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1

�àññìàòðèâàåòñÿ òåðìèíàëüíàÿ çàäà÷à îïòèìèçàöèè íåëèíåéíîé óïðàâëÿåìîé ñèñòåìû �óðñà�Äàðáó

ñ ïîëíîé êàðàòåîäîðèåâñêîé ïðàâîé ÷àñòüþ óðàâíåíèÿ â ñëó÷àå, êîãäà íåîáõîäèìî èñêàòü ðåøåíèÿ ñè-

ñòåìû â êëàññå �óíêöèé ñ ñóììèðóåìîé â íåêîòîðîé ñòåïåíè p > 1 ñìåøàííîé ïðîèçâîäíîé. Ïîêàçûâà-
åòñÿ, ÷òî åñëè ïðàâàÿ ÷àñòü à��èííà ïî ïðîèçâîäíûì è îíè â íåé àääèòèâíî îòäåëåíû îò óïðàâëåíèÿ, òî

âûðîæäåíèå ïîòî÷å÷íîãî ïðèíöèïà ìàêñèìóìà (íåîáõîäèìîãî óñëîâèÿ îïòèìàëüíîñòè ïåðâîãî ïîðÿäêà

ïðè èãîëü÷àòîì âàðüèðîâàíèè óïðàâëåíèÿ) âñåãäà ÿâëÿåòñÿ ñèëüíûì, òî åñòü íà îñîáîì óïðàâëåíèè

ïðèíöèïà ìàêñèìóìà îäíîâðåìåííî ñ ïðèíöèïîì ìàêñèìóìà âûðîæäàþòñÿ è óñëîâèÿ îïòèìàëüíîñòè

âòîðîãî ïîðÿäêà. Ïðèâîäÿòñÿ íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè îñîáûõ óïðàâëåíèé â ýòîé ñèòóàöèè,

îáîáùàþùèå èçâåñòíûå ñõîäíûå óñëîâèÿ, îòíîñÿùèåñÿ ê ñëó÷àþ ðåøåíèé ñ îãðàíè÷åííîé ñìåøàííîé

ïðîèçâîäíîé è áîëåå ãëàäêèõ ïðàâûõ ÷àñòåé óðàâíåíèé.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ ñèñòåìà �óðñà�Äàðáó, ðåøåíèÿ ñ ñóììèðóåìîé ñìåøàííîé ïðîèçâîäíîé,

òåðìèíàëüíàÿ çàäà÷à îïòèìèçàöèè, ïðèíöèï ìàêñèìóìà, îñîáîå óïðàâëåíèå.

Íà÷èíàÿ ñ ïèîíåðñêèõ ðàáîò Î.Â. Âàñèëüåâà 1971�1972 ãîäîâ âîïðîñû ïîëó÷åíèÿ íåîáõîäè-

ìûõ óñëîâèé îïòèìàëüíîñòè (ÍÓÎ) îñîáûõ óïðàâëåíèé (ÎÓ) ïîòî÷å÷íîãî ïðèíöèïà ìàêñè-

ìóìà (ÏÏÌ) â òåîðèè îïòèìèçàöèè ðàñïðåäåëåííûõ ñèñòåì èçó÷àëèñü â îñíîâíîì äëÿ óïðàâ-

ëÿåìûõ ñèñòåì �óðñà�Äàðáó è áëèçêèõ ê íèì (ñì. îáçîð ëèòåðàòóðû â [1, � 1℄ è â [2, 3℄, áèá-

ëèîãðà�èþ â [4℄, îáçîðû [5,6℄). Ïðè ýòîì ñèñòåìà �óðñà�Äàðáó ðàññìàòðèâàëàñü, êàê ïðàâèëî,

â êëàññàõ �óíêöèé ñ îãðàíè÷åííûìè ñìåøàííîé è ïåðâûìè ÷àñòíûìè ïðîèçâîäíûìè.

Äîñòàòî÷íî îáùèé ñïîñîá èçó÷åíèÿ ÎÓ ÏÏÌ äëÿ ðàñïðåäåëåííûõ çàäà÷ îïòèìèçàöèè,

îïèðàþùèéñÿ íà âîçìîæíîñòü ïðåäñòàâëåíèÿ óïðàâëÿåìîé ñèñòåìû â �îðìå âîëüòåððîâà

�óíêöèîíàëüíîãî óðàâíåíèÿ â ëåáåãîâîì ïðîñòðàíñòâå, áûë ïðåäëîæåí â [7℄. Â [2℄ ïðåäñòàâëå-

íà ñõåìà, îáîáùàþùàÿ ñïîñîá [7℄ èçó÷åíèÿ ÎÓ. Ïðèìåíèòåëüíî ê ÎÓ ÏÏÌ ñõåìà [2℄ ïîäðîáíî

îïèñàíà â [3℄. Â [3,7℄ ïîêàçàíî, ÷òî äëÿ ðàñïðåäåëåííûõ çàäà÷ äîñòàòî÷íî õàðàêòåðíî ñèëüíîå

âûðîæäåíèå ÏÏÌ, êîãäà âìåñòå ñ ÏÏÌ (ÍÓÎ 1-ãî ïîðÿäêà ïðè èãîëü÷àòîì âàðüèðîâàíèè)

âûðîæäàþòñÿ è ÍÓÎ 2-ãî ïîðÿäêà (èëè, èíà÷å ãîâîðÿ, âûðîæäàþòñÿ ÎÓ ÏÏÌ); ïîëó÷åíû ñî-

äåðæàòåëüíûå ÍÓÎ âûðîæäåííûõ ÎÓ. Â ÷àñòíîñòè, â [7℄ èçó÷åí ñëó÷àé ñèëüíîãî âûðîæäåíèÿ

ÏÏÌ äëÿ òåðìèíàëüíîé çàäà÷è îïòèìèçàöèè íåëèíåéíîé ñèñòåìû �óðñà�Äàðáó, ðàññìàòðè-

âàåìîé â êëàññå àáñîëþòíî íåïðåðûâíûõ �óíêöèé ñ îãðàíè÷åííûìè ñìåøàííîé è ïåðâûìè

ïðîèçâîäíûìè.

Ïðåäñòàâëÿþò îïðåäåëåííûé èíòåðåñ (ñì., íàïðèìåð, [8, 9℄ è áèáëèîãðà�èþ â [8, 9℄) çàäà÷è

îïòèìèçàöèè ñèñòåì òèïà �óðñà�Äàðáó, ðàññìàòðèâàåìûõ â êëàññàõ ACn
p àáñîëþòíî íåïðå-

ðûâíûõ n-âåêòîð-�óíêöèé ñ ñóììèðóåìûìè â íåêîòîðîé ñòåïåíè p ñìåøàííîé è ïåðâûìè ïðî-

èçâîäíûìè. Â ýòîì ñëó÷àå, âèäèìî, ÎÓ ÏÏÌ ñèñòåìàòè÷åñêè íèêåì íå èçó÷àëèñü. Â äàííîé

ïóáëèêàöèè ðàññìàòðèâàåòñÿ òåðìèíàëüíàÿ çàäà÷à îïòèìèçàöèè íåëèíåéíîé ñèñòåìû �óðñà�

Äàðáó ñ ïîëíîé êàðàòåîäîðèåâñêîé ïðàâîé ÷àñòüþ â ñëó÷àå, êîãäà íåîáõîäèìî èñêàòü ðåøåíèÿ

ñèñòåìû â êëàññå ACn
p , p > 1. Èçó÷àåòñÿ ñèòóàöèÿ, êîãäà ýòà íåîáõîäèìîñòü îáóñëîâëåíà ïðè-

íàäëåæíîñòüþ ñîîòâåòñòâóþùåìó ëåáåãîâó ïðîñòðàíñòâó ïðîèçâîäíûõ ãðàíè÷íûõ �óíêöèé.

Ïîêàçûâàåòñÿ, ÷òî åñëè ïðàâàÿ ÷àñòü à��èííà ïî ïðîèçâîäíûì è îíè â íåé àääèòèâíî îò-

äåëåíû îò óïðàâëåíèÿ, òî ÎÓ ÏÏÌ âûðîæäàþòñÿ. Óòî÷íÿþòñÿ ðåçóëüòàòû [10℄. Ïðèâîäÿòñÿ

ñîäåðæàòåëüíûå ÍÓÎ âûðîæäåííûõ ÎÓ.

1

Ôèíàíñîâàÿ ïîääåðæêà Ìèíîáðíàóêè �Ô â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñ�åðå

íàó÷íîé äåÿòåëüíîñòè â 2014�2016 ãã. (ïðîåêò �1727) è ãðàíòîì (ñîãëàøåíèå îò 27.08.13 �02.Â.49.21.0003

ìåæäó Ìèíîáðíàóêè �Ô è ÍÍ�Ó).
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Èçó÷åíèþ ÎÓ ÏÏÌ äëÿ òåðìèíàëüíîé çàäà÷è îïòèìèçàöèè ñèñòåìû �óðñà�Äàðáó ñ à�-

�èííîé ïî ïðîèçâîäíûì ïðàâîé ÷àñòüþ ïîñâÿùåíî íåìàëî ðàáîò (ñì., íàïðèìåð, [1, ãëàâà 1,

� 2℄, [4, ãëàâà 1, � 5 ℄, áèáëèîãðà�èþ â [1,4℄, îáçîðû [5,6℄). Îäíàêî èçâåñòíûå àâòîðàì ñòàòüè ÍÓÎ

ÎÓ, ñõîäíûå ñ ïðèâåäåííûìè íèæå è ïîëó÷åííûå ðàíåå äðóãèìè àâòîðàìè, êàñàëèñü ñëó÷àÿ

ðåøåíèé ñèñòåìû �óðñà�Äàðáó ñ îãðàíè÷åííûìè ñìåøàííîé è ïåðâûìè ïðîèçâîäíûìè â ïðåä-

ïîëîæåíèÿõ îïðåäåëåííîé ãëàäêîñòè ïðàâîé ÷àñòè óðàâíåíèÿ (êàê ïðàâèëî, ïðåäïîëàãàëîñü,

÷òî ïðàâàÿ ÷àñòü è åå ïðîèçâîäíûå ïî ¾�àçîâûì¿ ïåðåìåííûì íåïðåðûâíû ïî ñîâîêóïíîñòè

ïåðåìåííûõ; ñì. [1, ãëàâà 1, � 2℄, [4, ãëàâà 1, � 5 ℄, îáçîðû [5, 6℄ è äð.).

Äàííàÿ ïóáëèêàöèÿ ïðèìûêàåò ê ñòàòüå [11℄, ãäå ìîæíî íàéòè áîëåå îáøèðíóþ áèáëèîãðà-

�èþ è äîïîëíèòåëüíûå êîììåíòàðèè; â [11℄ îñíîâíîå âíèìàíèå óäåëÿåòñÿ ñëó÷àþ òàê íàçûâà-

åìîãî ïîëíîãî âûðîæäåíèÿ ÏÏÌ (îïðåäåëåíèå ñì. íèæå), çäåñü æå ìû ñðàçó ðàññìàòðèâàåì

îáùèé ñëó÷àé âûðîæäåíèÿ.

Ïðèìåì ñëåäóþùèå ñîãëàøåíèÿ: âåêòîðû, åñëè íå îãîâîðåíî ïðîòèâíîå, ñ÷èòàþòñÿ ñòîëáöà-

ìè; R
n
� ïðîñòðàíñòâî n-âåêòîð-ñòîëáöîâ; â ïîêîìïîíåíòíîì ïðåäñòàâëåíèè n-âåêòîð-ñòîëáåö

a ∈ R
n
çàïèñûâàåì â ñòðîêó â �èãóðíûõ ñêîáêàõ: a ≡

{
a1, . . . , an

}
; 〈a, b〉n ≡

n∑
i=1

aibi � ñêàëÿð-

íîå ïðîèçâåäåíèå âåêòîðîâ a, b ∈ R
n; äëÿ a, b ∈ R

n
ïèøåì a > b, åñëè ai > bi (i = 1, . . . , n); åñëè

a1, . . . , ak ∈ R
n, òî {ai}

k
i=1 ≡ {a1, . . . , ak} ≡

{
a11, . . . , a

n
1 , . . . , a

1
k, . . . , a

n
k

}
∈ R

kn; ìîäóëü âåêòîðà

ðàâåí ñóììå ìîäóëåé åãî êîìïîíåíò; åñëè X, Y � íîðìèðîâàííûå ïðîñòðàíñòâà, òî L(X,Y ) �
ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç X â Y, à íîðìà â ïðÿìîì ïðîèçâåäåíèè

X×Y çàäàåòñÿ �îðìóëîé ‖{x, y}‖X×Y ≡ ‖x‖X+‖y‖Y ; åñëè X � �óíêöèîíàëüíîå ïðîñòðàíñòâî,

òî Xn
� ïðîñòðàíñòâî n-âåêòîð-�óíêöèé, à Xn×m

� (n ×m)-ìàòðèö-�óíêöèé, ñîñòàâëåííûõ
èç �óíêöèé ïðîñòðàíñòâà X; ïðîèçâîäíàÿ ñêàëÿðíîé �óíêöèè ïî âåêòîðíîìó àðãóìåíòó åñòü

âåêòîð-ñòðîêà; çíàêîì ∗ îáîçíà÷àþòñÿ îïåðàöèè ïåðåõîäà ê ñîïðÿæåííîìó ïðîñòðàíñòâó è ñî-

ïðÿæåííîìó îïåðàòîðó, îïåðàöèÿ òðàíñïîíèðîâàíèÿ; p ∈ (1, ∞)� çàäàííîå ÷èñëî; q ≡ p/(p−1).
1. Îïòèìèçàöèîííàÿ çàäà÷à. �àññìîòðèì óïðàâëÿåìóþ çàäà÷ó �óðñà�Äàðáó:

x′′t1t2(t) = g(t, x(t), x′t1(t), x
′
t2(t), u(t)), t ≡ {t1, t2} ∈ Π ≡ [0, 1]2, (1)

x(t1, 0) = ϕ1(t
1), x(0, t2) = ϕ2(t

2), t1 ∈ [0, 1], t2 ∈ [0, 1], (2)

ãäå g(t, l0, l1, l2, v) ≡ g(t, l, v) : Π × R
3n × R

m → R
n
(
l ≡ {l0, l1, l2} ∈ (Rn ×R

n ×R
n) ≡ R

3n
)

è ϕi(t
i) : [0, 1] → R

n (i = 1, 2) çàäàíû, u(t) : Π → R
m
� óïðàâëåíèå. Ñ÷èòàåì, ÷òî ϕ′

i ∈ Ln
p ([0, 1]),

ϕi(0) = 0, i ∈ {1, 2}; äîïóñòèìû u(·), ïðèíèìàþùèå çíà÷åíèÿ èç îãðàíè÷åííîãî ìíîæåñòâà

V ⊂ R
m
(êëàññ òàêèõ óïðàâëåíèé îáîçíà÷èì D). Äàëåå, êàê áûëî ñêàçàíî âî ââåäåíèè, èçó÷àåì

êëàññ óïðàâëÿåìûõ ñèñòåì (1) ñ ïðàâûìè ÷àñòÿìè âèäà

g(t, l, v) ≡ g1(t, l0)l1 + g2(t, l0)l2 + g0(t, l0, v)

è ñ÷èòàåì âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ:

(a) �óíêöèÿ g0(t, l0, v) äâàæäû äè��åðåíöèðóåìà ïî l0 ïðè êàæäîì v äëÿ ïî÷òè âñåõ t
è âìåñòå ñ ïðîèçâîäíûìè g ′

0l0
, g ′′

0l0l0
èçìåðèìà ïî t ïðè ëþáûõ {l0, v}, íåïðåðûâíà ïî {l0, v} äëÿ

ïî÷òè êàæäîãî t è îãðàíè÷åíà íà ëþáîì îãðàíè÷åííîì ìíîæåñòâå;

(b) (n× n)-ìàòðèöû-�óíêöèè g1(t, l0) è g2(t, l0) äâàæäû äè��åðåíöèðóåìû ïî l0 äëÿ ïî÷òè
âñåõ t è âìåñòå ñ ïðîèçâîäíûìè g ′

1l0
, g ′′

1l0l0
, g ′

2l0
, g ′′

2l0l0
èçìåðèìû ïî t ïðè ëþáûõ l0, íåïðåðûâíû

ïî l0 äëÿ ïî÷òè êàæäîãî t è îãðàíè÷åíû íà ëþáîì îãðàíè÷åííîì ìíîæåñòâå;

(c) íà ëþáîì îãðàíè÷åííîì ìíîæåñòâå ýëåìåíòîâ l0 �óíêöèè g ′
1l0
, g ′

2l0
íåïðåðûâíû ïî l0

ðàâíîìåðíî îòíîñèòåëüíî t ∈ Π;
(d) g1(t, l0) (ñîîòâåòñòâåííî g2(t, l0)) íåïðåðûâíà ïî t1 (ñîîòâåòñòâåííî ïî t2) äëÿ êàæäîãî l0

ïðè ïî÷òè âñåõ t2 (ñîîòâåòñòâåííî t1).
Çàìåòèì, ÷òî óñëîâèå (a) çàâåäîìî âûïîëíåíî (ñîîòâåòñòâåííî óñëîâèÿ (b), (c), (d) çàâåäîìî

âûïîëíåíû), åñëè �óíêöèÿ g0 íåïðåðûâíà (ñîîòâåòñòâåííî �óíêöèè gi (i = 1, 2) íåïðåðûâíû)
ïî ñîâîêóïíîñòè ïåðåìåííûõ âìåñòå ñ ïðîèçâîäíûìè g ′

0l0
, g ′′

0l0l0
(ñîîòâåòñòâåííî g ′

il0
, g ′′

il0l0
(i =

= 1, 2)).
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Äëÿ ñîêðàùåíèÿ çàïèñè ââåäåì îáîçíà÷åíèÿ

2

: M ≡ Ln
∞ × Ln

p × Ln
p , N0 ≡ Ln×n

p , N1 ≡ Ln×n
∞ ,

N ≡ N0 × N1 ×N1; ýëåìåíòû M íàì óäîáíî ñ÷èòàòü 3n-âåêòîð-�óíêöèÿìè, à ýëåìåíòû N �

(n× 3n)-ìàòðèöàìè-�óíêöèÿìè.
Ïðè ñ�îðìóëèðîâàííûõ óñëîâèÿõ åñòåñòâåííî ðàññìàòðèâàòü ðåøåíèÿ çàäà÷è (1)�(2) èç

êëàññà W �óíêöèé x(·) ∈ ACn
p , óäîâëåòâîðÿþùèõ óñëîâèÿì (2). Ôóíêöèþ x ∈W íàçîâåì îòâå-

÷àþùèì óïðàâëåíèþ u ∈ D ãëîáàëüíûì ðåøåíèåì çàäà÷è (1)�(2), åñëè ïàðà x, u îáðàùàåò (1)

â òîæäåñòâî ïî÷òè âñþäó íà Π. Êàê ïîêàçàíî â [8℄, óïðàâëåíèþ u ∈ D íå ìîæåò îòâå÷àòü áî-

ëåå îäíîãî òàêîãî ðåøåíèÿ. Ìíîæåñòâî òåõ u ∈ D, êàæäîìó èç êîòîðûõ îòâå÷àåò ãëîáàëüíîå

ðåøåíèå x ∈W çàäà÷è (1)�(2), îáîçíà÷èì Ω.
Ââåäåì îáîçíà÷åíèÿ äëÿ íóæíûõ íàì îïåðàòîðîâ:

A0[z](t) ≡

∫ t1

0

∫ t2

0
z(ξ1, ξ2) dξ1 dξ2, A1[z](t) ≡

∫ t2

0
z(t1, ξ) dξ, A2[z](t) ≡

∫ t1

0
z(ξ, t2) dξ,

A[z] (t) ≡ {A0[z](t), A1[z](t), A2[z](t)}, t ∈ Π, z ∈ Ln
p ;

E [x] (t) ≡
{
x(t), x′

t1
(t), x′

t2
(t)

}
, t ∈ Π, x ∈ ACn

p . Î÷åâèäíî, A ∈ L(Ln
p ,M), E

[
ACn

p

]
⊂ M. Ïóñòü

x0 ∈W � ðåøåíèå çàäà÷è (1)�(2), îòâå÷àþùåå óïðàâëåíèþ u0 ∈ Ω. Äëÿ v ∈ V ïîëîæèì

∆vg(·) ≡ g(·, x0(·), x
′
0t1(·), x

′
0t2(·), v) − g(·, x0(·), x

′
0t1(·), x

′
0t2(·), u0(·)),

àíàëîãè÷íûé ñìûñë ó îáîçíà÷åíèé ∆vg0(·) è∆vg
′
l(·).Äëÿ u ∈ D ïîëîæèì r(u) ≡ ‖A[∆u(·)g(·)]‖M.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà îá óñëîâèÿõ ñîõðàíåíèÿ (ïðè âîçìóùåíèè óïðàâëåíèÿ) ãëî-

áàëüíîé ðàçðåøèìîñòè çàäà÷è (1)�(2) (ñì. [8℄).

Òåîðåìà 1. Äëÿ ëþáîãî u0 ∈ Ω ñóùåñòâóþò ÷èñëà κ > 0, C > 0 òàêèå, ÷òî âñÿêîå óïðàâ-

ëåíèå u ∈ D, óäîâëåòâîðÿþùåå íåðàâåíñòâó r(u) < κ, ïðèíàäëåæèò Ω è ïðè ýòîì

‖E[x− x0]‖M 6 Cr(u),
∥∥(x− x0)

′′
t1t2

∥∥
Ln
p
6 C‖∆u(·)g(·)‖Ln

p
,

ãäå x ∈W � ãëîáàëüíîå ðåøåíèå çàäà÷è (1)�(2), îòâå÷àþùåå óïðàâëåíèþ u.

�àññìîòðèì çàäà÷ó îïòèìèçàöèè

J [u] ≡ G(xu(1, 1)) → max, u ∈ Ω, (3)

ãäå G(·) : Rn → R � äâàæäû íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ, xu � ðåøåíèå (1)�(2),

îòâå÷àþùåå óïðàâëåíèþ u ∈ Ω. Âåçäå íèæå: u0 � �èêñèðîâàííîå ðåøåíèå çàäà÷è (3), x0 ≡ xu0
;

u � íåêîòîðûé ýëåìåíò Ω.
2. Ïðèíöèï ìàêñèìóìà è îñîáûå óïðàâëåíèÿ. Ñ�îðìóëèðóåì äëÿ çàäà÷è (3) ÏÏÌ.

Ñ÷èòàÿ îïåðàòîð A ýëåìåíòîì êëàññà L
(
Ln
p ,M

)
, ðàññìîòðèì ñîïðÿæåííûé ê íåìó îïåðàòîð A∗,

ïðåäñòàâëÿåìûé íà ïîäïðîñòðàíñòâå Ln
1 × Ln

q × Ln
q ïðîñòðàíñòâà M

∗
�îðìóëàìè

A∗[z] (t) ≡ A∗
0[z

(0)] (t) +A∗
1[z

(1)] (t) +A∗
2[z

(2)](t), t ∈ Π,

A∗
0[z

(0)](t) ≡

∫ 1

t1

∫ 1

t2
z(0)(ξ1, ξ2) dξ1 dξ2, A∗

1[z
(1)](t) ≡

∫ 1

t2
z(1)(t1, ξ) dξ,

A∗
2[z

(2)](t) ≡

∫ 1

t1
z(2)(ξ, t2) dξ, z =

{
z(0), z(1), z(2)

}
∈ Ln

1 × Ln
q × Ln

q .

Ïóñòü X0 ≡ (G′(x0(1, 1)))
∗. Óðàâíåíèå

ψ(t) −A∗
[{
g′l(·)

}∗
ψ(·)

]
(t) = X0, t ∈ Π, (4)

ãäå g′l(t) ≡ g′l(t, x0(t), x
′
0t1(t), x

′
0t2(t), u0(t)), t ∈ Π, èìååò åäèíñòâåííîå â Ln

∞ ðåøåíèå ψ (ñì. [9℄).

Ïîëîæèì

π(t, v) ≡ 〈ψ(t),∆vg(t)〉n, t ∈ Π, v ∈ V.

Äëÿ çàäà÷è (3) ñïðàâåäëèâî ñëåäóþùåå ÍÓÎ â âèäå ÏÏÌ [9, òåîðåìà 3℄.

2

Çíà÷îê Π â îáîçíà÷åíèÿõ, êàê ïðàâèëî, îïóñêàåì; â ñêàëÿðíîì ñëó÷àå îïóñêàåì çíà÷îê, îáîçíà÷àþùèé

ðàçìåðíîñòü. Íàïðèìåð, âìåñòî ACn
p (Π), Ln

p (Π), L1

p(Π) ïèøåì ñîîòâåòñòâåííî ACn
p , L

n
p , Lp.
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Òåîðåìà 2. Äëÿ ëþáîãî v ∈ V ïðè ïî÷òè âñåõ τ ∈ Π âûïîëíÿåòñÿ íåðàâåíñòâî π(τ, v) 6 0.

Ñ�îðìóëèðîâàííûé ÏÏÌ ìîæíî ñ÷èòàòü ÍÓÎ ïåðâîãî ïîðÿäêà îòíîñèòåëüíî òðàäèöèîí-

íîãî èãîëü÷àòîãî âàðüèðîâàíèÿ, êîòîðîå ìîæíî ââåñòè ñëåäóþùèì îáðàçîì. Ïóñòü Σ � ñîâî-

êóïíîñòü âñåõ íàáîðîâ σ ≡ {τ, v}, â êàæäîì èç êîòîðûõ v � êàêîé-òî ýëåìåíò V , τ ∈ Π �

íåêîòîðàÿ ïðàâèëüíàÿ òî÷êà Ëåáåãà �óíêöèè π(·, v); H � ñåìåéñòâî âñåõ ïàð h ≡ {σ, ε},
â êàæäîé èç êîòîðûõ σ ≡ {τ, v} ∈ Σ, à ε � òàêîå ïîëîæèòåëüíîå ÷èñëî, ÷òî ìíîæåñòâî

Πε(τ) ≡ τ − ε[0, 1]2 ïðèíàäëåæèò Π. Êàæäîìó h ≡ {σ, ε} ∈ H îòâå÷àåò äîïóñòèìîå óïðàâ-

ëåíèå uh(t) ≡ {v, t ∈ Πε(τ); u0(t), t ∈ Π \ Πε(τ)}, à êàæäîìó íàáîðó ïàðàìåòðîâ âàðüèðîâà-

íèÿ σ ∈ Σ � ñåìåéñòâî �óíêöèé {uh(·)}h≡{σ,ε}∈H � ïðîñòåéøàÿ îäíîòî÷å÷íàÿ èãîëü÷àòàÿ

âàðèàíòà (ÏÎÈÂ) óïðàâëåíèÿ u0.
Íàçîâåì M ≡ {{t, v} ∈ Π× V : π(t, v) = 0} îñîáûì ìíîæåñòâîì ÏÏÌ äëÿ óïðàâëåíèÿ u0.

Ïðè ïî÷òè êàæäîì t ∈ Π çíà÷åíèå u0 (t) îïòèìàëüíîãî óïðàâëåíèÿ u0 ïðèíàäëåæèò ñå÷åíèþ

M(t) ≡ {v ∈ V : {t, v} ∈ M} ìíîæåñòâàM. Óïðàâëåíèå u0 íàçûâàåì îñîáûì óïðàâëåíèåì (ÎÓ)

ÏÏÌ, åñëè

mes {t ∈ Π: M(t) 6= {u0(t)}} > 0.

�îâîðèì òîãäà, ÷òî ÏÏÌ âûðîæäàåòñÿ íà ÎÓ ÏÏÌ, è íàçûâàåì ÎÓ ÏÏÌ òàêæå âûðîæäåííûì

óïðàâëåíèåì ÏÏÌ. Ïóñòü Π∗ ≡ {t ∈ Π: M(t) 6= {u0(t)}}. Ñëó÷àé, êîãäà mesΠ∗ = mesΠ è ïðè

ïî÷òè âñåõ t ∈ Π ñå÷åíèÿ M(t) ñîâïàäàþò ñ V, íàçîâåì ñëó÷àåì ïîëíîãî âûðîæäåíèÿ ÏÏÌ.

Â ñëó÷àå ïîëíîãî âûðîæäåíèÿ ÏÏÌ ìîæíî ïîëó÷èòü ÍÓÎ ÎÓ ñ ïîìîùüþ ïðîñòåéøåãî îä-

íîòî÷å÷íîãî èãîëü÷àòîãî âàðüèðîâàíèÿ (ñì. [11℄). Â îáùåì ñëó÷àå òàêîå âàðüèðîâàíèå, âîîáùå

ãîâîðÿ, íå äàåò ñîäåðæàòåëüíûõ ÍÓÎ ÎÓ, òàê êàê ãðà�èê ïðîñòåéøåé èãîëü÷àòîé âàðèàíòû

ìîæåò íå ïðèíàäëåæàòü ìíîæåñòâó M. ×òîáû èññëåäîâàòü îáùèé ñëó÷àé, âîñïîëüçóåìñÿ áîëåå

îáùèì ñïîñîáîì îäíîòî÷å÷íîãî âàðüèðîâàíèÿ, ÷åì ÏÎÈÂ.

3. Âûðîæäåííûå îñîáûå óïðàâëåíèÿ. Ïóñòü u0 � ÎÓ ÏÏÌ. Ïîëîæèì ∆uJ ≡ J [u] −
−J [u0], u ∈ Ω. Çàìåòèì, ÷òî π(t, v) : Π× V → R � �óíêöèÿ Êàðàòåîäîðè, è ïîýòîìó (ñì. [12,

ï. 8.1.5℄) îòîáðàæåíèå M(·) : Π → 2V èçìåðèìî è èìååò ñ÷åòíîå àïïðîêñèìèðóþùåå åãî ñåìåé-

ñòâî èçìåðèìûõ �óíêöèé K ≡ {vk(t), t ∈ Π}∞k=1, òî åñòü ñóùåñòâóåò Π0 ⊂ Π òàêîå, ÷òî

M(t) =

{
∞⋃

k=1

{vk(t)}

}
, t ∈ Π0, mesΠ0 = mesΠ.

Îáîçíà÷èì ÷åðåç Πl òó ÷àñòü ìíîæåñòâà Π0, êàæäàÿ òî÷êà êîòîðîé åñòü òî÷êà Ëåáåãà ñóïåð-

ïîçèöèè π(·, vk(·)) äëÿ ëþáîé �óíêöèè vk ñåìåéñòâà K. Î÷åâèäíî, mesΠl = mesΠ.
Ïóñòü Σ � ñîâîêóïíîñòü âñåõ íàáîðîâ ζ ≡ {τ, vk}, â êàæäîì èç êîòîðûõ τ � íåêîòîðàÿ

òî÷êà ìíîæåñòâà Πl, à vk � êàêîé-òî ýëåìåíò K; H � ñåìåéñòâî âñåõ ïàð h ≡ {ζ, ε}, â êàæäîé
èç êîòîðûõ ζ ≡ {τ, vk} ∈ Σ, à ε � òàêîå ïîëîæèòåëüíîå ÷èñëî, ÷òî Πε(τ) ⊂ Π. Êàæäîìó
h ≡ {ζ, ε} ∈ H îòâå÷àåò äîïóñòèìîå óïðàâëåíèå

uh(t) ≡ {vk(t), t ∈ Πε(τ); u0(t), t ∈ Π \ Πε(τ)},

à êàæäîìó íàáîðó ïàðàìåòðîâ âàðüèðîâàíèÿ ζ ≡ {τ, vk} ∈ Σ � ñåìåéñòâî {uh(·)}h≡{ζ,ε}∈H ,
îäíîòî÷å÷íàÿ èãîëü÷àòàÿ âàðèàíòà óïðàâëåíèÿ u0. Òàêîé ñïåöèàëüíûé ñïîñîá âàðüèðîâàíèÿ

íàçîâåì îäíîòî÷å÷íûì èãîëü÷àòûì âàðüèðîâàíèåì, ñâÿçàííûì ñ ìíîæåñòâîì M. Ïðåäåë
δγ−1J(ζ) ≡ lim

ε→0
ε−γ∆uh

J, åñëè îí ñóùåñòâóåò ïðè íåêîòîðîì γ > 2, íàçîâåì âàðèàöèåé ïîðÿäêà

γ − 1 �óíêöèîíàëà J íà âàðèàíòå {uh(·)}h≡{ζ,ε}∈H ; ñîîòâåòñòâåííî, ÍÓÎ âèäà δγ−1J(ζ) 6 0
(ζ ∈ Σ) íàçîâåì ÍÓÎ ïîðÿäêà γ − 1 óïðàâëåíèÿ u0 ïðè îäíîòî÷å÷íîì èãîëü÷àòîì âàðüèðî-

âàíèè, ñâÿçàííîì ñ ìíîæåñòâîì M. Äëÿ óêàçàííîãî ñïîñîáà âàðüèðîâàíèÿ ïåðâàÿ âàðèàöèÿ

δJ(ζ) ≡ ≡ δJ(τ, vk) ≡ lim
ε→0

(
ε−2∆uh

J
)
ïðè ëþáîì ζ ≡ {τ, vk} ∈ Σ ñóùåñòâóåò è ðàâíà π(τ, vk(τ)).

Òàê êàê K àïïðîêñèìèðóåò îòîáðàæåíèå M(·), òî äëÿ ÎÓ u0 èìååì δJ(ζ) ≡ 0, ζ ∈ Σ. Íàçîâåì
ÎÓ u0 âûðîæäåííûì ÎÓ äëÿ îäíîòî÷å÷íîãî èãîëü÷àòîãî âàðüèðîâàíèÿ, ñâÿçàííîãî ñ ìíîæå-

ñòâîì M, åñëè òîæäåñòâåííî çàíóëÿåòñÿ âàðèàöèÿ 2-ãî ïîðÿäêà: δ2J(ζ) ≡ 0, ζ ∈ Σ.
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Ïðè óñëîâèÿõ (a), (b), (c), (d) ïîëó÷àåì ∆uh
J = O(ε4), ε → 0 (ζ ∈ Σ). Òî åñòü ñïðàâåäëèâà

ñëåäóþùàÿ òåîðåìà î âûðîæäåíèè ÎÓ.

Òåîðåìà 3. Åñëè óïðàâëåíèå u0 � ÎÓ äëÿ ÏÏÌ, òî u0 � âûðîæäåííîå ÎÓ äëÿ îäíîòî-

÷å÷íîãî èãîëü÷àòîãî âàðüèðîâàíèÿ, ñâÿçàííîãî ñ îñîáûì ìíîæåñòâîì ÏÏÌ äëÿ ýòîãî óïðàâ-

ëåíèÿ, è ñîäåðæàòåëüíûìè äëÿ u0 ìîãóò áûòü ëèøü ÍÓÎ ïîðÿäêà, áîëüøåãî 2.

Â óñëîâèÿõ òåîðåìû 3 ïðè îäíîòî÷å÷íîì èãîëü÷àòîì âàðüèðîâàíèè, ñâÿçàííîì ñ ìíîæå-

ñòâîì M, íà ëþáîé âàðèàíòå óïðàâëåíèÿ u0 ñóùåñòâóåò òðåòüÿ âàðèàöèÿ �óíêöèîíàëà J, ÷òî
ïîçâîëÿåò ïîëó÷èòü äëÿ âûðîæäåííîãî ÎÓ ñîäåðæàòåëüíûå ÍÓÎ òðåòüåãî ïîðÿäêà. ×òîáû

ñ�îðìóëèðîâàòü ñîîòâåòñòâóþùèé ðåçóëüòàò (òåîðåìà 4), ââåäåì ñïåöèàëüíûå îáîçíà÷åíèÿ:

Γ ≡ {{i, j} : i ∈ 1, n, j ∈ 1, 3n; ∆vg
i′
lj(t) = 0 äëÿ ëþáîãî v ∈ V ïðè ïî÷òè âñåõ t ∈ Π}; åñëè

X = (Xij) � (n× 3n)-ìàòðèöà, òî X̃ = (X̃ij) � (n× 3n)-ìàòðèöà, â êîòîðîé

X̃ij ≡ {0, {i, j} ∈ Γ; Xij, {i, j} /∈ Γ} ,

X0
� 3n2-ñòîëáåö, ïîëó÷åííûé ðàçâåðòûâàíèåì X ïî ïðàâèëó ¾ñòîëáåö çà ñòîëáöîì¿: X0 ≡

≡ {X11,X21, . . . ,Xn1,X12,X22, . . . ,Xn 3n}, à M [·] � îáðàòíûé îïåðàòîð ñâåðòûâàíèÿ 3n2-ñòîëá-

öà â (n× 3n)-ìàòðèöó; g′′ll(·)[x, y] ≡
3n∑
i=1

3n∑
j=1

g′′
lilj

(·)xiyj, x, y ∈ R
3n.

Ôîðìóëû

b0[x, y] ≡ 2−1

〈
G′′(x0(1, 1))

∫∫

Π
x(t) dt,

∫∫

Π
y(t) dt

〉

n

, x, y ∈ Ln
1 ,

b1[x, y] ≡ 2−1

∫∫

Π

〈
ψ(t), g′′ll(t, x0(t), u0(t))[A[x](t), A[y](t)]

〉
n
dt, x, y ∈ Ln

1 ,

b2[x, y] ≡

∫∫

Π

〈
ψ(t), M̃ [y(t)]A[x](t)

〉

n
dt, x ∈ Ln

1 , y ∈ L3n2

1 ,

çàäàþò îãðàíè÷åííûå áèëèíåéíûå �óíêöèîíàëû íàä Ln
1×L

n
1 , L

n
1×L

n
1 , L

n
1×L

3n2

1 ñîîòâåòñòâåííî.

Ëþáîé îãðàíè÷åííûé áèëèíåéíûé íàä Ln1

1 × Ln2

1 �óíêöèîíàë b[·, ·] åäèíñòâåííûì îáðàçîì

ïðåäñòàâèì â âèäå

b[x, y] =

∫∫

Π
dt

∫∫

Π
x∗(t)Θ(t, s)y(s) ds, x ∈ Ln1

1 , y ∈ Ln2

1 , (5)

ãäå Θ ∈ Ln1×n2

∞ (Π×Π). Ïóñòü Θ0 è Θ1 � (n× n)-ìàòðèöû, îòâå÷àþùèå ïî �îðìóëå (5) �óíê-
öèîíàëàì b0 è b1; Θ2 � (n× 3n2)-ìàòðèöà, îòâå÷àþùàÿ �óíêöèîíàëó b2. Íåïîñðåäñòâåííî ïî
îïðåäåëåíèþ ìàòðèö Θi íàõîäèì Θ0(t, s) ≡ 2−1G′′(x0(1, 1));

Θ1(t, s) ≡ 2−1

{ ∫ 1

max{t1,s1}

∫ 1

max{t2,s2}
Ξ00(ξ) dξ + K(s1 − t1)

∫ 1

max{t2,s2}
Ξ01(s

1, ξ2) dξ2 +

+ K(s2 − t2)

∫ 1

max{t1,s1}
Ξ02(ξ

1, s2) dξ1 + K(t1 − s1)

∫ 1

max{t2,s2}
Ξ10(t

1, ξ2) dξ2 +

+ K(t2 − s2)

∫ 1

max{t1,s1}
Ξ20(ξ

1, t2) dξ1

}
(t, s ∈ Π),

ãäå K(·) � �óíêöèÿ Õåâèñàéäà,

Ξij(t) ≡
{
〈ψ(t), g(t, l, u0(t))〉n

}′′

lilj

∣∣∣
l={E[x0](t)}

, i, j = 0, 1, 2, t ∈ Π;

Θ2(t, s) ≡
(
Θij

2 (t, s)
)
, 1 6 i 6 n, 1 6 j 6 3n2 (t, s ∈ Π),
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ãäå

Θij
2 (t, s) =

{
ψj−(i−1)n(s)K(s1 − t1)K(s2 − t2), åñëè (i− 1)n + 1 6 j 6 in,
0, åñëè j 6 (i− 1)n èëè j > in.

Ôîðìóëû K[z](t) ≡ g′l(t)A[z](t), S[z](t) ≡ z(t) − K[z](t), z ∈ Ln
1 , t ∈ Π, çàäàþò îïåðà-

òîðû K, S ∈ L (Ln
1 , L

n
1 ) . Ëåâàÿ ÷àñòü (4) ðàâíà S∗[ψ](t) ≡ ψ(t) − K∗[ψ](t), t ∈ Π, ïðè÷åì

îïåðàòîð K∗ ∈ L(Ln
∞, L

n
∞) êâàçèíèëüïîòåíòåí. Òàê êàê çàìêíóòîå â Ln

∞, èíâàðèàíòíîå (â ñèëó
óñëîâèÿ (d)) îòíîñèòåëüíî K∗

ïîäïðîñòðàíñòâî Cn(Π) ñîäåðæèò �óíêöèþ-ïîñòîÿííóþ X0, òî
è Ln

∞-ðåøåíèå ψ óðàâíåíèÿ (4) ïðèíàäëåæèò Cn(Π). Èç ïðèâåäåííûõ âûøå �îðìóë ñëåäóåò,

÷òî Θ1(t, s) íåïðåðûâíà íà Π × Π, à Θ2(t, s) íåïðåðûâíà âåçäå íà Π × Π, çà èñêëþ÷åíèåì, ìî-
æåò áûòü, òî÷åê ãðàíèöû òåëà ∆ ≡ {{t, s} ∈ Π×Π: s > t}, â êîòîðûõ âîçìîæåí åå êîíå÷íûé

ñêà÷îê

3

. Òàêèì îáðàçîì, Θ0, Θ1 ∈ Ln×n
∞ (Π×Π), Θ2 ∈ Ln×3n2

∞ (Π×Π).
Ïóñòü Ik � òîæäåñòâåííûé îïåðàòîð â Lk

1; L
n
1 ⊗ Lk

1 � ïðîåêòèâíîå òåíçîðíîå ïðîèçâåäåíèå

Ln
1 è Lk

1, íàòÿíóòîå íà ýëåìåíòû x(t) ⊗ y(s) ≡ x(t)y∗(s) (x ∈ Ln
1 , y ∈ Lk

1) è ñîâïàäàþùåå

ñ Ln×k
1 (Π×Π). �àññìàòðèâàåìîå íàä Ln×n

∞ (Π×Π) óðàâíåíèå

(S ⊗ S)∗[η(t, s)] = Θi(t, s) (6)

èìååò åäèíñòâåííîå ðåøåíèå ηi(t, s) (i = 0, 1). Óðàâíåíèå

(S ⊗ I3n2)∗[η(t, s)] = Θ2(t, s) (7)

èìååò åäèíñòâåííîå â Ln×3n2

∞ (Π×Π) ðåøåíèå η2(t, s). Â áîëåå ïîäðîáíîé çàïèñè óðàâíåíèÿ (6)

è (7) èìåþò âèä ñîîòâåòñòâåííî

η(t, s) − (I∗n ⊗A∗)
[
η(t, s) ·

{
g
′

l (s)
}]

− (A∗ ⊗ I∗n)
[{
g
′

l (t)
}∗

· η (t, s)
]
+

+(A∗ ⊗A∗)
[{
g
′

l (t)
}∗

· η (t, s) ·
{
g
′

l (s)
}]

= Θi (t, s) (t, s ∈ Π)

(i = 0, 1) è

η(t, s)−
(
A∗ ⊗ I∗3n2

) [{
g
′

l (t)
}∗

· η (t, s)
]
= Θ2 (t, s) (t, s ∈ Π).

Çäåñü êàæäûé ïåðâûé ñîìíîæèòåëü â òåíçîðíîì ïðîèçâåäåíèè îïåðàòîðîâ ¾äåéñòâóåò ïî ïå-

ðåìåííîé t¿, à êàæäûé âòîðîé � ïî ïåðåìåííîé s, I∗n � òîæäåñòâåííûé îïåðàòîð â Ln
∞.

Âèä óðàâíåíèé (6), (7) ïîçâîëÿåò óòâåðæäàòü, ÷òî �óíêöèè η0(t, s) è η1(t, s) íåïðåðûâíû íà

Π×Π, à �óíêöèÿ η2(t, s) êóñî÷íî-íåïðåðûâíà íà Π×Π, ïðè÷åì îíà ìîæåò èìåòü ëèøü ðàçðûâû

òèïà êîíå÷íîãî ñêà÷êà â òî÷êàõ ãðàíèöû òåëà ∆, âíå êîòîðîãî îíà ðàâíà íóëþ. Äåéñòâèòåëüíî,
óðàâíåíèå (6) ïðåäñòàâèìî â âèäå

η(t, s)−A∗[η](t, s) = Θi(t, s), t ∈ Π, s ∈ Π,

ãäå îïåðàòîð A∗ ≡ (K⊗In+In⊗K−K⊗K)∗ ∈ L
(
Ln×n
∞ (Π×Π), Ln×n

∞ (Π×Π)
)
êâàçèíèëüïîòåíòåí.

Çàìêíóòîå ïîäïðîñòðàíñòâî Cn×n(Π×Π) ïðîñòðàíñòâà Ln×n
∞ (Π×Π) èíâàðèàíòíî îòíîñèòåëü-

íî A∗
(â ñèëó óñëîâèÿ (d)) è ñîäåðæèò �óíêöèè Θi (i = 0, 1), ïîýòîìó Ln×n

∞ (Π × Π)-ðåøåíèå
óðàâíåíèÿ (6) è ïðè i = 0 è ïðè i = 1 ïðèíàäëåæèò Cn×n(Π× Π). Óðàâíåíèå (7) ïðåäñòàâèìî
â âèäå

η(t, s)− B∗[η](t, s) = Θ2(t, s), t ∈ Π, s ∈ Π,

ãäå îïåðàòîð B∗ ≡ (K ⊗ I3n2)∗ ∈ L
(
Ln×3n2

∞ (Π × Π), Ln×3n2

∞ (Π × Π)
)
êâàçèíèëüïîòåíòåí. Ìíî-

æåñòâî G �óíêöèé, êóñî÷íî-íåïðåðûâíûõ íà Π × Π ñ åäèíñòâåííî âîçìîæíûìè ðàçðûâàìè

òèïà êîíå÷íîãî ñêà÷êà â òî÷êàõ ãðàíèöû òåëà ∆ è ðàâíûõ íóëþ âíå ýòîãî òåëà, çàìêíóòî

â Ln×3n2

∞ (Π × Π), èíâàðèàíòíî îòíîñèòåëüíî B∗
(â ñèëó óñëîâèÿ (d)) è ñîäåðæèò �óíêöèþ

Θ2(t, s). Ïîýòîìó L
n×3n2

∞ (Π × Π)-ðåøåíèå η2(t, s) óðàâíåíèÿ (7) òàêæå ïðèíàäëåæèò G. Äàëåå

3

�îâîðèì, ÷òî �óíêöèÿ Θ èìååò â òî÷êå ãðàíèöû òåëà ∆ ⊂ Π × Π êîíå÷íûé ñêà÷îê, åñëè â ýòîé òî÷êå

ñóùåñòâóþò ðàçëè÷íûå êîíå÷íûå ïðåäåëû Θ ïî âíóòðåííîñòè

◦

∆ ìíîæåñòâà ∆ è ïî ìíîæåñòâó (Π× Π) \∆.
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áóäåì ñ÷èòàòü, ÷òî η2 � òîò ïðåäñòàâèòåëü ñîîòâåòñòâóþùåãî êëàññà ýêâèâàëåíòíîñòè, äëÿ

êîòîðîãî η2(τ, τ) = lim
{t,s}→{τ,τ}, {t,s}∈

◦

∆

2−2η2(t, s) ïðè ïî÷òè âñåõ τ ∈ Π. Ïåðåõîäÿ ê ïðåäåëó

â óðàâíåíèè (7), íàõîäèì, ÷òî äëÿ ïî÷òè êàæäîãî τ ∈ Π

ηij2 (τ, τ) =

{
2−2ψj−(i−1)n(τ), åñëè (i− 1)n + 1 6 j 6 in,
0, åñëè j 6 (i− 1)n èëè j > in,

1 6 i 6 n, 1 6 j 6 3n2.

Ïîëîæèì

Υ(t, s;w, v) ≡
〈
∆wg(t), {η0(t, s) + η1(t, s)}∆vg(s) + η2(t, s){∆vg

′
l(s)}

0
〉
n
, t, s ∈ Π, w, v ∈ V.

Ïðè óñëîâèÿõ (a), (b), (c), (d) äëÿ êàæäîãî vk ∈ K ïðè ïî÷òè âñåõ τ ∈ Π ñóùåñòâóåò âàðè-

àöèÿ δ3J(τ, vk) ≡ lim
ε→0

(
ε−4∆vhJ

)
, è îíà ðàâíà Υ(τ, τ ; vk(τ), vk(τ)). Òàê êàê K àïïðîêñèìèðóåò

îòîáðàæåíèå M(·), òî îòñþäà âûòåêàåò ñëåäóþùåå ÍÓÎ ïîðÿäêà 3.

Òåîðåìà 4. Ïóñòü u0 � ÎÓ äëÿ ÏÏÌ. Äëÿ îïòèìàëüíîñòè óïðàâëåíèÿ u0 íåîáõîäèìî

âûïîëíåíèå ñëåäóþùåãî óñëîâèÿ: Υ(τ, τ ;w,w) 6 0 äëÿ ëþáîãî w ∈ M(τ) ïðè ïî÷òè âñåõ τ ∈ Π.
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On singular ontrols of a maximum priniple for the problem of the Goursat-Darboux system

optimization

Keywords: nonlinear Goursat�Darboux system, solutions having summable mixed derivatives, terminal

optimization problem, maximum priniple, singular ontrols.

MSC: 49K20

The paper deals with the terminal optimization problem onneted with the Goursat�Darboux ontrol system.

The right-hand side of the di�erential equation is a full nonlinear Caratheodory funtion. We onsider the

ase in whih solutions of the Goursat�Darboux system neessarily belong to a lass of funtions with p-
integrable (for some p > 1) mixed derivatives. In our ase a hoie of this lass is de�ned by boundary

funtions. We study singular ontrols in the sense of the pointwise maximum priniple that are ontrols for

whih this priniple is strong degenerate, i. e., degenerate together with seond-order optimality onditions.

It is shown that for strong degeneration of the pointwise maximum priniple it is su�ient that right-hand

side with respet to state derivatives is a�ne and these derivatives and ontrol are separated additively.

Neessary optimality onditions of the singular ontrols are given for this ase. These onditions generalize

similar neessary optimality onditions whih were obtained for more smooth right-hand sides in the ase of

solutions with bounded mixed derivatives.
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