñåõ êîíå÷íûõ

ìíîæåñòâ èç P ′(T ). �àçóìååòñÿ, â ñëó÷àå íåïóñòîãî êîíå÷íîãî ìíîæåñòâà T èìååì ðàâåíñòâî

Fin(T ) = P ′(T ).

Åñëè A è B � íåïóñòûå ìíîæåñòâà, ϕ : A→ B è C ∈ P(A), òî, êàê îáû÷íî, ϕ1(C)
△
= {ϕ(x) :

x ∈ C} ∈ P(B) åñòü îáðàç ìíîæåñòâà C ïðè äåéñòâèè ϕ; ϕ1(C) ∈ P ′(B) ïðè C ∈ P ′(A).

Åñëè P è Q � íåïóñòûå ìíîæåñòâà, òî ÷åðåç (Bi)[P ;Q] îáîçíà÷àåì ìíîæåñòâî âñåõ áèåêöèé

[17, 
. 87℄ P íà Q. �àçóìååòñÿ, ϕ1(P ) = Q ∀ϕ ∈ (Bi)[P ;Q]. Åñëè S è T � íåïóñòûå ìíîæåñòâà,

à ψ ∈ (Bi)[S;T ], òî îïðåäåëåíà áèåêöèÿ ψ−1 ∈ (Bi)[T ;S] (îáðàòíàÿ ê ψ), äëÿ êîòîðîé

(
ψ
(
ψ−1(t)

)
= t ∀ t ∈ T

)
&
(
ψ−1

(
ψ(s)

)
= s ∀ s ∈ S

)
.

Ïåðåñòàíîâêà íåïóñòîãî ìíîæåñòâà A îïðåäåëÿåòñÿ [17, 
. 87℄ êàê áèåêöèÿ A íà ñåáÿ; òîãäà

(Bi)[A;A] åñòü ìíîæåñòâî âñåõ ïåðåñòàíîâîê A (â äàëüíåéøåì ñðåäè ïåðåñòàíîâîê áóäåì âûäå-

ëÿòü ìàðøðóòû).

Åñëè p è q � îáúåêòû, òî {p; q} åñòü def (åäèíñòâåííîå) ìíîæåñòâî, ñîäåðæàùåå (â êà÷åñòâå
ñâîèõ ýëåìåíòîâ) p, q è íå ñîäåðæàùåå íèêàêèõ äðóãèõ ýëåìåíòîâ; {p; q} � íåóïîðÿäî÷åííàÿ
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ïàðà îáúåêòîâ p, q. Ïðîèçâîëüíîìó îáúåêòó y ñîïîñòàâëÿåì ñèíãëåòîí {y}
△
= {y; y} (îäíîýëå-

ìåíòíîå ìíîæåñòâî, ñîäåðæàùåå y). Êàæäîå ìíîæåñòâî � îáúåêò. Ñ ó÷åòîì ýòîãî ïîëàãàåì,

ñëåäóÿ [18, 
. 67℄, ÷òî äëÿ âñÿêèõ îáúåêòîâ a è b (a, b)
△
=

{
{a}; {a; b}

}
, ïîëó÷àÿ ÓÏ ñ ïåðâûì

ýëåìåíòîì a è âòîðûì ýëåìåíòîì b. Åñëè z � êàêàÿ-ëèáî ÓÏ, òî ÷åðåç pr1(z) (÷åðåç pr2(z))
îáîçíà÷àåì ïåðâûé (âòîðîé) ýëåìåíò ÓÏ z. Êàê îáû÷íî, äëÿ ëþáûõ òðåõ îáúåêòîâ α, β è γ

îïðåäåëåí òðèïëåò (α, β, γ)
△
=

(
(α, β), γ

)
(ÓÏ ñïåöèàëüíîãî âèäà). Äëÿ ëþáûõ òðåõ íåïóñòûõ

ìíîæåñòâ A,B è C ïîëàãàåì [19, 
. 17℄, ÷òî A × B × C
△
= (A × B) × C, ýòî ñîãëàøåíèå øè-

ðîêî èñïîëüçóåòñÿ â ðàçëè÷íûõ ðàçäåëàõ ìàòåìàòèêè, è îíî ñóùåñòâåííî äëÿ ïîñëåäóþùèõ

ïîñòðîåíèé; â ýòîé ñâÿçè îòìåòèì, ÷òî ïðè âñÿêîì âûáîðå íåïóñòîãî ìíîæåñòâà D, �óíêöèè

ϕ : A×B × C −→ D,

à òàêæå α ∈ A×B è β ∈ C îïðåäåëåíî çíà÷åíèå ϕ(α, β) ∈ D, ÷òî êàê ðàç ñëåäóåò èç óïîìÿíóòîãî
ïðåäñòàâëåíèÿ A×B ×C.

Åñëè ïðè ýòîì α1
△
= pr1(α) è α2

△
= pr2(α) (íàïîìíèì, ÷òî α åñòü ÓÏ), òî α = (α1, α2) è, êàê

îáû÷íî, (α, β) = (α1, α2, β) è ϕ(α1, α2, β) = ϕ(α, β). Äàííûå îáñòîÿòåëüñòâà èñïîëüçóåì íèæå

áåç äîïîëíèòåëüíûõ ïîÿñíåíèé.

Åñëè A,B è C � íåïóñòûå ìíîæåñòâà, g : A → B è h : B → C, òî h ◦ g, êàê îáû÷íî,

îòîæäåñòâëÿåòñÿ ñ îòîáðàæåíèåì

a 7−→ h
(
g(a)

)
: A −→ C.

Åñëè ïðè ýòîì g ∈ (Bi)[A;B] è h ∈ (Bi)[B;C], òî h ◦ g ∈ (Bi)[A;C]. Êàê îáû÷íî, R åñòü

âåùåñòâåííàÿ ïðÿìàÿ, N
△
= {1; 2; . . .} � íàòóðàëüíûé ðÿä, No

△
= {0} ∪ N = {0; 1; 2; . . .} è

p, q
△
= {i ∈ No| (p 6 i)& (i 6 q)} ∀ p ∈ No ∀ q ∈ No. (1.1)

Îòìåòèì, ÷òî â ñèëó (1.1) p, q = ∅ äëÿ p ∈ No è q ∈ No ñî ñâîéñòâîì q < p; â ÷àñòíîñòè,

1, 0 = ∅ (ýòî ñâîéñòâî áóäåò èñïîëüçîâàòüñÿ â äàëüíåéøåì). Êàæäîìó íåïóñòîìó êîíå÷íîìó

ìíîæåñòâó K ñîïîñòàâëÿåòñÿ åãî ìîùíîñòü (êîëè÷åñòâî ýëåìåíòîâ) |K| ∈ N, ïðè ýòîì

(bi)[K]
△
= (Bi)[1, |K|;K] 6= ∅. (1.2)

Êðîìå òîãî, ïîëàãàåì |∅|
△
= 0. Èòàê, âñÿêîìó êîíå÷íîìó ìíîæåñòâó S ñîïîñòàâëåíà åãî ìîù-

íîñòü |S| ∈ No. Ñîãëàøåíèå (1.2) ÿâëÿåòñÿ âàæíûì äëÿ äàëüíåéøåãî; îíî èñïîëüçóåòñÿ ïðè

îïðåäåëåíèè ìàðøðóòîâ. Çàìåòèì, ÷òî ïðè n ∈ N â âèäå (bi)[1, n] ðåàëèçóåòñÿ ìíîæåñòâî âñåõ

ïåðåñòàíîâîê ìíîæåñòâà 1, n : (bi)[1, n] = (Bi)[1, n; 1, n].
Âñþäó â äàëüíåéøåì èñïîëüçóåòñÿ ñîãëàøåíèå: äëÿ êàæäîãî íåïóñòîãî ìíîæåñòâà T ÷åðåç

R+[T] îáîçíà÷àåì ìíîæåñòâî âñåõ �óíêöèé èç T â [0,∞[
△
= {ξ ∈ R | 0 6 ξ}; �óíêöèè òàêî-

ãî òèïà áóäóò èñïîëüçîâàòüñÿ äëÿ îöåíèâàíèÿ çàòðàò íà ïåðåìåùåíèÿ è ðàáîòû, ñâÿçàííûå

ñ ïîñåùåíèåì ìåãàïîëèñîâ.

� 2. Îñíîâíàÿ çàäà÷à ìàðøðóòèçàöèè

Â íàñòîÿùåì ðàçäåëå îïðåäåëÿåòñÿ çàäà÷à, äëÿ êîòîðîé ïîçäíåå áóäåò ïðèìåíåíà ïðîöå-

äóðà ëîêàëüíîãî óëó÷øåíèÿ ðåøåíèé, îïðåäåëÿåìûõ òåì èëè èíûì ñïîñîáîì; â ÷àñòíîñòè,

ïåðâîíà÷àëüíî ìîæåò èñïîëüçîâàòüñÿ æàäíûé àëãîðèòì. Ïî ñìûñëó èñïîëüçóåìîãî ïîäõîäà

ïðåäïîëàãàåòñÿ, ÷òî äàííàÿ (ìàðøðóòíàÿ) çàäà÷à èìååò äîñòàòî÷íî áîëüøóþ ðàçìåðíîñòü, ÷òî

çàòðóäíÿåò ïðèìåíåíèå òî÷íûõ àëãîðèòìîâ.

Èòàê, �èêñèðóåì â äàëüíåéøåì íåïóñòîå ìíîæåñòâî X, òî÷êó xo ∈ X (áàçà ïðîöåññà), ÷èñëî

n ∈ N, n > 2, è ìíîæåñòâà

L1 ∈ Fin(X), . . . ,Ln ∈ Fin(X), (2.1)
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èìåíóåìûå íèæå ìåãàïîëèñàìè. Ïóñòü, êðîìå òîãî, çàäàíû îòíîøåíèÿ

L1 ∈ P ′(L1 × L1), . . . ,Ln ∈ P ′(Ln × Ln) (2.2)

(íåïóñòûå ï/ì äåêàðòîâûõ ¾êâàäðàòîâ¿ ìåãàïîëèñîâ (2.1)). Ïðåäïîëàãàåòñÿ, ÷òî

(xo /∈ Lj ∀ j ∈ 1,n)& (Lp ∩ Lq = ∅ ∀ p ∈ 1,n ∀ q ∈ 1,n \ {p}). (2.3)

Óñëîâèÿ (2.3) åñòåñòâåííû äëÿ çàäà÷è ïîñëåäîâàòåëüíîãî îáõîäà ñèñòåìû ìåãàïîëèñîâ. Áóäåì

çàíèìàòüñÿ îðãàíèçàöèåé ïåðåìåùåíèé âèäà

xo → (z1 ∈ Lβ(1)) → . . .→ (zn ∈ Lβ(n)), (2.4)

ãäå β ∈ (bi)[1,n]; â ýòîé ñâÿçè ñì. (2.2). Èç (2.4) ñëåäóåò, ÷òî ïðèáûòèå â êàæäûé ìåãàïîëèñ

è ïîñëåäóþùåå îòïðàâëåíèå äîëæíû áûòü ñâÿçàíû ïîñðåäñòâîì ïðèíàäëåæíîñòè ñîîòâåòñòâó-

þùåé ÓÏ îäíîìó èç îòíîøåíèé (2.2). Òàê, íàïðèìåð, â çàäà÷å îá óïðàâëåíèè èíñòðóìåíòîì

ïðè ëèñòîâîé ðåçêå íà ìàøèíàõ ñ ×ÏÓ òàêàÿ ñâÿçü çàäàåòñÿ â âèäå ñîåäèíåíèÿ â ïàðû òî÷åê

âðåçêè è òî÷åê âûêëþ÷åíèÿ èíñòðóìåíòà. Èòàê, (2.4) ãîâîðèò îá îðãàíèçàöèè ïåðåìåùåíèé

âèäà

xo → (z1,1 ∈ Lβ(1)  z1,2 ∈ Lβ(1)) → . . .→ (zn,1 ∈ Lβ(n)  zn,2 ∈ Lβ(n)), (2.5)

ñ ñîáëþäåíèåì óñëîâèé z1 = (z1,1, z1,2) ∈ Lβ(1), . . . , zn = (zn,1, zn,2) ∈ Lβ(n). Ïðè ýòèõ óñëî-

âèÿõ (2.5) âûðîæäàåòñÿ â (2.4). Ïîëàãàÿ, ÷òî P
△
= (bi)[1,n] (âñþäó â äàëüíåéøåì), îòìåòèì,

÷òî âûáîð β ∈ P ìîæåò áûòü ñòåñíåí óñëîâèÿìè ïðåäøåñòâîâàíèÿ. Äëÿ ââåäåíèÿ ïîñëåäíèõ

çà�èêñèðóåì ìíîæåñòâî K ∈ P(1,n × 1,n) (èòàê, K åñòü îòíîøåíèå â 1,n; ñëó÷àé K = ∅ íå

èñêëþ÷àåòñÿ è îòâå÷àåò ñèòóàöèè, êîãäà óñëîâèÿ ïðåäøåñòâîâàíèÿ îòñóòñòâóþò). Òîãäà [7, ÷. 2℄

A
△
= {α ∈ P|α−1

(
pr1(z)

)
< α−1

(
pr2(z)

)
∀ z ∈ K} (2.6)

åñòü ìíîæåñòâî âñåõ ïåðåñòàíîâîê 1,n, K-äîïóñòèìûõ ïî ïðåäøåñòâîâàíèþ. Â äàëüíåéøåì ïå-

ðåñòàíîâêè èç P èìåíóåì ãëîáàëüíûìè ìàðøðóòàìè. Òîãäà ýëåìåíòû (2.6) ñóòü K-äîïóñòèìûå

ãëîáàëüíûå ìàðøðóòû. Ìû ïîñòóëèðóåì, ÷òî

∀Ko ∈ P ′(K) ∃zo ∈ Ko : pr1(zo) 6= pr2(z) ∀ z ∈ Ko. (2.7)

Òîãäà (ñì. (2.7); [7, ÷. 2℄) A 6= ∅, òî åñòü A ∈ P ′(P). Êàê âèäíî èç (2.4), (2.5), êîíêðåòíûé

âûáîð ãëîáàëüíîãî ìàðøðóòà åùå íå îïðåäåëÿåò òå÷åíèå èíòåðåñóþùåãî íàñ ïðîöåññà, âàæíû

åùå ñàìè ïåðåìåùåíèÿ ïî (óæå çàíóìåðîâàííûì) ìåãàïîëèñàì. Ìû îòìåòèì, ÷òî

X
△
= {xo} ∪

( n⋃

i=1

Li

)
∈ Fin(X), (2.8)

ïîñëå ÷åãî ââåäåì ìíîæåñòâî Z̃ âñåõ êîðòåæåé

(zi)i∈0,n : 0,n −→ X× X; (2.9)

òðàññàìè áóäåì, äåéñòâóÿ â ñîãëàñèè ñ (2.4), íàçûâàòü êîðòåæè âèäà (2.9), îïðåäåëåííûì îá-

ðàçîì ñîãëàñîâàííûå ñ ìàðøðóòàìè: åñëè β ∈ P, òî

Zβ
△
=

{
(zi)i∈0,n ∈ Z̃ | (zo = (xo,xo)) & (zt ∈ Lβ(t) ∀ t ∈ 1,n)

}
∈ Fin(Z̃) (2.10)

åñòü ïó÷îê òðàññ, ñîãëàñîâàííûõ ñ ãëîáàëüíûì ìàðøðóòîì β. Êàæäóþ ÓÏ

(
β, (zi)i∈0,n

)
, ãäå

β ∈ A è (zi)i∈0,n ∈ Zβ, ðàññìàòðèâàåì êàê Ä� �îðìóëèðóåìîé íèæå çàäà÷è. Òîãäà

D
△
=

{(
β, (zi)i∈0,n

)
∈ A× Z̃ | (zi)i∈0,n ∈ Zβ

}
∈ Fin(A× Z̃) (2.11)
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åñòü ìíîæåñòâî âñåõ Ä� ¾áîëüøîé¿ çàäà÷è (èìååì â âèäó ñèòóàöèþ, êîãäà n äîñòàòî÷íî âå-

ëèêî). Èòàê, ýëåìåíòû (2.11) ïîëó÷àþòñÿ êàê ÓÏ, ó êàæäîé èç êîòîðûõ ïåðâûé ýëåìåíò �

ãëîáàëüíûé ìàðøðóò èç A (2.6), à âòîðîé � ñîãëàñîâàííàÿ ñ íèì òðàññà èç ñîîòâåòñòâóþùåãî

ìíîæåñòâà (2.10).

Ìû ðàññìàòðèâàåì àääèòèâíûé âàðèàíò àãðåãèðîâàíèÿ çàòðàò, îöåíèâàåìûõ ñïåöèàëüíû-

ìè �óíêöèÿìè ñòîèìîñòè. Ïîñëåäíèå ââîäÿòñÿ îòäåëüíî äëÿ îöåíèâàíèÿ âíåøíèõ ïåðåìåùå-

íèé â (2.4), (2.5) è äëÿ âíóòðåííèõ (ïî ñìûñëó) ðàáîò, âûïîëíÿåìûõ âñÿêèé ðàç â ïðèâÿçêå ê

ñîîòâåòñòâóþùåìó ìåãàïîëèñó. Ñàìè æå �óíêöèè ñòîèìîñòè ïîëàãàåì ïî ñîîáðàæåíèÿì ìåòî-

äè÷åñêîãî õàðàêòåðà ¾ìàêñèìàëüíî ïðîäîëæåííûìè¿, ÷òî îáû÷íî íå ñîñòàâëÿåò òðóäà. Èòàê,

ïîëàãàåì, ÷òî N
△
= P ′(1,n) è �èêñèðóåì êîðòåæ (c♮, c♮1, . . . , c

♮
n, f ♮), ãäå

c
♮ ∈ R+[X× X×N], c♮1 ∈ R+[X× X×N], . . . , c♮

n
∈ R+[X× X×N], f ♮ ∈ R+[X]. (2.12)

Â (2.12) c
♮
èñïîëüçóåòñÿ äëÿ îöåíèâàíèÿ âíåøíèõ ïåðåìåùåíèé, c♮j îöåíèâàåò ðàáîòû, ñâÿçàííûå

ñ ìåãàïîëèñîì Lj , ãäå j ∈ 1,n, à f ♮ äîñòàâëÿåò ñòîèìîñòü òåðìèíàëüíîãî ñîñòîÿíèÿ (ïîñëåäíåå

ñîâïàäàåò ñ zn,2 â (2.5)).

Çàìå÷àíèå 2.1. Ñ ó÷åòîì (2.4), (2.5) èìååì, ÷òî íà ñàìîì äåëå çíà÷åíèÿ c
♮(x, y,K) �óíê-

öèè c
♮
äëÿ íàñ ñóùåñòâåííû òîëüêî â ñëåäóþùèõ äâóõ ñëó÷àÿõ: 1) x = xo, y ∈ Lk, K ∈ N,

k ∈ K; 2) x ∈ Lp, y ∈ Lq, K ∈ N, p /∈ K, q ∈ K. Äëÿ âñåõ òðèïëåòîâ (x, y,K) ∈ X × X ×N, íå
óäîâëåòâîðÿþùèõ íè ñëó÷àþ 1, íè ñëó÷àþ 2, ìîæíî îïðåäåëÿòü çíà÷åíèÿ �óíêöèè ïðîèçâîëü-

íî; ìîæíî äëÿ îïðåäåëåííîñòè ïîëàãàòü èõ íóëåâûìè.

Åñëè j ∈ 1,n, òî çíà÷åíèÿ c♮j(z,K), ãäå (z,K) ∈ X × X × N, äëÿ íàñ ñóùåñòâåííû òîëüêî

ïðè j ∈ K è z ∈ Lj. Äëÿ âñåõ ïðî÷èõ çíà÷åíèé (z,K) ∈ X × X × N çíà÷åíèÿ c♮j(z,K) ìîæíî
îïðåäåëÿòü ïðîèçâîëüíî; â ÷àñòíîñòè, èõ ìîæíî ïîëàãàòü íóëåâûìè.

Íàêîíåö, çíà÷åíèÿ f ♮(x), ãäå x ∈ X, äëÿ íàñ ñóùåñòâåííû òîëüêî ïðè x 6= xo; çíà÷åíèå
f ♮(xo) ìîæåò áûòü ïðîèçâîëüíûì è, â ÷àñòíîñòè, ðàâíûì íóëþ. �

Çàìå÷àíèå 2.2. Åñëè β ∈ P è (zi)i∈1,n ∈ Zβ, òî èìååì ñëåäóþùèå åñòåñòâåííûå êîíêðåòè-

çàöèè çíà÷åíèé �óíêöèé ñòîèìîñòè.

(a) Ïðè t ∈ 0,n− 1 çíà÷åíèå c
♮
(
pr2(zt),pr1(zt+1), β

1(t+ 1,n)
)
= c

♮
(
pr2(zt),pr1(zt+1), {β(l) :

l ∈ t+ 1,n}
)
∈ [0,∞[ îöåíèâàåò ïåðåìåùåíèå

(
pr2(zt) ∈ Lβ(t)

)
→

(
pr1(zt+1) ∈ Lβ(t+1)

)
.

(b) Ïðè τ ∈ 1,n çíà÷åíèå cβ(τ)
(
zτ , β

1(τ,n)
)
= cβ(τ)(zτ , {β(l) : l ∈ τ,n}) ∈ [0,∞[ îöåíèâàåò

ðàáîòó, ñâÿçàííóþ ñ ìåãàïîëèñîì Lβ(τ).
Â êàæäîì èç ñëó÷àåâ (a), (b) îòðàæåíî âëèÿíèå ñïèñêà çàäàíèé, êîòîðûå íà òåêóùèé ìîìåíò

åùå íå âûïîëíåíû. �

Ñ öåëüþ ââåäåíèÿ (àääèòèâíîãî) êðèòåðèÿ êà÷åñòâà ïîëàãàåì, ÷òî ïðè âñÿêîì âûáîðå β ∈ P

è (zi)i∈0,n ∈ Zβ

C
♮
β[(zi)i∈0,n]

△
=

n∑

t=1

[c♮
(
pr2(zt−1),pr1(zt), {β(l) : l ∈ t,n}

)
+c♮

β(t)

(
zt, {β(l) : l ∈ t,n}

)
] +

+ f ♮
(
pr2(zn)

)
=

n∑

t=1

[c♮
(
pr2(zt−1),pr1(zt), β

1
(
t,n)

)
+c♮

β(t)

(
zt, β

1(t,n)
)
] + f ♮

(
pr2(zn)

)
.

(2.13)

Äëÿ íàñ áóäåò âàæåí âàðèàíò (2.13), îòâå÷àþùèé ñëó÷àþ β ∈ A. Â êà÷åñòâå îñíîâíîé ðàññìàò-

ðèâàåì ñëåäóþùóþ çàäà÷ó:

C
♮
β[(zi)i∈0,n] −→ min, β ∈ A, (zi)i∈0,n ∈ Zβ. (2.14)

Ñ ó÷åòîì (2.11) èìååì, ÷òî äàííàÿ çàäà÷à ñîâìåñòíà ïî îãðàíè÷åíèÿì; â íåé íåïðåìåííî ñó-

ùåñòâóåò îïòèìàëüíàÿ ÓÏ

(
β∗, (z∗i )i∈0,n

)
∈ D, äëÿ êîòîðîé C

♮
β∗ [(z∗i )i∈0,n] 6 C

♮
β[(zi)i∈0,n] ïðè
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(
β, (zi)i∈0,n

)
∈ D. Îäíàêî, ïîëàãàÿ n äîñòàòî÷íî áîëüøèì, ìû áóäåì îðèåíòèðîâàòüñÿ íà èñ-

ïîëüçîâàíèå ýâðèñòè÷åñêèõ àëãîðèòìîâ è ïðîöåäóð ïîñëåäóþùåé ðåàëèçàöèè áåëëìàíîâñêèõ

âñòàâîê óìåðåííîé ðàçìåðíîñòè. Ïîñëåäíèå ìîãóò, êîíå÷íî, ðåàëèçîâûâàòüñÿ ìíîãîêðàòíî

â èòåðàöèîííîì ðåæèìå, ïîäîáíî [20, 21℄. Äàííûé ðåæèì çäåñü íå ðàññìàòðèâàåòñÿ; îñíîâ-

íîå âíèìàíèå óäåëÿåòñÿ îáîñíîâàíèþ îäíîêðàòíîãî âîçäåéñòâèÿ â âèäå âñòàâêè, ïîñêîëüêó

ðàññìàòðèâàåìàÿ çäåñü çàäà÷à îáúåêòèâíî ÿâëÿåòñÿ ñóùåñòâåííî áîëåå ñëîæíîé â ñðàâíåíèè

ñ [20, 21℄ çà ñ÷åò âîçìîæíîé çàâèñèìîñòè �óíêöèé ñòîèìîñòè îò ñïèñêà çàäàíèé.

� 3. Ïîñòðîåíèå áåëëìàíîâñêîé âñòàâêè; îáùàÿ êîíñòðóêöèÿ

Â äàëüíåéøåì ïðåäïîëàãàåòñÿ, ÷òî â çàäà÷å (2.14) òåì èëè èíûì ñïîñîáîì îïðåäåëåíî Ä�(
λ, (hi)i∈0,n

)
∈ D. Òîãäà λ ∈ A è (hi)i∈0,n ∈ Zλ. Ó íàñ, ñëåäîâàòåëüíî, îïðåäåëåíû èíäåêñû

λ(j) ∈ 1,n ∀ j ∈ 1,n. Äàëåå, (hi)i∈0,n ∈ Z̃, à ïîòîìó (ñì. (2.9)) hj ∈ X× X ∀ j ∈ 0,n. Ñîãëàñíî
(2.10) (

ho = (xo,xo)
)
&(ht ∈ Lλ(t) ∀ t ∈ 1,n). (3.1)

Ñ ó÷åòîì (2.13) ïîëó÷àåì ñëåäóþùåå çíà÷åíèå êðèòåðèÿ:

C
♮
λ[(hi)i∈0,n] =

n∑

t=1

[c♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)
] + f ♮

(
pr2(hn)

)
. (3.2)

Ìû �èêñèðóåì N ∈ N ñî ñâîéñòâîì N ∈ 2,n, à òàêæå ν ∈ 0,n−N ; èíäåêñ ν ñâÿçûâàåì äàëåå

ñ íà÷àëîì âñòàâêè. Ñåé÷àñ ìû ðàññìîòðèì, îäíàêî, îäíó ïðåäâàðÿþùóþ ñõåìó, ñâÿçàííóþ ñî

ñêëåèâàíèåì ìàðøðóòîâ. Çàìåòèì, ÷òî ν + s ∈ 1,n ∀ s ∈ 1, N. Ñ ó÷åòîì ýòîãî ïîëàãàåì, ÷òî

Λ
△
=

(
λ(ν + s)

)
s∈1,N

, (3.3)

ïîëó÷àÿ îòîáðàæåíèå èç 1, N â 1,n, òî åñòü Λ : 1, N → 1,n, à òîãäà

Γ
△
= Λ1(1, N ) = {λ(ν + s) : s ∈ 1, N} ∈ P ′(1,n). (3.4)

Ëåãêî âèäåòü, ÷òî (ñì. (3.3), (3.4)) |Γ| = N è ïðè ýòîì Λ ∈ (bi)[Γ].Ìû ðàññìàòðèâàåì Γ (3.4) êàê

¾îêíî¿ â ìàðøðóòå λ, êîòîðîå ïîäëåæèò èçìåíåíèþ ïóòåì âêëåèâàíèÿ íåêîòîðîãî ëîêàëüíîãî

ìàðøðóòà. Äëÿ ýòîãî, îäíàêî, ïîòðåáóåòñÿ è ñîîòâåòñòâóþùåå ¾îêíî¿ óñëîâèé ïðåäøåñòâîâà-

íèÿ:

Q
△
=

{
z ∈ K|

(
pr1(z) ∈ Γ

)
&
(
pr2(z) ∈ Γ

)}
. (3.5)

Ïîëó÷àåì ïðè z ∈ Q, ÷òî pr1(z) ∈ Γ è pr2(z) ∈ Γ; à òîãäà îïðåäåëåíû èíäåêñû Λ−1
(
pr1(z)

)

è Λ−1
(
pr2(z)

)
. Â òåðìèíàõ ìíîæåñòâà (3.5) îïðåäåëÿåì ìíîæåñòâî óïîðÿäî÷åííûõ ïàð äëÿ

îïòèìèçèðóåìîãî �ðàãìåíòà çàäà÷è:

K
△
=

{(
Λ−1

(
pr1(z)

)
,Λ−1

(
pr2(z)

))
: z ∈ Q

}
∈ P(1, N × 1, N ). (3.6)

Ëåãêî âèäåòü, ÷òî ∀Ko ∈ P ′(K) ∃ zo ∈ Ko : pr1(zo) 6= pr2(z) ∀ z ∈ Ko (ñîîòâåòñòâóþùåå

ðàññóæäåíèå ïîäîáíî [20℄). Êàê ñëåäñòâèå, ïîëó÷àåì, ÷òî

A
△
=

{
α ∈ P | α−1

(
pr1(z)

)
< α−1

(
pr2(z)

)
∀ z ∈ K

}
∈ P ′(P), (3.7)

ãäå (çäåñü è íèæå) P
△
= (bi)[1, N ]; (3.7) åñòü íåïóñòîå ìíîæåñòâî âñåõ K-äîïóñòèìûõ ïî ïðåä-

øåñòâîâàíèþ ìàðøðóòîâ îïòèìèçàöèîííîãî áëîêà. Ëåãêî âèäåòü, ÷òî

Λ ◦ α =
(
λ
(
ν + α(s)

))

s∈1,N
∈ (bi)[Γ] ∀α ∈ P. (3.8)
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Îïðåäåëåíèå 3.1. Åñëè α ∈ P, òî

(α− sew)[λ; ν] : 1,n −→ 1,n

îïðåäåëÿåì ïðàâèëîì

(
(α− sew)[λ; ν](t)

△
= λ(t) ∀ t ∈ 1,n \ ν + 1, ν +N

)
&

&
(
(α− sew)[λ; ν](t)

△
= (Λ ◦ α)(t− ν) ∀ t ∈ ν + 1, ν +N).

(3.9)

Ïðåäëîæåíèå 3.1. Åñëè α ∈ P, òî (α− sew)[λ; ν] ∈ P.

Äîêàçàòåëüñòâî ïîäîáíî [20℄; îíî ïðàêòè÷åñêè î÷åâèäíî è â äàííîì èçëîæåíèè îïóùåíî.

Ñ ó÷åòîì ïðåäëîæåíèÿ 3.1 èìååì, ÷òî ïðè α ∈ P îïðåäåëåíà ïåðåñòàíîâêà (α−sew)[λ; ν]−1 ∈ P.
Âïîëíå î÷åâèäíî

Ïðåäëîæåíèå 3.2. Åñëè α ∈ P è t ∈ 1,n \ Γ, òî (α− sew)[λ; ν]−1(t) = λ−1(t).

Ïðåäëîæåíèå 3.3. Åñëè α ∈ A, òî (α− sew)[λ; ν] ∈ A.

Äîêàçàòåëüñòâî àíàëîãè÷íî îáîñíîâàíèþ [20, ïðåäëîæåíèå 7.2℄.

Ïóñòü òåïåðü e ∈ P åñòü def òîæäåñòâåííàÿ ïåðåñòàíîâêà: e(s)
△
= s ∀ s ∈ 1, N. Áîëåå òîãî,

e ∈ A (ñì. [20, 21℄). Â ýòîì ñëó÷àå îïðåäåëåí ãëîáàëüíûé ìàðøðóò (e − sew)[λ; ν] ∈ A (ñì.

ïðåäëîæåíèå 3.3). Çàìåòèì, ÷òî (Λ◦ e)(t−ν) = λ
(
ν+e(t−ν)

)
= λ(t) ∀ t ∈ ν + 1, ν +N. Îòñþäà

ëåãêî ñëåäóåò, ÷òî (ñì. (3.9))

(e− sew)[λ; ν] = λ. (3.10)

Òåïåðü ïðèñòóïèì ê îáñóæäåíèþ ïðîöåäóðû ¾âêëåèâàíèÿ¿ ëîêàëüíûõ òðàññ â êîðòåæ (hi)i∈0,n.
Âñþäó â äàëüíåéøåì

xo
△
= pr2(hν) ∈ X (3.11)

èãðàåò ðîëü áàçû ðàññìàòðèâàåìûõ ëîêàëüíûõ ïðîöåññîâ. Êðîìå òîãî, ïóñòü ∀ s ∈ 1, N

(
Ms

△
= LΛ(s)

)
&

(
Ms

△
= LΛ(s)

)
. (3.12)

Òîãäà Mt ∈ P ′(Mt ×Mt) ∀ t ∈ 1, N. Äëÿ ðåàëèçàöèè öåëåé, ñâÿçàííûõ ñ âîçìîæíûì ïðèìåíå-

íèåì â îïòèìèçàöèîííîì áëîêå àïïàðàòà ÄÏ, ïîëåçíî ââåñòè Ms
△
= {pr2(z) : z ∈ Ms} ∈ P ′(Ms)

∀ s ∈ 1, N. Òîãäà

X
△
= {xo} ∪

( N⋃

s=1

Ms

)
∈ P ′(X), X

△
= {xo} ∪

( N⋃

s=1

Ms

)
∈ P ′(X). (3.13)

Â ñèëó (2.8) è (3.13) èìååì, ÷òî X ∈ Fin(X) è X ∈ Fin(X); X× X ⊂ X× X.
×åðåç Z îáîçíà÷èì ìíîæåñòâî âñåõ êîðòåæåé (zi)i∈0,N : 0, N → X × X. Òîãäà ïðè α ∈ P

â âèäå

Zα
△
=

{
(zi)i∈0,N ∈ Z |

(
zo = (xo, xo)

)
&(zt ∈ Mα(t) ∀ t ∈ 1, N )

}
∈ Fin(Z) (3.14)

èìååì ìíîæåñòâî âñåõ òðàññ, ñîãëàñîâàííûõ ñ (ëîêàëüíûì) ìàðøðóòîì α è ñòàðòóþùèõ èç

ñîñòîÿíèÿ xo (3.11). Â ýòîé ñâÿçè ÓÏ

(
α, (zi)i∈0,N

)
, α ∈ A, (zi)i∈0,N ∈ Zα,

íàçûâàåì ëîêàëüíûìè Ä�. Â ñèëó (3.7) è (3.14) ìíîæåñòâî âñåõ ëîêàëüíûõ Ä� íåïóñòî è êî-

íå÷íî.
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Ëîêàëüíûå �óíêöèè ñòîèìîñòè. ×åðåç N îáîçíà÷àåì ñåìåéñòâî âñåõ íåïóñòûõ ï/ì

1, N : N
△
= P ′(1, N ). Âîçâðàùàÿñü ê (3.3), (3.4) îòìåòèì, ÷òî ïðè K ∈ N èìååì ìíîæåñòâî-

îáðàç Λ1(K) = {λ(ν + s) : s ∈ K} ∈ P ′(Γ), äëÿ êîòîðîãî, â ÷àñòíîñòè, Λ1(K) ⊂ 1,n. Óñèëèì
ïðåäïîëîæåíèå îòíîñèòåëüíî ν: âñþäó â äàëüíåéøåì ïîëàãàåì, ÷òî ν + N + 1 6 n. Òîãäà
ν +N + 1,n ∈ N è, êàê ñëåäñòâèå, Λ1(K) ∪ λ1(ν +N + 1,n) ∈ N. Ïîñëåäíåå îçíà÷àåò, ÷òî ïðè
z ∈ X× X è K ∈ N îïðåäåëåíû çíà÷åíèÿ

c
♮
(
z,Λ1(K) ∪ λ1(ν +N + 1,n)

)
∈ [0,∞[, c♮1

(
z,Λ1(K) ∪ λ1(ν +N + 1,n)

)
∈ [0,∞[, . . . ,

c♮
n

(
z,Λ1(K) ∪ λ1(ν +N + 1,n)

)
∈ [0,∞[.

Ñ ó÷åòîì ýòîãî ïîëàãàåì, ÷òî c ∈ R+[X× X×N] îïðåäåëÿåòñÿ óñëîâèÿìè

c(z,K)
△
= c

♮
(
z,Λ1(K) ∪ λ1(ν +N + 1,n)

)
∀ z ∈ X×X ∀K ∈ N. (3.15)

Åñëè j ∈ 1, N, òî cj ∈ R+[X× X×N] îïðåäåëÿåì óñëîâèÿìè

cj(z,K)
△
= c♮Λ(j)

(
z,Λ1(K) ∪ λ1(ν +N + 1,n)

)
∀ z ∈ X× X ∀K ∈ N. (3.16)

Íàêîíåö, �óíêöèþ f ∈ R+[X] îïðåäåëÿåì óñëîâèÿìè

f(x)
△
= c

♮
(
x,pr1(hν+N+1), λ

1(ν +N + 1,n)
)

∀x ∈ X. (3.17)

Èòàê, ïîñðåäñòâîì (3.15)�(3.17) îïðåäåëåí ëîêàëüíûé êîðòåæ (c, c1, . . . , cN , f) �óíêöèé ñòîè-

ìîñòè. Ïîä÷åðêíåì, ÷òî â îòëè÷èå îò [20,21℄ çäåñü, êàê è â èñõîäíîé çàäà÷å (2.14), èñïîëüçóþòñÿ

�óíêöèè, âêëþ÷àþùèå çàâèñèìîñòü îò ñïèñêà çàäàíèé. Åñëè α ∈ P è (zi)i∈0,N ∈ Zα, òî

Cα[(zi)i∈0,N ]
△
=

N−1∑

t=0

c
(
pr2(zt),pr1(zt+1), α

1(t+ 1, N)
)
+

N∑

t=1

cα(t)
(
zt, α

1(t,N)
)
+ (3.18)

+f
(
pr2(zN )

)
=

N∑

t=1

[
c
(
pr2(zt−1),pr1(zt), α

1(t,N)
)
+cα(t)

(
zt, α

1(t,N )
)]
+f

(
pr2(zN )

)
∈ [0,∞[;

äëÿ íàñ ñóùåñòâåííûì ÿâëÿåòñÿ ñëó÷àé α ∈ A. �àññìîòðèì çàäà÷ó

Cα[(zi)i∈0,N ] −→ min, α ∈ A, (zi)i∈0,N ∈ Zα. (3.19)

Ìåòîäû ðåøåíèÿ çàäà÷è (3.19) ðàññìàòðèâàëèñü â [4�6, 16℄; îñíîâîé ýòèõ ìåòîäîâ ÿâëÿåòñÿ

íåñòàíäàðòíûé âàðèàíò ÄÏ. Ìû ïîëàãàåì, ÷òî ïðè âûáðàííîì çíà÷åíèè N óïîìÿíóòûé âà-

ðèàíò ÄÏ ìîæåò áûòü ðåàëèçîâàí â âèäå ñîîòâåòñòâóþùåãî àëãîðèòìà, äîñòàâëÿþùåãî îïòè-

ìàëüíîå ðåøåíèå çàäà÷è (3.19).

Ïóñòü αo ∈ A è (zoi )i∈0,N ∈ Zαo
òàêîâû, ÷òî Ä�

(
αo, (zoi )i∈0,N

)
îïòèìàëüíî â çàäà÷å (3.19):

Cαo [(zoi )i∈0,N ] 6 Cα[(zi)i∈0,N ] ∀α ∈ A ∀ (zi)i∈0,N ∈ Zα.

Òîãäà, â ÷àñòíîñòè, èìååì ñëåäóþùóþ ñèñòåìó íåðàâåíñòâ:

Cαo [(zoi )i∈0,N ] 6 Ce[(zi)i∈0,N ] ∀ (zi)i∈0,N ∈ Ze. (3.20)

Íàì ïîòðåáóåòñÿ îäíî ïðîñòîå ñëåäñòâèå (3.20), äëÿ �îðìóëèðîâêè êîòîðîãî ââåäåì â ðàññìîò-

ðåíèå ñëåäóþùèé êîðòåæ (h̃i)i∈0,N ∈ Z :

(
h̃o

△
= (xo, xo)

)
&
(
h̃t

△
= hν+t ∀ t ∈ 1, N

)
. (3.21)

Ïðåäëîæåíèå 3.4. Ñïðàâåäëèâî ñâîéñòâî (h̃i)i∈0,N ∈ Ze.
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Äîêàçàòåëüñòâî î÷åâèäíî, ïîñêîëüêó ïðè t ∈ 1, N èìååì h̃t = hν+t ∈ Lλ(ν+t), ãäå λ(ν + t) =

= Λ(t) (ñì. (3.1), (3.3)), è â ñèëó (3.12) h̃t ∈ Mt; ïîñëåäíåå îçíà÷àåò, ÷òî h̃t ∈ M
e(t). Îñòàëîñü

ó÷åñòü (3.14) è (3.21). Èç (3.20) è ïðåäëîæåíèÿ 3.4 ïîëó÷àåì íåðàâåíñòâî

Cαo[(zoi )i∈0,N ] 6 Ce[(h̃i)i∈0,N ]. (3.22)

Ïðåäëîæåíèå 3.5. Åñëè ν = 0, òî h̃t = ht ∀ t ∈ 0, N.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (3.21) íåïîñðåäñòâåííî ñëåäóåò, ÷òî (ïðè ν = 0) h̃t = ht

∀ t ∈ 1, N.Äàëåå, èç (3.1) è (3.11) èìååì, ÷òî xo = pr2(hν) = pr2(ho) = xo, à òîãäà ñîãëàñíî (3.21)
h̃o = (xo,xo) = ho. �

Â ñâÿçè ñ (3.21) îòìåòèì, ÷òî (ñì. 3.22))

κ
△
= Ce[(h̃i)i∈0,N ]− Cαo [(zoi )i∈0,N ] ∈ [0,∞[. (3.23)

� 4. Áåëëìàíîâñêàÿ âñòàâêà: àëãîðèòì íà �óíêöèîíàëüíîì óðîâíå, 1

Ïðîäîëæàåì êîíñòðóèðîâàíèå âñòàâêè ñ èñïîëüçîâàíèåì ëîêàëüíîé âåðñèè ÄÏ. �àñïîëàãà-

åì ïðè ýòîì Ä�

(
λ, (hi)i∈0,n

)
∈ D è èíäåêñîì ν ∈ 0,n− (N + 1), îïðåäåëÿþùèì íà÷àëî âñòàâêè.

Êðîìå òîãî, ìû èìååì ëîêàëüíîå Ä�

(
αo, (zoi )i∈0,N

)
, îïòèìàëüíîå â ñìûñëå (3.19); äëÿ íàñ â ýòîé

ñâÿçè ñóùåñòâåííî (3.21), (3.23).

Ìû ïîëàãàåì äàëåå, ÷òî η
△
= (αo − sew)[λ; ν], ïîëó÷àÿ (ñêëååííûé) ìàðøðóò ñî ñâîéñòâîì

K-äîïóñòèìîñòè: η ∈ A. Íàïîìíèì, ÷òî (ñì. (3.9)) η äåéñòâóåò â 1,n ïî ïðàâèëó

(
η(t) = λ(t) ∀ t ∈ 1,n \ ν + 1, ν +N

)
&

&
(
η(t) = (Λ ◦ αo)(t− ν) = λ(ν + αo(t− ν)

)
∀ t ∈ ν + 1, ν +N

)
.

(4.1)

Ìû èñïîëüçóåì íèæå (4.1) áåç äîïîëíèòåëüíûõ ïîÿñíåíèé. Êðîìå òîãî, ââåäåì êîðòåæ

(ĥi)i∈0,n ∈ Z̃ ïî ñëåäóþùåìó ïðàâèëó:

(
ĥt

△
= zot−ν ∀ t ∈ ν + 1, ν +N

)
&

(
ĥt

△
= ht ∀ t ∈ 0,n \ ν + 1, ν +N

)
. (4.2)

Òåì ñàìûì îïðåäåëåíà ñêëååííàÿ òðàññà. Îòìåòèì, ÷òî èç (4.2) ñëåäóåò, â ÷àñòíîñòè, ÷òî (ïî

âûáîðó ν)
ĥν = hν . (4.3)

Ïðåäëîæåíèå 4.1. Êîðòåæ (ĥi)i∈0,n åñòü òðàññà, ñîãëàñîâàííàÿ ñ ìàðøðóòîì η:

(ĥi)i∈0,n ∈ Zη.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (4.2) ñëåäóåò, ÷òî ĥo = ho, à ïîòîìó (ñì. (3.1)) ĥo = (xo,xo).
Äàëåå, ïðè τ ∈ ν + 1, ν +N èìååì â ñèëó (3.14), (4.1) è (4.2), ÷òî

ĥτ = zoτ−ν ∈ Mαo(τ−ν),

à ïîòîìó (ñì. 3.12)) ĥτ ∈ L(Λ◦αo)(τ−ν) è, êàê ñëåäñòâèå, ĥτ ∈ Lη(τ). Èòàê,

ĥt ∈ Lη(t) ∀ t ∈ ν + 1, ν +N. (4.4)

Íàêîíåö, èç (3.1), (4.1) è (4.2) èìååì, ÷òî ĥt ∈ Lη(t) ∀ t ∈ 1,n \ ν + 1, ν +N. Ïîñëåäíåå â ñîâî-

êóïíîñòè ñ (4.4) îçíà÷àåò, ÷òî ĥt ∈ Lη(t) ∀ t ∈ 1,n. Èç (2.10) ïîëó÷àåì òðåáóåìîå ñâîéñòâî. �

Òàêèì îáðàçîì, óñòàíîâëåíî, ÷òî ÓÏ

(
η, (ĥi)i∈0,n

)
åñòü Ä� ¾áîëüøîé¿ çàäà÷è, òî åñòü

(
η, (ĥi)i∈0,n

)
∈ D. (4.5)
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Äàëåå áóäåò ïîêàçàíî, ÷òî Ä� (4.5) ÿâëÿåòñÿ óëó÷øàþùèì (òî÷íåå, íåóõóäøàþùèì) â ñìûñ-

ëå (2.14). Ïðè îáîñíîâàíèè óïîìÿíóòîãî ñâîéñòâà óäîáíî ðàññìîòðåòü îòäåëüíî ñëåäóþùèå äâà

÷àñòíûõ ñëó÷àÿ: ν = 0, ν 6= 0. Ïåðâûé èç ýòèõ ñëó÷àåâ ñîîòâåòñòâóåò íà÷àëüíîé âñòàâêå è ÿâëÿ-
åòñÿ îáúåêòèâíî áîëåå ïðîñòûì. �àññìîòðèì åãî â íàñòîÿùåì ðàçäåëå áîëåå êðàòêî (íàïîìíèì,

÷òî ïî ïðåäïîëîæåíèþ ν ∈ 0,n− (N + 1)). Èòàê, ïóñòü äî êîíöà íàñòîÿùåãî ðàçäåëà

ν = 0. (4.6)

Òîãäà (ïðè óñëîâèè (4.6)) ν + 1, ν +N = 1, N è 1,n \ ν + 1, ν +N = N + 1,n. Èç (4.1) ñëåäóåò
òåïåðü, ÷òî (

η(t) = (Λ ◦ αo)(t) ∀ t ∈ 1, N
)
&
(
η(t) = λ(t) ∀ t ∈ N + 1,n

)
. (4.7)

Îòìåòèì òàêæå, ÷òî ñîãëàñíî (3.3) è (4.6) Λ(s) = λ(s) ∀ s ∈ 1, N. Èòàê, Λ åñòü ñóæåíèå λ íà

1, N, à òîãäà â ñèëó (3.4)

Γ = λ1(1, N ). (4.8)

Âîçâðàùàÿñü ê (4.7), îòìåòèì òàêæå, ÷òî

η(t) = λ
(
αo(t)

)
= (λ ◦ αo)(t) ∀ t ∈ 1, N. (4.9)

Çàìåòèì, íàêîíåö, ÷òî â ñèëó (3.1) è (3.11)

xo = pr2(ho) = xo. (4.10)

Çäåñü æå îòìåòèì î÷åâèäíîå ñëåäñòâèå (3.12): â ñèëó (4.6) ∀ s ∈ 1, N

(
Ms = Lλ(s)

)
&

(
Ms

△
= Lλ(s)

)
. (4.11)

Êàê ñëåäñòâèå, Ms = {pr2(z) : z ∈ Ms} = {pr2(z) : z ∈ Lλ(s)} ∀ s ∈ 1, N. Â ñèëó (3.13), (4.10)

è (4.11) èìååì ðàâåíñòâî

X = {xo} ∪
( N⋃

s=1

Lλ(s)

)
.

Â ðàññìàòðèâàåìîì ñëó÷àå (ïðè óñëîâèè (4.6)) èìååì ïî ñâîéñòâàì îïåðàòîðà âçÿòèÿ îáðàçà

Λ1(K) ∪ λ1(ν +N + 1,n) = λ1(K) ∪ λ1(N + 1,n) = λ1(K ∪ N + 1,n) ∀K ∈ N. (4.12)

Â ýòîì ñëó÷àå ñîãëàñíî (3.15) èìååì (ñì. (4.12)), ÷òî c(z,K) = c
♮
(
z, λ1(K∪N + 1,n)

)
∀ z ∈ X×X

∀K ∈ N. Êðîìå òîãî,

cj(z,K) = c♮
λ(j)

(
z, λ1(K ∪ N + 1,n)

)
∀ j ∈ 1, N ∀ z ∈ X× X ∀K ∈ N.

Îòìåòèì, íàêîíåö, ÷òî f(x) = c
♮
(
x,pr1(hN+1), λ

1(N + 1,n)
)

∀x ∈ X. Ïîëó÷àåì, êàê ñëåäñòâèå,
÷òî

Cαo

[
(zoi )i∈0,N ] =

N∑

t=1

[
c
♮
(
pr2(z

o
t−1),pr1(z

o
t ), λ

1({αo(s) : s ∈ t,N} ∪ N + 1,n)
)
+

+ c♮(λ◦αo)(t)

(
zot , λ

1({αo(s) : s ∈ t,N} ∪ N + 1,n)
)]
+c

♮
(
pr2(z

o
N ),pr1(hN+1), λ

1(N + 1,n)
)
,

(4.13)

ãäå λ1(N + 1,n) = η1(N + 1,n). Ñ ó÷åòîì ýòîãî ëåãêî ïðîâåðÿåòñÿ ðàâåíñòâî

c
♮
(
pr2(z

o
N ),pr1(hN+1), λ

1(N + 1,n)
)
= c

♮
(
pr2(ĥN ),pr1(ĥN+1), η

1(N + 1,n)
)
. (4.14)

�àññìîòðèì ñëàãàåìûå ïåðâîé ñóììû â (4.13). Äëÿ ýòîãî �èêñèðóåì t∗ ∈ 1, N è îòäåëüíî

ðàññìîòðèì ñëó÷àè t∗ = 1 è t∗ ∈ 2, N.
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1. Ïóñòü t∗ = 1. Òîãäà pr2(z
o
t∗−1) = pr2(ĥo) è pr1(z

o
t∗) = pr1(ĥ1),

λ1({αo(s) : s ∈ t∗, N} ∪ N + 1,n) = {λ
(
αo(s)

)
: s ∈ t∗, N} ∪ λ1(N + 1,n) =

= η1(t∗, N) ∪ η1(N + 1,n) = η1(t∗, N ∪ N + 1,n) = η1(t∗,n) = η1(1,n) = 1,n.

Òàêèì îáðàçîì, óñòàíîâëåíà èìïëèêàöèÿ

(t∗ = 1) =⇒
(
c
♮
(
pr2(z

o
t∗−1),pr1(z

o
t∗), λ

1({αo(s) : s ∈ t∗, N} ∪ N + 1,n)
)
=

= c
♮
(
pr2(ĥt∗−1),pr1(ĥt∗), η

1(t∗,n)
))
.

(4.15)

2. Ïóñòü t∗ ∈ 2, N. Òîãäà, êàê ëåãêî âèäåòü, (ñì. (4.2)) ĥt∗−1 = zot∗−1 è ĥt∗ = zot∗ . Êðîìå òîãî,
èìååì (ñì. (4.9)) öåïî÷êó ðàâåíñòâ

λ1({αo(s) : s ∈ t∗, N} ∪ N + 1,n) = λ1({αo(s) : s ∈ t∗, N}) ∪ λ1(N + 1,n) =

= {λ
(
αo(s)

)
: s ∈ t∗, N} ∪ λ1(N + 1,n) = {η(s) : s ∈ t∗, N} ∪ η1(N + 1,n) =

= η1(t∗, N ) ∪ η1(N + 1,n) = η1(t∗, N ∪ N + 1,n) = η1(t∗,n).

Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùóþ èìïëèêàöèþ:

(t∗ ∈ 2, N) =⇒
(
c
♮
(
pr2(z

o
t∗−1),pr1(z

o
t∗), λ

1({αo(s) : s ∈ t∗, N} ∪ N + 1,n)
)
=

= c
♮
(
pr2(ĥt∗−1),pr1(ĥt∗), η

1(t∗,n)
))
.

(4.16)

Èç (4.15), (4.16) èìååì, ïîñêîëüêó âûáîð t∗ áûë ïðîèçâîëüíûì, ÷òî

c
♮
(
pr2(z

o
t−1),pr1(z

o
t ), λ

1({αo(s) : s ∈ t,N} ∪ N + 1,n)
)
=

= c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)

∀ t ∈ 1, N.
(4.17)

Àíàëîãè÷íûìè ðàññóæäåíèÿìè óñòàíàâëèâàåòñÿ, ÷òî

c♮(λ◦αo)(t)

(
zot , λ

1
(
{αo(s) : s ∈ t,N} ∪ N + 1,n

))
= c♮

η(t)

(
ĥt, η

1(t,n)
)

∀ t ∈ 1, N. (4.18)

Â èòîãå ïîëó÷àåì ñ ó÷åòîì (4.13), (4.14), (4.17) è (4.18), ÷òî

Cαo

[
(zoi )i∈0,N ] =

N∑

t=1

[
c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+ c♮

η(t)

(
ĥt, η

1(t,n)
)]
+

+ c
♮
(
pr2(ĥN ),pr1(ĥN+1), η

1(N + 1,n)
)
.

(4.19)

Ñ äðóãîé ñòîðîíû, îïðåäåëåíî çíà÷åíèå C
♮
η[(ĥi)i∈0,n], äëÿ êîòîðîãî (ñì. (4.19)) ïðè N + 1 < n

èìååì ïðåäñòàâëåíèå

C♮
η[(ĥi)i∈0,n] = Cαo[(zoi )i∈0,N ] + c♮

η(N+1)

(
ĥN+1, η

1(N + 1,n)
)
+

+

n∑

t=N+2

[c♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+c♮

η(t)(ĥt, η
1(t,n))] + f ♮

(
pr2(ĥn)

)
,

(4.20)

à ïðè n = N + 1 ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

C♮
η[(ĥi)i∈0,n] = Cαo [(zoi )i∈0,N ] + c♮

η(N+1)

(
ĥN+1, η

1(N + 1,n)
)
+f ♮

(
pr2(ĥn)

)
=

= Cαo[(zoi )i∈0,N ] + c♮
η(n)

(
ĥn, η

1({n})
)
+ f ♮

(
pr2(ĥn)

)
.

(4.21)

Ñëó÷àè, îòìå÷åííûå â (4.20), (4.21), ðàññìîòðèì îòäåëüíî.
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1′. Ïóñòü N + 1 < n. �àññìîòðèì (4.20), ó÷èòûâàÿ, ÷òî (ñì. (4.2), (4.6)) ĥt = ht ïðè t ∈
∈ 0,n \ 1, N è, â ÷àñòíîñòè, ïðè t ∈ N + 1,n. Èç (3.23) è (4.20) ïîëó÷àåì ðàâåíñòâî

C♮
η[(ĥi)i∈0,n] = Ce[(h̃i)i∈0,N ]− κ+ c♮

λ(N+1)

(
hN+1, λ

1(N + 1,n)
)
+

+
n∑

t=N+2

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]
+f ♮

(
pr2(hn)

)

(ó÷èòûâàåì âòîðîå ïîëîæåíèå â (4.7)). Äàëåå, ïîñêîëüêó (ñì. (3.1), (3.21), (4.6), (4.10), ïðåäëî-

æåíèå 3.2) hj = h̃j ïðè j ∈ 0, N, èìååì èç ïîñëåäíåãî ðàâåíñòâà, ÷òî â ñëó÷àå 1′

C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ.

Èòàê, óñòàíîâëåíà èìïëèêàöèÿ

(N + 1 < n) =⇒ (C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ). (4.22)

2′. �àññìîòðèì (4.21) ïðè óñëîâèè n = N + 1. Ó÷èòûâàÿ (3.21), (4.6) è (4.7), ïîëó÷àåì, ÷òî

(ñì. (3.2))

C♮
η[(ĥi)i∈0,n] = Ce[(h̃i)i∈0,n]− κ+ c♮

λ(N+1)

(
hN+1, λ

1(N + 1,n)
)
+f ♮

(
pr2(hn)

)
=

=

N∑

t=1

[c♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+c♮

λ(t)

(
ht, λ

1(t,n)
)
] + c

♮
(
pr2(hN ),pr1(hN+1), λ

1(N + 1,n)
)
+

+ c♮
λ(N+1)(hN+1, λ

1(N + 1,n)
)
+f ♮

(
pr2(hn)

)
−κ =

n−1∑

t=1

[c♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+

+ c♮
λ(t)

(
ht, λ

1(t,n)
)
] + [c♮

(
pr2(hn−1),pr1(hn), λ

1({n})
)
+

+ c
♮
λ(n)

(
hn, λ

1({n})
)
] + f ♮

(
pr2(hn)

)
−κ = Cλ[(hi)i∈0,n]− κ.

Òàêèì îáðàçîì, óñòàíîâëåíà èìïëèêàöèÿ

(n = N + 1) =⇒
(
C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ

)
.

Ó÷èòûâàÿ (4.22), ïîëó÷àåì âî âñåõ âîçìîæíûõ â ñèòóàöèè (4.6) ñëó÷àÿõ ðàâåíñòâî

C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ

(íàïîìíèì, ÷òî ïî ïðåäïîëîæåíèþ N + 1 6 n â ñëó÷àå (4.6)). Èòàê, (ñì. (4.6)),

(ν = 0) =⇒
(
C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ

)
. (4.23)

Òåì ñàìûì èññëåäîâàíèå âëèÿíèÿ íà÷àëüíîé âñòàâêè çàâåðøåíî. �åàëüíîå óëó÷øåíèå êà÷åñòâà

ñâÿçûâàåòñÿ, êàê ëåãêî âèäåòü, ñ îáåñïå÷åíèåì â (3.22) ñòðîãîãî íåðàâåíñòâà.

� 5. Áåëëìàíîâñêàÿ âñòàâêà: àëãîðèòì íà �óíêöèîíàëüíîì óðîâíå, 2

Â íàñòîÿùåì ðàçäåëå ðàññìàòðèâàåòñÿ áîëåå ñëîæíûé ñëó÷àé, êîãäà íà÷àëî âñòàâêè îòëè÷-

íî îò íóëÿ. Èíûìè ñëîâàìè, ïîëàãàåì â íàñòîÿùåì ðàçäåëå, ÷òî

ν 6= 0,

à òîãäà ν ∈ 1,n− (N + 1). Â ýòîì ñëó÷àå 1, ν 6= ∅ è ν +N + 1,n 6= ∅. Ñ ó÷åòîì (4.1) èìååì

ïðè ýòîì, ÷òî

(
η(t) = λ(t) ∀ t ∈ 1, ν

)
&

(
η(t) = λ (ν + αo(t− ν) ) ∀ t ∈ ν + 1, ν +N

)
&

&
(
η(t) = λ(t) ∀ t ∈ ν +N + 1,n

)
.

(5.1)

ßñíî, ÷òî η1(t,n) = λ1(t,n) ∀ t ∈ ν +N + 1,n; ñì. (5.1). Äàííîå ñâîéñòâî äîïîëíÿåò ñëåäóþùåå

Ïðåäëîæåíèå 5.1. Åñëè t ∈ 1, ν, òî η1(t,n) = λ1(t,n).
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Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì t ∈ 1, ν. Òîãäà (t = 1)∨(t ∈ 2, ν). Ïðè ýòîì λ1(1,n) =
= η1(1,n) = 1,n, òàê êàê λ ∈ P è η ∈ P. Ïîýòîìó

(t = 1) =⇒
(
η1(t,n) = λ1(t,n)

)
. (5.2)

Ïóñòü òåïåðü t ∈ 2, ν. Äëÿ t− 1 ∈ 1,n èìååì, ÷òî

λ1(1,n) = λ1(1, t− 1) ∪ λ1(t,n),

η1(1,n) = η1(1, t − 1) ∪ η1(t,n),

λ1(1, t − 1) ∩ λ1(t,n) = ∅,

η1(1, t − 1) ∩ η1(t,n) = ∅.

Ïîëó÷àåì, êàê ñëåäñòâèå, ÷òî

η1(t,n) = η1(1,n) \ η1(1, t− 1) = λ1(1,n) \ λ1(1, t− 1) = λ1(t,n),

ïîñêîëüêó η1(1, t − 1) = λ1(1, t− 1) â ñèëó (5.1). �

Ñ ó÷åòîì (5.1) è ïðåäëîæåíèÿ 5.1 ïîëó÷àåì òåïåðü, ÷òî

η1(t,n) = λ1(t,n) ∀ t ∈ 1,n \ ν + 1, ν +N. (5.3)

Ïðåäëîæåíèå 5.2. Åñëè t ∈ ν + 1, ν +N, òî η1(t,n) = λ1
(
{ν + αo(s) : s ∈ t− ν,N}∪

∪ ν +N + 1,n
)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü t ∈ ν + 1, ν +N. Òîãäà t−ν ∈ 1, N. Îïðåäåëåíî ìíîæåñòâî

A
△
=

{
ν + αo(s) : s ∈ t− ν,N

}
∈ P ′(ν + 1, ν +N).

Òðåáóåòñÿ óñòàíîâèòü ðàâåíñòâî η1(t,n) = λ1(A ∪ ν +N + 1,n).
Ïóñòü p ∈ η1(t,n). Òîãäà p ∈ 1,n è p = η(τ) äëÿ íåêîòîðîãî τ ∈ t,n, ãäå

(τ ∈ ν + 1, ν +N) ∨ (τ ∈ ν +N + 1,n). (5.4)

�àññìîòðèì îòäåëüíî îáà ñëó÷àÿ â (5.4).

1′. Ïóñòü τ ∈ ν + 1, ν +N. Òîãäà ñîãëàñíî (5.1) p = λ
(
ν + αo(τ − ν)

)
, ãäå τ − ν ∈ t− ν,N.

Ïîýòîìó ν + αo(τ − ν) ∈ A è òåì áîëåå p ∈ λ1(A ∪ ν +N + 1,n). Èòàê, óñòàíîâëåíî, ÷òî

(τ ∈ ν + 1, ν +N) =⇒
(
p ∈ λ1(A ∪ ν +N + 1,n)

)
. (5.5)

2′. Ïóñòü òåïåðü τ ∈ ν +N + 1,n. Òîãäà p = η(τ) ∈ η1(ν +N + 1,n) è, êàê ñëåäñòâèå (ñì.

(5.1)), p = λ1(ν +N + 1,n). Òåì áîëåå p ∈ λ1(A ∪ ν +N + 1,n). Óñòàíîâëåíà èìïëèêàöèÿ

(τ ∈ ν +N + 1,n) =⇒
(
p ∈ λ1(A ∪ ν +N + 1,n)

)
.

Ñ ó÷åòîì (5.5) èìååì òåïåðü âî âñåõ âîçìîæíûõ (ñì. (5.4)) ñëó÷àÿõ ñâîéñòâî p ∈ λ1(A∪
∪ ν +N + 1,n), ÷åì çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

η1(t,n) ⊂ λ1(A ∪ ν +N + 1,n). (5.6)

Âûáåðåì ïðîèçâîëüíî q ∈ λ1(A ∪ ν +N + 1,n). Òîãäà q ∈ 1,n è äëÿ íåêîòîðîãî r ∈ A∪
∪ ν +N + 1,n èìååì ðàâåíñòâî q = λ(r). ßñíî, ÷òî

(r ∈ A) ∨ (r ∈ ν +N + 1,n). (5.7)

�àññìîòðèì îòäåëüíî âîçìîæíîñòè, óïîìÿíóòûå â (5.7).
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1′′. Ïóñòü r ∈ A, òî åñòü äëÿ íåêîòîðîãî θ ∈ t− ν,N èìååò ìåñòî r = ν + αo(θ). Òîãäà

q = λ
(
ν + αo(θ)

)
, ãäå, â ÷àñòíîñòè, θ ∈ 1, N. Èíäåêñ θ̃

△
= ν + θ ∈ t, ν +N (è, â ÷àñòíîñòè,

θ̃ ∈ ν + 1, ν +N) ðåàëèçóåò öåïî÷êó ðàâåíñòâ η(θ̃) = λ
(
ν + αo(θ)

)
= q è, ïîñêîëüêó θ̃ ∈ t,n,

èìååì q = η(θ̃) ∈ η1(t,n). Èòàê,

(r ∈ A) =⇒
(
q ∈ η1(t,n)

)
. (5.8)

2′′. Ïóñòü r ∈ ν +N + 1,n. Òîãäà (ñì. (5.1)) q = η(r) ∈ η1(ν +N + 1,n) è òåì áîëåå

q ∈ η1(t,n) ïî âûáîðó t. Èòàê,

(r ∈ ν +N + 1,n) =⇒
(
q ∈ η1(t,n)

)
.

Ñ ó÷åòîì (5.7) è (5.8) èìååì òåïåðü q ∈ η1(t,n) âî âñåõ âîçìîæíûõ ñëó÷àÿõ; âëîæåíèå, ïðîòè-

âîïîëîæíîå (5.6), óñòàíîâëåíî, ÷åì è çàâåðøàåòñÿ äîêàçàòåëüñòâî. �

Ñ ó÷åòîì (3.8) è ïðåäëîæåíèÿ 5.2 ïîëó÷àåì, ÷òî

η1(t,n) = (Λ ◦ αo)1(t− ν,N) ∪ λ1(ν +N + 1,n) ∀ t ∈ ν + 1, ν +N (5.9)

(ïðè ïðîâåðêå (5.9) èñïîëüçóåòñÿ èçâåñòíîå [18, 
. 82℄ ñâîéñòâî îïåðàöèè âçÿòèÿ îáðàçà: îáðàç

îáúåäèíåíèÿ ìíîæåñòâ ðàâåí îáúåäèíåíèþ îáðàçîâ).

Íàïîìíèì (ñì. (3.12)), ÷òî ïðè s ∈ 1, N èìåþò ìåñòî ðàâåíñòâà Mαo(s) = L(Λ◦αo)(s)

è Mαo(s) = L(Λ◦αo)(s) (èñïîëüçóåì ïðåäëîæåíèå 3.1). Ïîëàãàÿ

Γ
△
=

ν+N∑

t=ν+1

[
c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+ c♮

η(t)

(
ĥt, η

1(t,n)
)]
+

+ c♮
(
pr2(ĥν+N ),pr1(ĥν+N+1), η

1(ν +N + 1,n)
)
,

(5.10)

Ω
△
=

n∑

t=ν+N+1

[
c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+ c♮

η(t)

(
ĥt, η

1(t,n)
)]
−

− c
♮
(
pr2(ĥν+N ),pr1(ĥν+N+1), η

1(ν +N + 1,n)
)
,

(5.11)

ïîëó÷àåì (ñì. (5.10), (5.11)) ñ ó÷åòîì (2.13), ÷òî ñïðàâåäëèâî ðàâåíñòâî

C♮
η[(ĥi)i∈0,n] =

ν∑

t=1

[
c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+

+ c♮
η(t)

(
ĥt, η

1(t,n)
)]

+ Γ+Ω+ f ♮
(
pr2(ĥn)

)
.

(5.12)

�àññìîòðèì ïîäðîáíåå ñëàãàåìûå â ïðàâîé ÷àñòè (5.12). Ñ ó÷åòîì (4.2) è (5.1) ïîëó÷àåì, ÷òî

(ñì. òàêæå ïðåäëîæåíèå 5.1)

ν∑

t=1

[
c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+ c♮

η(t)

(
ĥt, η

1(t,n)
)]
=

=
ν∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]
.

(5.13)

Â ñâÿçè ñ ïðåäñòàâëåíèåì Γ îòìåòèì ñíà÷àëà, ÷òî ĥν = hν , à ïîòîìó pr2(ĥν) = pr2(hν) = xo =
= pr2(z

o
o) ñîãëàñíî (3.11), (3.14); ĥν+1 = zo1 â ñèëó (4.2). Òîãäà

c
♮
(
pr2(ĥν),pr1(ĥν+1), η

1(ν + 1,n)
)
= c

♮
(
pr2(z

o
o),pr1(z

o
1), η

1(ν + 1,n)
)
.

Ïîýòîìó èç (4.2) íåïîñðåäñòâåííî ñëåäóåò, ÷òî

c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
= c

♮
(
pr2(z

o
t−(ν+1)),pr1(z

o
t−ν), η

1(t,n)
)

∀ t ∈ ν + 1, ν +N.
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Òåïåðü ñ ó÷åòîì ïðåäëîæåíèÿ 5.2 è (5.9) îòìåòèì, ÷òî

c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
= c

♮
(
pr2(z

o
t−(ν+1)),pr1(z

o
t−ν),Λ

1({αo(s) :

s ∈ t− ν,N}) ∪ λ1(ν +N + 1,n)
)
= c

(
pr2(z

o
t−(ν+1)),pr1(z

o
t−ν), {α

o(s) :

s ∈ t− ν,N}
)

∀ t ∈ ν + 1, ν +N.

(5.14)

Äàëåå, ïðè t ∈ ν + 1, ν +N èìååì, ÷òî

c♮
η(t)

(
ĥt, η

1(t,n)
)
= cαo(t−ν)(z

o
t−ν , {α

o(s) : s ∈ t− ν,N}); (5.15)

â ýòîì ïðåäñòàâëåíèè ó÷òåíû (3.16) è (5.1). Çäåñü æå îòìåòèì, ÷òî, êàê ëåãêî âèäåòü ñ ó÷åòîì

(3.17), ñïðàâåäëèâî ðàâåíñòâî

c
♮
(
pr2(ĥν+N ),pr1(ĥν+N+1), η

1(ν +N + 1,n)
)
= f

(
pr2(z

o
N )

)
. (5.16)

Òåïåðü èç (5.10), (5.14)�(5.16) ïîëó÷àåì (ñì. (3.18)) ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

Γ
△
=

ν+N∑

t=ν+1

[
c
(
pr2(z

o
t−(ν+1)),pr1(z

o
t−ν), {α

o(s) : s ∈ t− ν,N}) +

+ cαo(t−ν)

(
zot−ν , {α

o(s) : s ∈ t− ν,N}
)]

+ f
(
pr2(z

o
N )

)
= Cαo [(zoi )i∈0,N ].

(5.17)

Òîãäà èç (3.23) è (5.17) ïîëó÷àåì î÷åâèäíîå ðàâåíñòâî Γ = Ce[(h̃i)i∈0,N ] − κ. Êàê ñëåäñòâèå,

â (5.12) ïðèõîäèì ê âûðàæåíèþ

C♮
η[(ĥi)i∈0,N ] =

ν∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]

+

+ Ce[(h̃i)i∈0,N ]− κ+Ω+ f ♮
(
pr2(hn)

)
(5.18)

(â (5.18) ó÷èòûâàåì ðàâåíñòâî (5.13) è âûòåêàþùåå èç (4.2) ðàâåíñòâî ĥn = hn; â ñàìîì äåëå,

ïî âûáîðó ν èìååì, ÷òî n /∈ ν + 1, ν +N). Íàïîìíèì, ÷òî ïî îïðåäåëåíèþ e (ó÷èòûâàåì òàêæå,

÷òî N > 2)

Ce[(h̃i)i∈0,N ] =

N∑

t=1

[
c
(
pr2(h̃t−1),pr1(h̃t), t,N

)
+ ct(h̃t, t,N )

]
+ f

(
pr2(h̃N )

)
=

= c
(
xo,pr1(hν+1), 1, N

)
+ c1(hν+1, 1, N ) +

N∑

t=2

[
c
(
pr2(hν+(t−1)),pr1(hν+t), t,N

)
+

+ ct(hν+t, t,N)
]
+ f

(
pr2(hν+N )

)
=

=

N∑

t=1

[
c
(
pr2(hν+(t−1)),pr1(hν+t), t,N

)
+ ct(hν+t, t,N )

]
+ f

(
pr2(hν+N )

)
.

(5.19)

Ó÷èòûâàÿ (3.15), (3.16) è (5.19), ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî:

Ce[(h̃i)i∈0,N ] =
ν+N∑

t=ν+1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]

+

+ c
♮
(
pr2(hν+N ),pr1(hν+N+1), λ

1(ν +N + 1,n)
)

(5.20)

(â äàííîì ïðåîáðàçîâàíèè ó÷èòûâàåì, ÷òî ïî ñâîéñòâó îïåðàöèè âçÿòèÿ îáðàçà

Λ1(τ,N) ∪ λ1(ν +N + 1,n) = λ1(ν + τ, ν +N) ∪ λ1(ν +N + 1,n) =
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= λ1(ν + τ, ν +N) ∪ (ν +N + 1,n) = λ1(ν + τ,n)

ïðè τ ∈ 1, N ). Òåïåðü èç (5.18) è (5.20) ïîëó÷àåì, ÷òî

C♮
η[(ĥi)i∈0,n] =

ν+N∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]
+

+ c
♮
(
pr2(hν+N ),pr1(hν+N+1), λ

1(ν +N + 1,n)
)
+Ω+ f ♮

(
pr2(hn)

)
−κ.

(5.21)

Íàïîìíèì òåïåðü, ÷òî â ðàññìàòðèâàåìîé ñèòóàöèè

(ν +N + 1 = n) ∨ (ν +N + 1 < n). (5.22)

Îáà ñëó÷àÿ â (5.22) ðàññìîòðèì îòäåëüíî.

1o. Ïóñòü ν +N + 1 = n. Òîãäà â ñèëó (5.11) èìååì öåïî÷êó ðàâåíñòâ

Ω = c
♮
(
pr2(ĥn−1),pr1(ĥn), η

1({n})
)
+ c♮

η(n)

(
ĥn, η

1({n})
)
−

− c
♮
(
pr2(ĥn−1),pr1(ĥn), η

1({n})
)
= c♮

η(n)

(
ĥn, η

1({n})
)
= c♮

λ(n)

(
hn, λ

1({n})
)
.

(5.23)

Âîçâðàùàÿñü ê (5.21), ñ ó÷åòîì (5.23) ïîëó÷àåì, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå

C♮
η[(ĥi)i∈0,n] =

n−1∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]

+

+
[
c
♮
(
pr2(hn−1),pr1(hn), λ

1({n})
)
+ c♮

λ(n)

(
hn, λ

1({n})
)]

+ f ♮
(
pr2(hn)

)
− κ.

(5.24)

Èç (3.2) è (5.24) ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî:

C♮
η[(ĥi)i∈0,n] =

n∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]

+

+ f ♮
(
pr2(hn)

)
−κ = C

♮
λ[(hi)i∈0,n]− κ.

Èòàê, óñòàíîâëåíà ñëåäóþùàÿ èìïëèêàöèÿ:

(ν +N + 1 = n) =⇒
(
C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ

)
. (5.25)

2o. Ïóñòü òåïåðü ν +N + 1 < n. Òîãäà ν +N + 2 6 n. Ñîãëàñíî (4.3), (5.1) è (5.11)

Ω = c
♮
(
pr2(ĥν+N ),pr1(ĥν+N+1), η

1(ν +N + 1,n)
)
+

+

n∑

t=ν+N+2

c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+

+

n∑

t=ν+N+1

c♮
η(t)

(
ĥt, η

1(t,n)
)
−c

♮
(
pr2(ĥν+N ),pr1(ĥν+N+1), η

1(ν +N + 1,n)
)
=

=

n∑

t=ν+N+2

c
♮
(
pr2(ĥt−1),pr1(ĥt), η

1(t,n)
)
+

n∑

t=ν+N+1

c♮
η(t)

(
ĥt, η

1(t,n)
)
=

=

n∑

t=ν+N+2

c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+

n∑

t=ν+N+1

c♮
λ(t)

(
ht, λ

1(t,n)
)
.

(5.26)
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Èç (5.21) è (5.26) ïîëó÷àåì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

C♮
η[(ĥi)i∈0,n] =

ν+N∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]
+

+ c
♮
(
pr2(hν+N ),pr1(hν+N+1), λ

1(ν +N + 1,n)
)
+

+

n∑

t=ν+N+2

c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+

n∑

t=ν+N+1

c♮
λ(t)

(
ht, λ

1(t,n)
)
+ f ♮

(
pr2(hn)

)
−κ =

=

ν+N∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]
+

+

n∑

t=ν+N+1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]

+ f ♮
(
pr2(hn)

)
−κ =

=

n∑

t=1

[
c
♮
(
pr2(ht−1),pr1(ht), λ

1(t,n)
)
+ c♮

λ(t)

(
ht, λ

1(t,n)
)]
+

+f ♮
(
pr2(hn)

)
−κ = C

♮
λ[(hi)i∈0,n]− κ.

(5.27)

Òåì ñàìûì (ñì. (5.27)) óñòàíîâëåíà èìïëèêàöèÿ

(ν +N + 1 < n) =⇒
(
C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ

)
. (5.28)

Èç (5.22), (5.25) è (5.28) âûòåêàåò, ÷òî âî âñåõ âîçìîæíûõ (ïðè óñëîâèè ν 6= 0) ñëó÷àÿõ ñïðàâåä-

ëèâî ðàâåíñòâî C
♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ, ÷åì è çàâåðøàåòñÿ äîêàçàòåëüñòâî èìïëèêàöèè

(ν 6= 0) =⇒
(
C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ

)
. (5.29)

Â ñâîþ î÷åðåäü, èç (4.23) è (5.29) âûòåêàåò îñíîâíàÿ

Òåîðåìà 5.1. Âî âñåõ âîçìîæíûõ ñëó÷àÿõ çíà÷åíèå êðèòåðèÿ äëÿ Ä�

(
λ, (hi)i∈0,n

)

è (η, (ĥi)i∈0,n
)
îòëè÷àåòñÿ íà âåëè÷èíó κ â ñòîðîíó óëó÷øåíèÿ çà ñ÷åò ëîêàëüíîé âñòàâêè:

C♮
η[(ĥi)i∈0,n] = C

♮
λ[(hi)i∈0,n]− κ 6 Cλ[(hi)i∈0,n].

Çàêëþ÷èòåëüíûå çàìå÷àíèÿ

Ïðîöåäóðà êîððåêöèè Ä� íà îñíîâå îïòèìèçàöèîííîé ëîêàëüíîé âñòàâêè ìîæåò èñïîëü-

çîâàòüñÿ â ðåæèìå èòåðàöèé. Ñóùåñòâåííûé ìîìåíò ñâÿçàí ñ âûáîðîì íà÷àëà âñòàâêè (ïàðà-

ìåòð ν â ïîñòðîåíèÿõ ðàçäåëîâ 3�5). Îäèí èç âîçìîæíûõ âàðèàíòîâ ìîæíî ñâÿçàòü ñ îòíîñè-

òåëüíî áûñòðûì ðåøåíèåì ïî ìåòîäó ÄÏ ëîêàëüíûõ çàäà÷ (3.19) äëÿ âñåõ ν ∈ 0,n − (N + 1)
ïðè çàìåíå N äîñòàòî÷íî ìàëûì ÷èñëîì ñ ïîñëåäóþùåé îïòèìèçàöèåé ïàðàìåòðà ν â ñìûñëå

êðèòåðèÿ, îïðåäåëÿåìîãî ïîäîáíî (3.23) (îñíîâíîå çàòðóäíåíèå ñâÿçàíî çäåñü ñ ìíîãîêðàòíûì

ïåðåñòðàèâàíèåì �óíêöèé ñòîèìîñòè). Ïîñëå íàõîæäåíèÿ íàèëó÷øåãî â óïîìÿíóòîì ñìûñëå

ïàðàìåòðà ν ìîæíî ðåàëèçîâàòü ðàáî÷óþ âñòàâêó ñ á�îëüøèì çíà÷åíèåì N ñ öåëüþ ïîëó÷åíèÿ

îùóòèìîãî âëèÿíèÿ íà çíà÷åíèå êðèòåðèÿ êà÷åñòâà. Èòàê, â ïðèíöèïå âîçìîæíî ñî÷åòàíèå

¾ìàëûõ¿ çîíäèðóþùèõ âñòàâîê ñ ïîñëåäóþùèì âûáîðîì íà÷àëà îñíîâíîé (ðàáî÷åé) âñòàâêè.

Ïîñëå ïåðåñòðîéêè ãëîáàëüíîãî Ä� ìîæíî ñíîâà ïðèñòóïèòü ê ðåæèìó ïîèñêà ¾ìîìåíòà¿ íà÷à-

ëà ðàáî÷åé âñòàâêè ñ ïðèìåíåíèåì ¾ìàëûõ¿ âñòàâîê, â ðåçóëüòàòå ÷åãî ïîÿâèòñÿ âîçìîæíîñòü

�îðìèðîâàíèÿ íîâîé ðàáî÷åé âñòàâêè è òàê äàëåå. Ñàìà ñòåïåíü óëó÷øåíèÿ (íåóõóäøåíèÿ)

ðåçóëüòàòà õàðàêòåðèçóåòñÿ ñîîòíîøåíèÿìè, ïîäîáíûìè (3.23) è îïðåäåëÿåìûìè â òåðìèíàõ

ëîêàëüíûõ çàäà÷.
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ost fun
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The problem of sequential 
ir
uit of megalopolises with pre
eden
e 
onditions and 
ost fun
tions that

permit a dependen
e on tasks list is 
onsidered. Su
h problems 
an arise, in parti
ular, in atomi
 energeti


while investigating the questions 
onne
ted with lowering of workers irradiation under permutations in

radiative �elds for realization of servi
es 
onne
ted with division of radiating elements. Another appli
ation

of the developed methods is 
onne
ted with important engineering problem of routing the instrument

movements under the leaf 
utting on numeri
ally 
ontrolled ma
hines. This problem has su�
iently large

dimensionality and many pre
eden
e 
onditions: if a detail has not only exterior but at least one interior


ontours (the simplest example is a washer) then the interior 
ontours must be 
ut before the 
utting of

exterior 
ontour (�nite sets lo
ated near 
orresponding 
ontours are used as megalopolises). In this 
ase the

possible dependen
e of 
ost fun
tions on tasks list 
an re�e
t various te
hnologi
al 
onditions. We note that

per
eptible dimensionality 
hara
terized by all 
ontours in total leads to ne
essity of heuristi
s employment.

Therefore, questions 
on
erning at least lo
al improvement of solutions appear su�
iently important for the

investigation.

The basi
 attention in the arti
le is devoted to the 
onstru
tion of optimizing insertions in 
ompli
ated


onditions: it is required to redu
e the fragment of pre
eden
e 
onditions and to transform the 
orresponding


ost fun
tions; in the last 
ase, it is important to preserve the dependen
e on tasks list. Both above-mentioned

moments are taken into a

ount under the pro
edure 
onstru
tion having the sense of algorithm on fun
tional

level.
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