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ÌÅÑÒÎÏÎËÎÆÅÍÈß ÈÃÐÎÊÎÂ Â ÈÃÐÅ ÏÀÒÐÓËÈÐÎÂÀÍÈß

Â ðàáîòå ðàññìàòðèâàåòñÿ èãðà ïàòðóëèðîâàíèÿ ñ äâóìÿ èãðîêàìè � ïàòðóëèðóþùèì è àòàêóþùèì.
Öåëü ïåðâîãî èãðîêà � îõðàíÿòü îáúåêò îò çëîóìûøëåííèêîâ, ïîéìàòü àòàêóþùåãî. Öåëü âòîðîãî �
ïðè÷èíèòü óðîí îõðàíÿåìîìó îáúåêòó è íå ñòàòü ïîéìàííûì. Â äàííîé ñòàòüå îõðàíÿåìûì îáúåê-
òîì âûñòóïàþò áàçîâûå ñòàíöèè ñîòîâûõ êîìïàíèé. Òåîðåòèêî-èãðîâàÿ ìîäåëü ïîñòðîåíà äëÿ ðåøåíèÿ
çàäà÷è î íàõîæäåíèè íà÷àëüíîãî ðàñïðåäåëåíèÿ ìåñòîïîëîæåíèÿ èãðîêîâ ïî áàçîâûì ñòàíöèÿì. Ïðè
èçâåñòíîé ìàòðèöå ïåðåõîäà èãðîêîâ ïî ñòàíöèÿì â ðàáîòå íàõîäÿòñÿ îïòèìàëüíûå ñòðàòåãèè èãðîêîâ
è çíà÷åíèå èãðû. Ðàññìîòðåíà îáðàòíàÿ çàäà÷à � ïîèñê îïòèìàëüíûõ ìàòðèö ïåðåõîäà ïðè èçâåñòíûõ
íà÷àëüíûõ ðàñïðåäåëåíèÿõ ìåñòîïîëîæåíèÿ èãðîêîâ. Â òàêîé ïîñòàíîâêå íàéäåíî ðàâíîâåñèå ïî Íýøó,
êîãäà àòàêóþùèé ñîâåðøàåò äâå àòàêè.

Êëþ÷åâûå ñëîâà: èãðû ïîèñêà, ïàòðóëèðîâàíèå, àòàêóþùèé, ðàâíîâåñèå.

Ââåäåíèå

Îäíèì èç íàïðàâëåíèé òåîðèè èãð ÿâëÿþòñÿ èãðû ïîèñêà. Ïî äàííîìó íàïðàâëåíèþ íàñ÷è-
òûâàåòñÿ áîëüøîå êîëè÷åñòâî ðàáîò, êîòîðûå èìåþò ïðèëîæåíèå, íàïðèìåð, â âîåííûõ èãðàõ,
îõðàíå îáúåêòîâ [1, 2, 3, 4]. Áëèçêèìè ðàáîòàìè ê äàííîé ðàáîòå ìîæíî ñ÷èòàòü [5, 6]. Â [5, 6] äëÿ
îïðåäåëåíèÿ ìåñòîíàõîæäåíèÿ àòàêóþùåãî íå èñïîëüçóåòñÿ òåîðåòèêî-èãðîâîé ïîäõîä. Äàííûå
ðàáîòû ïîñâÿùåíû îïðåäåëåíèþ ñîñòîÿíèÿ ñèñòåìû ïðè ïîìîùè àïïàðàòà ñêðûòûõ öåïåé Ìàð-
êîâà. Â äàííîé ðàáîòå, â îòëè÷èå îò [5, 6], äëÿ ðåøåíèÿ çàäà÷è ïîèñêà èñïîëüçóåòñÿ òåîðåòèêî-
èãðîâîé ïîäõîä, íå èñïîëüçóåòñÿ òåðìèíîëîãèÿ öåïåé Ìàðêîâà. Ñôîðìóëèðóåì ïðèêëàäíóþ
çàäà÷ó, ïðèìåðû ðåøåíèÿ êîòîðîé ìîæíî íàéòè â ñëåäóþùèõ ïàðàãðàôàõ äàííîé ñòàòüè.

Ðàññìîòðèì ñõåìó îñíîâíûõ áàçîâûõ ñòàíöèé íåêîòîðîé êîìïàíèè ìîáèëüíîé ñâÿçè â ãîðîäå
Ïåòðîçàâîäñêå (ðèñ. 1). Òàêèå ñõåìû íàõîäÿòñÿ â ñâîáîäíîì äîñòóïå â ñåòè Èíòåðíåò. Ðàäèóñ
ðàáîòû áàçîâûõ ñòàíöèé ñîñòàâëÿåò ïîðÿäêà 10�12 êì çà ãîðîäîì è îêîëî 3�5 êì â ãîðîäå.

Ðèñ. 1. Ñõåìà áàçîâûõ ñòàíöèé

Ïðåäïîëîæèì, ÷òî íåêèé çëîóìûøëåííèê õî÷åò ïðè÷èíèòü âðåä ñîòîâîé êîìïàíèè è ðå-
øèë ñëîìàòü íåêîòîðîå êîëè÷åñòâî áàçîâûõ ñòàíöèé. Ïðåäïî÷òèòåëüíîñòü áàçîâîé ñòàíöèè
äëÿ çëîóìûøëåííèêà ïðîïîðöèîíàëüíà ñðåäíåìó êîëè÷åñòâó àáîíåíòîâ, êîòîðûå íàõîäÿòñÿ
â åå ðàäèóñå. Áóäåì ñ÷èòàòü ÷òî â ôèðìó ïðèøëî äîíåñåíèå î áóäóùåì íàïàäåíèè è êîìïà-
íèÿ îáðàòèëàñü â ïðàâîîõðàíèòåëüíûå îðãàíû (îõðàííîå ïðåäïðèÿòèå), ÷òîáû òå âûñòàâèëè
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ïàòðóëü íà íåêîòîðîå âðåìÿ. Äîïóñòèì ñèòóàöèþ, êîãäà êîëè÷åñòâà ïàòðóëèðóþùèõ íå äî-
ñòàòî÷íî äëÿ òîãî, ÷òîáû îõðàíÿòü êàæäóþ ñòàíöèþ. Åñëè íà íåêîòîðóþ ñòàíöèþ ïðîèçîøëî
íàïàäåíèå è äàííàÿ ñòàíöèÿ íàõîäèëàñü ïîä îõðàíîé ïàòðóëÿ, òî çëîóìûøëåííèê ñ÷èòàåòñÿ
ïîéìàííûì. Ïðåäïîëàãàåì, ÷òî ïàòðóëèðóþùèé âñåãäà ñèëüíåå àòàêóþùåãî. Åñëè àòàêóþùèé
íàïàë íà íåîõðàíÿåìóþ ñòàíöèþ, òî ïðè÷èíÿåò åé âðåä è ïî ñîáñòâåííîìó æåëàíèþ ìîæåò
ïåðåéòè ê ñëåäóþùåé ñòàíöèè. Â òàêîì ñëó÷àå ïàòðóëèðóþùèå óçíàþò î ñîâåðøèâøåìñÿ íà-
ïàäåíèè è ìîãóò ïåðåéòè íà äðóãèå ñòàíöèè. ×èñëî íàïàäåíèé áóäåì ñ÷èòàòü îãðàíè÷åííûì.
Ñòîèò âîïðîñ î òîì, êàê èçíà÷àëüíî ðàñïðåäåëèòü èìåþùèõñÿ ïàòðóëèðóþùèõ ïî ñòàíöèÿì,
÷òîáû ñ íàèáîëüøåé âåðîÿòíîñòüþ ïîéìàòü àòàêóþùåãî.

� 1. Ìàòåìàòè÷åñêàÿ ìîäåëü

×òîáû ðåøèòü ïîñòàâëåííóþ çàäà÷ó, ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ. Ïóñòü Q = 〈V,E〉 �
ñâÿçíûé ãðàô, ãäå V � ìíîæåñòâî âåðøèí, E � ìíîæåñòâî ðåáåð, |V | = n � ÷èñëî âåðøèí
â ãðàôå, vi ∈ V , 1 6 i 6 n � âåðøèíà ãðàôà Q, (vi, vj) ∈ E � ñóùåñòâóþùåå ðåáðî ãðàôà ìåæäó
âåðøèíàìè vi è vj . Äëÿ ëþáîé âåðøèíû vi âûïîëíåíî (vi, vi) ∈ E. Êàæäàÿ âåðøèíà ãðàôà
Q � ýòî áàçîâàÿ ñòàíöèÿ, ïîýòîìó áóäåì ñ÷èòàòü òåðìèíû ¾âåðøèíà¿ è ¾áàçîâàÿ ñòàíöèÿ¿
ñèíîíèìàìè. Êîëè÷åñòâî àòàê àòàêóþùåãî îáîçíà÷èì k, k > 1.

Ïóñòü B = (bij), 0 6 bij 6 1 ∀ i
n∑

j=1
bij = 1, ãäå bij � âåðîÿòíîñòü, ñ êîòîðîé ïàòðóëèðóþùèé

èëè àòàêóþùèé ïåðåõîäèò èç âåðøèíû vi â âåðøèíó vj ∀ i, j. Çíà÷åíèå bij çàâèñèò îò êîëè÷åñòâà
àáîíåíòîâ, êîòîðûå îáñëóæèâàþò ñòàíöèè vi, vj , ðàññòîÿíèÿ ìåæäó íèìè è äðóãèõ ôàêòîðîâ.

Îáîçíà÷èì πpl = (xl1, x
l
2, . . . , x

l
n), π

a
l = (yl1, y

l
2, . . . , y

l
n), l > 1, ãäå xli, y

l
i � âåðîÿòíîñòè òîãî,

÷òî ïàòðóëèðóþùèé è àòàêóþùèé íàõîäÿòñÿ â âåðøèíå i â ìîìåíò âðåìåíè l ñîîòâåòñòâåííî,

xi > 0, yi > 0,
n∑

i=1
xi =

n∑
i=1

yi = 1.

Ðàññìîòðèì èãðó CM = 〈P,A;S1, S2;Hk(·)〉, â êîòîðîé P , A � èãðîêè, ïàòðóëèðóþùèé
è àòàêóþùèé ñîîòâåòñòâåííî, S1, S2 � ìíîæåñòâà ñìåøàííûõ ñòðàòåãèé èãðîêîâ. Ýëåìåíòû
êàê ìíîæåñòâà S1, òàê è ìíîæåñòâà S2 ïðåäñòàâëÿþò ñîáîé âåêòîðû πp1 = (x1, x2, . . . , xn) ∈ S1,
πa1 = (y1, y2, . . . , yn) ∈ S2. Èñõîäÿ èç ââåäåííûõ îáîçíà÷åíèé, ïîä ñìåøàííîé ñòðàòåãèåé ïåð-
âîãî è âòîðîãî èãðîêà ïîíèìàåòñÿ âûáîð âåðøèíû vi, 1 6 i 6 n, c âåðîÿòíîñòüþ xi, yi ñîîò-
âåòñòâåííî. Äàëåå, Hk(·) � ôóíêöèÿ âûèãðûøà ïàòðóëèðóþùåãî, êîòîðàÿ ðàâíà âåðîÿòíîñòè
ïîèìêè àòàêóþùåãî çà k íàïàäåíèé. Â ïåðâûé ìîìåíò âðåìåíè èãðîêè âûáèðàþò ñîáñòâåííûå
ìåñòîïîëîæåíèÿ íà ãðàôå ñ âåðîÿòíîñòÿìè, êîòîðûå ÿâëÿþòñÿ êîìïîíåíòàìè âåêòîðîâ πp1 , π

a
1

ñîîòâåòñòâåííî. Òîãäà âåðîÿòíîñòü ïîéìàòü àòàêóþùåãî ïðè ïåðâîé ïîïûòêå íàïàäåíèÿ ðàâíà
n∑

i=1
xiyi. Âåðîÿòíîñòü íå ïîéìàòü àòàêóþùåãî ðàâíà 1 −

n∑
i=1

xiyi. Åñëè àòàêóþùèé íå ïîéìàí,

òî èãðîêè èñïîëüçóþò ìàòðèöó B äëÿ ïåðåõîäà â äðóãèå âåðøèíû ãðàôà (ñòàíöèè). Ôóíêöèÿ
âûèãðûøà â îáùåì âèäå ïðè áîëüøèõ çíà÷åíèÿõ k è n ïðåäñòàâëÿåò ñîáîé áîëüøîå âûðàæåíèå.
Ïîýòîìó, ÷òîáû çàïèñàòü Hk(·) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ k è n, ìîæíî ñîñòàâèòü äåðåâî
âåðîÿòíîñòåé.

Ïàòðóëèðóþùèé, âûáèðàÿ ñòðàòåãèþ πp1 ∈ S1, ñòàðàåòñÿ ìàêñèìèçèðîâàòü çíà÷åíèå Hk(·),
à àòàêóþùèé, âûáèðàÿ ñòðàòåãèþ πa1 ∈ S2, ñòàðàåòñÿ ìèíèìèçèðîâàòü çíà÷åíèå Hk(·). Áóäåì
ñ÷èòàòü èãðó CM èãðîé ñ íóëåâîé ñóììîé, ò. å. âûèãðûø ïàòðóëèðóþùåãî ðàâåí ïðîèãðûøó
àòàêóþùåãî. Ïîñòàâèì ïåðåä ñîáîé çàäà÷ó íàéòè ðàâíîâåñèå ïî Íýøó â ñìåøàííûõ ñòðàòåãèÿõ
â ðàññìàòðèâàåìîé èãðå.

� 2. Íàõîæäåíèå íà÷àëüíîãî îïòèìàëüíîãî ðàñïðåäåëåíèÿ ìåñòîïîëîæåíèÿ

èãðîêîâ

Ïóñòü àòàêóþùèé ñîâåðøàåò k àòàê. Òîãäà ñïðàâåäëèâà òåîðåìà 1.

Òåîðåìà 1. Èãðó CM ìîæíî ñâåñòè ê ìàòðè÷íîé èãðå ñ íóëåâîé ñóììîé.
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Ä î ê à ç à ò å ë ü ñ ò â î. Èãðà CM íà÷èíàåòñÿ ñ âûáîðà íà÷àëüíîãî ìåñòîïîëîæåíèÿ èã-
ðîêîâ. Åñëè àòàêóþùèé íå ïîéìàí, òî èãðîêè äåëàþò ïåðåõîä èç âåðøèíû vi â âåðøèíó vj ,
èñïîëüçóÿ ìàòðèöó ïåðåõîäà. Òàê êàê íà k-îì øàãå (k > 1) âåðîÿòíîñòü ïîèìêè àòàêóþùåãî
çàâèñèò îò åãî ìåñòîíàõîæäåíèÿ è ìàòðèöû ïåðåõîäà, à ýëåìåíòû ìàòðèöû ïåðåõîäà ïîñòîÿí-
íû, çíà÷èò, âåðîÿòíîñòü ïîéìàòü àòàêóþùåãî çà k øàãîâ ìîæíî çàïèñàòü â âèäå

Hk(π
p
1 , π

a
1) =

n∑
i=1

n∑
j=1

ckijxiyj ,

ãäå ckij � íåîòðèöàòåëüíûå ÷èñëà, êîòîðûå çàâèñÿò îò ýëåìåíòîâ ìàòðèöû ïåðåõîäà. ×òîáû
íàéòè ñèòóàöèþ ðàâíîâåñèÿ ñ òàêîé ôóíêöèåé âûèãðûøà, äîñòàòî÷íî ðàññìîòðåòü ìàòðè÷íóþ
èãðó, â êîòîðîé ýëåìåíòû ïëàòåæíîé ìàòðèöû ðàâíû cij , ÷òî è òðåáîâàëîñü äîêàçàòü. �

Ïðèìåð 1. Íà ïðîòÿæåíèè äëèòåëüíîãî ïðîìåæóòêà âðåìåíè ñîâåðøàëèñü äâå àòàêè íà ÷å-
òûðå áàçîâûå ñòàíöèè. Êîìïàíèÿ ðåøèëà íàíÿòü îäíîãî îõðàííèêà, ÷òîáû òîò ïàòðóëèðîâàë
ñòàíöèè, íà êîòîðûå, ïî ìíåíèþ êîìïàíèè, áóäóò ñîâåðøåíû äâå àòàêè. Ïî ñîáðàííîé ñòàòè-

ñòèêå íàïàäåíèé íà ñòàíöèè áûëà ñîñòàâëåíà ìàòðèöà ïåðåõîäà B =


0.1 0.2 0.3 0.4
0.2 0.2 0.3 0.3
0.5 0.2 0.1 0.2
0.1 0.4 0.3 0.2

. Êàê
èãðîêàì íóæíî âûáðàòü ñâîå íà÷àëüíîå ìåñòîïîëîæåíèå?

Ðåøåíèå. Ïðåäïîëîæèì, ÷òî èãðîêè èñïîëüçóþò ìàòðèöó ïåðåõîäà, ÷òîáû âûáðàòü ñëåäó-
þùóþ ñòàíöèþ. Ïóñòü (x1, x2, x3, x4), (y1, y2, y3, y4) � íà÷àëüíûå ðàñïðåäåëåíèÿ ìåñòîïîëîæå-
íèÿ èãðîêîâ, êîòîðûå íåîáõîäèìî íàéòè. Ôóíêöèÿ âûèãðûøà áóäåò èìåòü âèä

H2(π
p
1 , π

a
1) = x1y1 + x2y2 + x3y3 + x4y4 + x1y2(0.2 · 0.1 + 0.2 · 0.2 + 0.3 · 0.3 + 0.3 · 0.4) +

+ x1y3(0.1 · 0.5 + 0.2 · 0.2 + 0.1 · 0.3 + 0.2 · 0.4) + x1y4(0.1 · 0.1 + 0.2 · 0.4 + 0.3 · 0.3 + 0.4 · 0.2) +

+ x2y1(0.2 · 0.1 + 0.2 · 0.2 + 0.3 · 0.3 + 0.3 · 0.4) + x2y3(0.2 · 0.5 + 0.2 · 0.2 + 0.1 · 0.3 + 0.3 · 0.2) +

+ x2y4(0.1 · 0.2 + 0.2 · 0.4 + 0.3 · 0.3 + 0.3 · 0.2) + x3y1(0.5 · 0.1 + 0.2 · 0.2 + 0.1 · 0.3 + 0.2 · 0.4) +

+ x3y2(0.5 · 0.2 + 0.2 · 0.2 + 0.3 · 0.1 + 0.3 · 0.2) + x3y4(0.1 · 0.5 + 0.4 · 0.2 + 0.1 · 0.3 + 0.2 · 0.2) +

+ x4y1(0.1 · 0.1 + 0.4 · 0.2 + 0.3 · 0.3 + 0.2 · 0.4) + x4y3(0.1 · 0.5 + 0.2 · 0.4 + 0.1 · 0.3 + 0.2 · 0.2).

Ñîñòàâèì ïëàòåæíóþ ìàòðèöó (òàáëèöà 1).
Òàáëèöà 1

Ïëàòåæíàÿ ìàòðèöà

1 0.27 0.2 0.26

0.27 1 0.23 0.25

0.2 0.23 1 0.2

0.26 0.25 0.2 1

Íàõîäèì ðàâíîâåñèå ïî Íýøó â äàííîé ìàòðè÷íîé èãðå è ïîëó÷àåì ïðèìåðíûå çíà÷åíèÿ:
(x1, x2, x3, x4) = (0.25; 0.23; 0.27; 0.25), (y1, y2, y3, y4) = (0.42; 0.33; 0.30; 0.25), H∗2 ≈ 0.43.

Ïðåäïîëîæèì òàêóþ ñèòóàöèþ, â êîòîðîé àòàêóþùèé íå âîçâðàùàåòñÿ â òå âåðøèíû, â êî-
òîðûõ óæå ïîáûâàë. Ïîñëå òîãî êàê àòàêóþùèé ïîñåòèë âåðøèíó è âûøåë èç íåå, îá ýòîì ñòàíî-
âèòñÿ èçâåñòíî ïàòðóëèðóþùåìó. Ïîýòîìó ïàòðóëèðóþùèé íå ïîñåùàåò òå âåðøèíû, â êîòîðûõ
óæå áûë àòàêóþùèé. Ïðè òàêîì ïðåäïîëîæåíèè âåðîÿòíîñòü ïåðåéòè èç âåðøèíû vi â âåðøèíó
vj áóäåì ñ÷èòàòü ðàâíîé

bij∑
j∈N,j /∈P

bij
,
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ãäå N = {1, 2, . . . , n}, P � ìíîæåñòâî èíäåêñîâ òåõ âåðøèí, â êîòîðûõ ïîáûâàë àòàêóþùèé.

Åñëè àòàêóþùèé ñîâåðøàåò äâå àòàêè, òîãäà ôóíêöèÿ âûèãðûøà çàïèøåòñÿ ñëåäóþùèì
îáðàçîì:

H2(π
p
1 , π

a
1) =

n∑
i=1

xiyi +
n∑

i=1

n∑
j=1,j 6=i

xiyj
n∑

k=1,k 6=j

bikbjk

n∑
k=1,k 6=j

bik ·
n∑

k=1,k 6=j

bjk

 ,

ãäå bij � ýëåìåíò ìàòðèöû ïåðåõîäà.

Èãðà CM , â êîòîðîé èãðîêè íå âîçâðàùàþòñÿ â âåðøèíû, â êîòîðûõ áûë àòàêóþùèé, òàêæå
ñâîäèòñÿ ê ìàòðè÷íîé èãðå.

� 3. Èãðà CM ñ äâóìÿ ïàòðóëèðóþùèìè è îäíèì àòàêóþùèì

Ïðåäïîëîæèì, ÷òî îäèí ïàòðóëèðóþùèé íå ìîæåò ñïðàâèòüñÿ ñ ïîñòàâëåííîé ïåðåä íèì
çàäà÷åé � ïîéìàòü àòàêóþùåãî. Ýòî ìîæåò áûòü ñâÿçàíî ñ òåì, ÷òî êîëè÷åñòâî áàçîâûõ ñòàí-
öèé âåëèêî è êîëè÷åñòâî íàïàäåíèé ìàëî. Òîãäà êîìïàíèÿ âûíóæäåíà íàíÿòü åùå õîòÿ áû
îäíîãî ïàòðóëèðóþùåãî äëÿ îõðàíû ñâîåãî èìóùåñòâà. Äàäèì îòâåò íà ñëåäóþùèé âîïðîñ:
êàêîå äîëæíî áûòü íà÷àëüíîå ðàñïðåäåëåíèå ìåñòîïîëîæåíèÿ âòîðîãî ïàòðóëèðóþùåãî, åñ-
ëè íà÷àëüíîå ðàñïðåäåëåíèå ìåñòîïîëîæåíèå ïåðâîãî ïàòðóëèðóþùåãî îñòàåòñÿ íåèçìåííûì?
Âîïðîñ ôîðìóëèðóåì èìåííî òàê, ïîòîìó ÷òî íà ïðàêòèêå ïðè äîáàâëåíèè íîâîãî îõðàííèêà,
ïëàíû ñòàðîãî îõðàííèêà ðåäêî èçìåíÿþòñÿ. Íåèçìåííîñòü ïëàíîâ ñòàðîãî ïàòðóëèðóþùåãî
ìîæíî îáúÿñíèòü òåì, ÷òî íîâûé ïàòðóëèðóþùèé íåîïûòåí.

Ïðèìåð 2. Ïóñòü èìååòñÿ òðè áàçîâûå ñòàíöèè. Íà÷àëüíîå ðàñïðåäåëåíèå ìåñòîïîëîæåíèÿ
ïåðâîãî ïàòðóëèðóþùåãî çàäàåòñÿ âåêòîðîì (0.6; 0.3; 0.1). Êàêèìè äîëæíû áûòü íà÷àëüíûå
ðàñïðåäåëåíèÿ àòàêóþùåãî è âòîðîãî îõðàííèêà, åñëè àòàêóþùèé ïëàíèðóåò ñîâåðøèòü îäíó
àòàêó?

Ðåøåíèå. Ïóñòü Z = (z1, z2, z3), ãäå zi � âåðîÿòíîñòü òîãî, ÷òî âòîðîé îõðàííèê íàõîäèòñÿ
â i-îé âåðøèíå â ïåðâûé ìîìåíò âðåìåíè; Y = (y1, y2, y3), ãäå yi � âåðîÿòíîñòü òîãî, ÷òî
àòàêóþùèé èãðîê íàõîäèòñÿ â i-îé âåðøèíå â ïåðâûé ìîìåíò âðåìåíè. Ñîñòàâèì ôóíêöèþ
âûèãðûøà ïàòðóëèðóþùåãî:

H(Z, Y ) = 0.6z1y1 + 0.3z2y2 + 0.1z3y3 + 0.6z2(y1 + y2) + 0.6z3(y1 + y3) + 0.3z1(y2 + y1) +

+ 0.3z3(y2 + y3) + 0.1z1(y3 + y1) + 0.1z2(y3 + y2).

Ñîñòàâèì ïëàòåæíóþ ìàòðèöó (òàáëèöà 2).

Òàáëèöà 2

Ïëàòåæíàÿ ìàòðèöà

1 0.3 0.1

0.6 1 0.1

0.6 0.3 1

Ðåøàåì äàííóþ ìàòðè÷íóþ èãðó è ïîëó÷àåì, ÷òî Z =

(
1

127
,
55

127
,
71

127

)
, Y =

(
63

127
,
36

127
,
28

127

)
.

Çíà÷åíèå èãðû ðàâíî H∗1 =
383

635
.

Ïðè áîëüøîì êîëè÷åñòâå àòàê è áàçîâûõ ñòàíöèé ôóíêöèÿ âûèãðûøà çàïèøåòñÿ â âèäå
áîëüøîãî âûðàæåíèÿ. Òåì íå ìåíåå ñèòóàöèÿ ðàâíîâåñèÿ â òàêîé ïîñòàíîâêå çàäà÷è âñåãäà
ñóùåñòâóåò, òàê êàê èãðà ñâîäèòñÿ ê ìàòðè÷íîé èãðå ñ íóëåâîé ñóììîé.
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� 4. Ïîèñê ìàòðèöû ïåðåõîäà

Ïóñòü íà÷àëüíûå ðàñïðåäåëåíèÿ èãðîêîâ çàäàíû. Òåïåðü áóäåì ñ÷èòàòü, ÷òî ñòðàòåãèÿ èã-
ðîêà � ýòî âûáîð ìàòðèöû ïåðåõîäà. Â ñëåäóþùèõ òåîðåìàõ íàéäåì ñèòóàöèþ ðàâíîâåñèÿ
è çíà÷åíèå èãðû èëè äîêàæåì, ÷òî ðàâíîâåñèÿ íå ñóùåñòâóåò.

Òåîðåìà 2. Ïóñòü πp1 = (a1, a2, . . . , an), π
a
1 = (b1, b2, . . . , bn), ãäå ai, bi � âåðîÿòíîñòè òîãî,

÷òî ïàòðóëèðóþùèé è àòàêóþùèé îêàæóòñÿ â ïåðâûé ìîìåíò âðåìåíè â âåðøèíå i ñîîò-
âåòñòâåííî. Åñëè àòàêóþùèé ñîâåðøàåò äâå àòàêè, òîãäà çíà÷åíèå èãðû ðàâíî

H∗2 =

n∑
i=1

aibi +
1

n

n∑
i=1

n∑
j=1,i 6=j

aibj .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ïàòðóëèðóþùèé â êà÷åñòâå ñâîåé ñìåøàííîé ñòðàòåãèè

âûáèðàåò ìàòðèöó BP = (xij), 0 6 xij 6 1,
n∑

j=1
xij = 1 ∀ i = 1, 2, . . . , n, à àòàêóþùèé �

ìàòðèöó BA = (yij), 0 6 yij 6 1,
n∑

j=1
yij = 1 ∀ i = 1, 2, . . . , n, ãäå xij , yij � âåðîÿòíîñòü

ïåðåõîäà èç ñòàíöèè i â ñòàíöèþ j ïàòðóëèðóþùèì è àòàêóþùèì èãðîêàìè ñîîòâåòñòâåí-
íî. Âåðîÿòíîñòü ïîéìàòü àòàêóþùåãî â ïåðâûé ìîìåíò âðåìåíè áóäåò ðàâíà H1 (BP , BA) =

=
n∑

i=1
aibi. Âåðîÿòíîñòü ïîéìàòü àòàêóþùåãî âî âòîðîé ìîìåíò âðåìåíè ðàâíà H2 (BP , BA) =

=
n∑

i=1
aibi +

n∑
i=1

n∑
j=1,j 6=i

aibj

(
n∑

k=1

xikyjk

)
. Òðåáóåòñÿ íàéòè òàêèå ìàòðèöû B∗P , B

∗
A, ÷òîáû âûïîë-

íÿëèñü íåðàâåíñòâà H2(BP , B
∗
A) 6 H2(B

∗
P , B

∗
A) 6 H2(B

∗
P , BA) ∀BP , BA. Â ñîîòâåòñòâèè ñ òåîðå-

ìîé [7] (B∗P , B
∗
A) � ñèòóàöèÿ ðàâíîâåñèÿ òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ íåðàâåíñòâà

H2(I,B
∗
A) 6 H(B∗P , B

∗
A) 6 H2(B

∗
P , J) ∀ I, J , ãäå I, J � ÷èñòûå ñòðàòåãèè èãðîêîâ ñîîòâåòñòâåííî.

Ïîêàæåì, ÷òî ñèòóàöèÿ (B∗P , B
∗
A) âèäà xij = yij =

1
n óäîâëåòâîðÿåò äàííîé ñèñòåìå íåðàâåíñòâ.

Ïîäñòàâëÿåì çíà÷åíèÿ xij , yij è ïîëó÷àåì ñëåäóþùèå íåðàâåíñòâà:

n∑
i=1

aibi +

n∑
i=1

n∑
j=1,j 6=i

aibj

(
n∑

k=1

x′ik ·
1

n

)
6

n∑
i=1

aibi +

n∑
i=1

n∑
j=1,j 6=i

aibj

(
n∑

k=1

1

n
· 1
n

)
,

n∑
i=1

aibi +
n∑

i=1

n∑
j=1,j 6=i

aibj

(
n∑

k=1

1

n
· 1
n

)
6

n∑
i=1

aibi +
n∑

i=1

n∑
j=1,j 6=i

aibj

(
n∑

k=1

y′ik ·
1

n

)
,

ãäå x′ik, y
′
ik � ýëåìåíòû ìàòðèö I, J, ïðè÷åì ñóùåñòâóåò åäèíñòâåííîå çíà÷åíèå ïåðåìåííûõ

k′, l′, 1 6 k′, l′ 6 n, äëÿ êàæäîé i-îé ñòðîêè, ÷òî x′ik′ = y′il′ = 1, à âñå îñòàëüíûå ýëåìåíòû

i-îé ñòðîêè ðàâíû íóëþ. Ïîýòîìó
n∑

k=1

x′ik ·
1
n =

n∑
k=1

y′ik ·
1
n = 1

n . Óïðîùàÿ íåðàâåíñòâà ñèñòåìû,

ïîëó÷èì ÷òî ëåâûå è ïðàâûå ÷àñòè íåðàâåíñòâ îäèíàêîâû, çíà÷èò, ñèòóàöèÿ (B∗P , B
∗
A) ÿâëÿåòñÿ

ðàâíîâåñèåì. Ïîäñòàâëÿåì çíà÷åíèÿ xij = xij =
1
n â ôóíêöèþ âûèãðûøà, ïîëó÷àåì, ÷òî H∗2 =

=
n∑

i=1
aibi +

1
n

n∑
i=1

n∑
j=1,i 6=j

aibj , ÷òî è òðåáîâàëîñü äîêàçàòü. �

Çàêëþ÷åíèå

Ïðè ïîìîùè ìåòîäîâ òåîðèè èãð íàéäåíî ðàâíîâåñèå ïî Íýøó â èãðå ïàòðóëèðîâàíèÿ. Ïî-
ëó÷åííûå ðåçóëüòàòû ìîãóò èñïîëüçîâàòüñÿ íà ïðàêòèêå.
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Search for the optimal initial distribution of players' location in a patrolling game
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A patrolling game with two players, a patroller and an attacker, is considered in the paper. The aim of
the former is to protect an object from intruders and catch the attacker. The aim of the latter is to cause
damage to the protected object without being caught. Cellular base stations are viewed as protected objects.
A game-theoretic model is constructed to �nd an initial distribution of players on base stations. When the
transition matrix of players among the stations is known, an optimal strategy of players and the value of
the game are calculated. An inverse problem of searching for optimal transition matrices with known initial
distribution of players is studied. The Nash equilibrium with the attacker making two attacks is found for
the considered problem.
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