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ÄÈÑÊ�ÅÒÍÛÕ ÖÅÏÅÉ ÌÀ�ÊÎÂÀ
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Â ðàáîòå äàí îáçîð ïðîáëåì, ïðèâîäÿùèõ ê íåîáõîäèìîñòè àíàëèçà ìîäåëåé ëèíåéíûõ è íåëèíåéíûõ

äèíàìè÷åñêèõ ñèñòåì â �îðìå ñòîõàñòè÷åñêèõ äè��åðåíöèàëüíûõ óðàâíåíèé ñî ñëó÷àéíûìè çàïàçäû-

âàíèÿìè ðàçëè÷íîãî òèïà, à òàêæå ïðåäñòàâëåíû íåêîòîðûå èçâåñòíûå ìåòîäû ðåøåíèÿ ýòèõ çàäà÷.

Äàëåå â ñòàòüå ïðåäëàãàþòñÿ íîâûå ïîäõîäû ê ïðèáëèæåííîìó àíàëèçó ëèíåéíûõ è íåëèíåéíûõ ñòîõà-

ñòè÷åñêèõ äèíàìè÷åñêèõ ñèñòåì, èçìåíåíèÿ çàïàçäûâàíèé êîòîðûõ îïèñûâàþòñÿ äèñêðåòíîé ìàðêîâ-

ñêîé öåïüþ ñ íåïðåðûâíûì âðåìåíåì. Èñïîëüçóåìûå ïîäõîäû áàçèðóþòñÿ íà ñî÷åòàíèè êëàññè÷åñêîãî

ìåòîäà øàãîâ, ðàñøèðåíèÿ ïðîñòðàíñòâà ñîñòîÿíèÿ ñòîõàñòè÷åñêîé ñèñòåìû è ìåòîäà ñòàòèñòè÷åñêî-

ãî ìîäåëèðîâàíèÿ (Ìîíòå-Êàðëî). Â ðàññìàòðèâàåìîì ñëó÷àå òàêîé ïîäõîä ïîçâîëèë óïðîñòèòü çàäà÷ó

è ïðèâåñòè èñõîäíûå óðàâíåíèÿ ê ñèñòåìàì ñòîõàñòè÷åñêèõ äè��åðåíöèàëüíûõ óðàâíåíèé áåç çàïàçäû-

âàíèÿ. Áîëåå òîãî, äëÿ ëèíåéíûõ ñèñòåì ïîëó÷åíà çàìêíóòàÿ ïîñëåäîâàòåëüíîñòü ñèñòåì îáûêíîâåííûõ

äè��åðåíöèàëüíûõ óðàâíåíèé óâåëè÷èâàþùåéñÿ ðàçìåðíîñòè îòíîñèòåëüíî �óíêöèé óñëîâíûõ ìàòå-

ìàòè÷åñêèõ îæèäàíèé è êîâàðèàöèé âåêòîðà ñîñòîÿíèÿ. Èçëîæåííàÿ ñõåìà äåìîíñòðèðóåòñÿ íà ïðèìåðå

ñòîõàñòè÷åñêîé ñèñòåìû âòîðîãî ïîðÿäêà, èçìåíåíèÿ çàïàçäûâàíèÿ êîòîðîé îïèñûâàþòñÿ ìàðêîâñêîé

öåïüþ ñ ïÿòüþ ñîñòîÿíèÿìè. Âñå ðàñ÷åòû è ïîñòðîåíèå ãðà�èêîâ ïðîâîäèëèñü â ñðåäå ìàòåìàòè÷åñêîãî

ïàêåòà Mathemati
a ñ ïîìîùüþ ïðîãðàììû, íàïèñàííîé íà âõîäíîì ÿçûêå ýòîãî ïàêåòà.

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêàÿ äèíàìè÷åñêàÿ ñèñòåìà, ñëó÷àéíîå çàïàçäûâàíèå, ìîäåëèðîâàíèå, âåê-

òîð ñîñòîÿíèÿ, ïåðåõîäíûé ïðîöåññ.

Ââåäåíèå

Â ïîñëåäíèå ãîäû âàæíåéøèì èíñòðóìåíòîì èññëåäîâàíèÿ â ïðèêëàäíîé ìàòåìàòèêå ñòàëè

óðàâíåíèÿ ñ ïîñëåäåéñòâèåì (çàïàçäûâàíèåì, ëàãîì), ïîäêëàññû êîòîðûõ èìåíóþòñÿ äè��å-

ðåíöèàëüíî-ðàçíîñòíûìè óðàâíåíèÿìè (Ä�Ó), äè��åðåíöèàëüíûìè óðàâíåíèÿìè ñ îòêëîíÿ-

þùèìñÿ àðãóìåíòîì, óðàâíåíèÿìè ñ çàïàçäûâàíèåì, íåéòðàëüíûìè óðàâíåíèÿìè [1�4℄ è ò. ä.

�åàëüíûå ÿâëåíèÿ ìîãóò ìîäåëèðîâàòüñÿ ñèñòåìàìè óðàâíåíèé ñ ïîñëåäåéñòâèåì è áîëåå ñëîæ-

íîé ñòðóêòóðû, íàïðèìåð óðàâíåíèÿìè, ñîäåðæàùèìè íåñêîëüêî äèñêðåòíûõ ëàãîâ, ðàñïðåäå-

ëåííûå è ñëó÷àéíûå çàïàçäûâàíèÿ è èõ èíûå êîìáèíàöèè.

Ñòîõàñòè÷åñêèå äè��åðåíöèàëüíûå óðàâíåíèÿ (ÑÄÓ) ñ çàïàçäûâàíèåì è, â ÷àñòíîñòè,

äè��åðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ (ÑÄ�Ó) ÿâëÿþòñÿ îáîáùåíèÿìè è äåòåðìèíèñòè÷å-

ñêèõ óðàâíåíèé ñ çàïàçäûâàíèåì, è ñòîõàñòè÷åñêèõ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâ-

íåíèé (ÑÎÄÓ) [5, 6℄.

Êàê èçâåñòíî, çàäà÷è ñ ïåðåìåííûì ëàãîì èìåþò áîëåå áîãàòóþ ñòðóêòóðó, íî, êàê ïðàâèëî,

ó íèõ îòñóòñòâóþò àíàëèòè÷åñêèå ðåøåíèÿ â çàìêíóòîé �îðìå. Ïîýòîìó äëÿ èíòåãðèðîâàíèÿ

äàæå äåòåðìèíèñòè÷åñêèõ Ä�Ó òðåáóþòñÿ ïðèáëèæåííûå ÷èñëåííûå ïðîöåäóðû, à àíàëèç ÿâ-

ëåíèé ñ çàïàçäûâàíèåì ÿâëÿåòñÿ â îñíîâíîì êîëè÷åñòâåííûì. Äîïîëíèòåëüíûé óðîâåíü àäåê-

âàòíîñòè ìîäåëåé (íî è óñëîæíåíèÿ òîæå) ïîëó÷èì, åñëè ïåðåéòè îò äåòåðìèíèñòè÷åñêèõ ê

ñòîõàñòè÷åñêèì ìîäåëÿì (ñîîòâåòñòâåííî ê ÑÎÄÓ, ÑÄ�Ó è äð.). Êðóã îñíîâíûõ ñòîõàñòè÷å-

ñêèõ êîíöåïöèé è èõ òåîðåòè÷åñêèå îñíîâàíèÿ, âêëþ÷àÿ ÑÎÄÓ, ðàññìàòðèâàþòñÿ â [5, 7�12℄.

×èñëåííûå ñõåìû àíàëèçà äåòåðìèíèñòè÷åñêèõ Ä�Ó [13,14℄ è ÑÎÄÓ [15,16℄ ÿâëÿþòñÿ îñíîâîé

ñîîòâåòñòâóþùèõ àëãîðèòìîâ äëÿ èññëåäîâàíèÿ ÑÄ�Ó.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò � 14�01�96019) è â ðàìêàõ áàçîâîé ÷àñòè

ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðàçîâàíèÿ �îññèè (ïðîåêò � 2014/153).
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Ñëåäóþùèì øàãîì â ñòîðîíó óñëîæíåíèÿ ìîäåëåé ðàçëè÷íûõ ïðîöåññîâ ÿâëÿåòñÿ òðàêòîâ-

êà çàïàçäûâàíèé êàê ñëó÷àéíûõ âåëè÷èí è �óíêöèé. Â ÷àñòíîñòè, ìîäåëè òàêîãî âèäà âîçíè-

êàþò ïðè îïèñàíèè ñèñòåì, ìåíÿþùèõ ñâîþ ñòðóêòóðó ïîä âîçäåéñòâèåì ñëó÷àéíûõ �àêòîðîâ.

Íåñìîòðÿ íà øèðîêîå ïîëå ïðèëîæåíèé (ñì. íèæå), óðàâíåíèÿ ïîäîáíîãî âèäà íåäîñòàòî÷íî

èññëåäîâàíû.

Ïðè èçó÷åíèè ñòîõàñòè÷åñêèõ ñèñòåì ñ çàïàçäûâàíèåì ìîæíî èñïîëüçîâàòü ñëåäóþùóþ

òåðìèíîëîãèþ [17℄: åñëè íà ñèñòåìó ñî ñëó÷àéíûìè çàïàçäûâàíèÿìè äåéñòâóþò ñëó÷àéíûå âîç-

ìóùåíèÿ, òî ìîäåëü òàêîé ñèñòåìû íàçûâàåòñÿ ñèñòåìîé ñòîõàñòè÷åñêèõ äè��åðåíöèàëüíûõ

óðàâíåíèé ñ çàïàçäûâàíèåì; åñëè ñëó÷àéíû òîëüêî âõîäíûå âîçäåéñòâèÿ, à âñå îñòàëüíûå ïàðà-

ìåòðû, âêëþ÷àÿ çàïàçäûâàíèÿ, äåòåðìèíèñòè÷åñêèå, � òî ñèñòåìîé ñî ñëó÷àéíûìè âõîäíûìè

âîçäåéñòâèÿìè; åñëè ïàðàìåòðû, âõîäíûå âîçäåéñòâèÿ è íà÷àëüíàÿ �óíêöèÿ äåòåðìèíèñòè÷å-

ñêèå, à çàïàçäûâàíèå ñëó÷àéíî, � òî ñèñòåìîé ñî ñëó÷àéíûì çàïàçäûâàíèåì. Ïðè ýòîì ñëîæ-

íîñòü èññëåäîâàíèÿ ñèñòåì ñ ïåðåìåííûìè äåòåðìèíèñòè÷åñêèìè çàïàçäûâàíèÿìè è ñëó÷àé-

íûìè âîçìóùåíèÿìè îáû÷íî áëèçêà ê ñëîæíîñòè àíàëèçà äèíàìè÷åñêèõ ñèñòåì, íàõîäÿùèõñÿ

ïîä âëèÿíèåì ñëó÷àéíûõ �ëóêòóàöèé. Ñïåöè�èêó çäåñü îïðåäåëÿåò íàëè÷èå íà÷àëüíîé �óíê-

öèè, êîòîðàÿ òðåáóåò îñîáîãî îïðåäåëåíèÿ è êîòîðàÿ ìîæåò áûòü êàê äåòåðìèíèñòè÷åñêîé, òàê

è ñëó÷àéíîé.

Íåîáõîäèìîñòü ðàññìîòðåíèÿ ñëó÷àéíîñòè çàïàçäûâàíèÿ ïðè àíàëèçå ðàçëè÷íûõ �èçè÷å-

ñêèõ, òåõíîëîãè÷åñêèõ, ýêîíîìè÷åñêèõ è äðóãèõ ÿâëåíèé èññëåäîâàòåëÿìè áûëà óñòàíîâëåíà

åùå â ñåðåäèíå XX â. Ïðåæäå âñåãî òàêîé âûâîä áûë ñäåëàí ïî îòíîøåíèþ ê òðàíñïîðòíîìó çà-

ïàçäûâàíèþ, ãäå ïðîÿâëåíèå ý��åêòà ïîñëåäåéñòâèÿ çàâèñèò èç êîíå÷íîñòè ñêîðîñòè ýëåêòðè-

÷åñêèõ çàðÿäîâ, ïåðåäà÷è ñèãíàëîâ è ýíåðãèè íà ðàññòîÿíèå â íåîäíîðîäíîé ñðåäå (íàïðèìåð,

ïðè íàëè÷èè ïðåïÿòñòâèé, îòðàæåíèé è âîîáùå â íåîäíîðîäíûõ ñðåäàõ àêóñòè÷åñêèå ñèãíàëû

ïðèõîäÿò â òî÷êó íàáëþäåíèÿ ìíîãîêðàòíî îòðàæåííûìè è èñêàæåííûìè ïî ñðàâíåíèþ ñî ñâî-

èì ïåðâîíà÷àëüíûì âèäîì), ïðîòåêàíèÿ ïðîöåññîâ â äèýëåêòðèêàõ, ëàçåðàõ, ðåêòîðàõ [18�20℄

è äð.

Íåîáõîäèì ó÷åò ñëó÷àéíîñòè çàïàçäûâàíèÿ â çàäà÷àõ áèîëîãèè, íàïðèìåð ïðè îöåíêå ñðî-

êîâ áåðåìåííîñòè ó ëþäåé è äðóãèõ æèâûõ ñóùåñòâ, âðåìåí çàðàæåíèÿ è èììóííîãî îòâåòà,

ãåíåòè÷åñêèõ èçìåíåíèé [21�24℄ è äð. Â ýêîíîìèêå è �èíàíñàõ ïðèñóòñòâóþò ñëó÷àéíûå çà-

äåðæêè çàêàçîâ òîâàðîâ è èõ äîñòàâêè íà ðûíîê, ïîñòóïëåíèÿ ïëàòåæåé ïî ïîñòàâêàì òîâàðîâ,

âîçâðàòà êðåäèòîâ è èí�îðìàöèè íà �îíäîâîé áèðæå [22, 25�27℄ è äð.

Áîëüøèíñòâî ñîâðåìåííûõ ñèñòåì àâòîìàòè÷åñêîãî óïðàâëåíèÿ ïðåäñòàâëÿþò ñîáîé òåõíè-

÷åñêè ñëîæíûå óñòðîéñòâà, âêëþ÷àþùèå â ñâîé ñîñòàâ áîëüøîå êîëè÷åñòâî ïîäñèñòåì è îáåñïå-

÷èâàþùèå ðåøåíèå êîìïëåêñíûõ çàäà÷ [28℄. Íî îáû÷íî êîìïîíåíòû ýòèõ ñèñòåì ðàçìåùåíû íà

íåêîòîðîì ðàññòîÿíèè äðóã îò äðóãà, à äëÿ ñâÿçè êîìïîíåíòîâ èñïîëüçóþòñÿ ñåòåâûå êàíàëû

ñâÿçè (ñåòåâûå ñèñòåìû óïðàâëåíèÿ, ÑÑÓ), ÷òî ïðèâîäèò ê ñëó÷àéíûì çàäåðæêàì ïåðåäà÷è

äàííûõ, ïîòåðÿì ïàêåòîâ äàííûõ è èõ ðàçóïîðÿäî÷åíèþ, à ñëåäîâàòåëüíî, è ê íåóñòîé÷èâîñòè

ÑÑÓ è èõ íèçêîé ý��åêòèâíîñòè [29℄.

×òîáû ðåøàòü ïåðå÷èñëåííûå è äðóãèå ïðîáëåìû, íåîáõîäèìî ñòðîèòü ìàòåìàòè÷åñêèå ìî-

äåëè ñëó÷àéíûõ ëàãîâ, êîòîðûå âûáèðàþòñÿ â �îðìå íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, îäíî-

ðîäíûõ è íåîäíîðîäíûõ, äèñêðåòíûõ è íåïðåðûâíûõ öåïåé Ìàðêîâà, ñêðûòûõ öåïåé Ìàðêî-

âà [29℄, à òàêæå â âèäå áîëåå îáùèõ ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ ñëó÷àéíûõ ïðîöåññîâ,

â òîì ÷èñëå è �óíêöèé âåêòîðîâ ñîñòîÿíèÿ äèíàìè÷åñêèõ ñèñòåì.

Âîïðîñû, ñâÿçàííûå ñ âëèÿíèåì ñëó÷àéíûõ çàïàçäûâàíèé íà äèíàìèêó äåòåðìèíèñòè÷å-

ñêèõ è ñòîõàñòè÷åñêèõ ñèñòåì, ïðèâëåêëè âíèìàíèå èññëåäîâàòåëåé îêîëî ïÿòèäåñÿòè ëåò íà-

çàä [30�33℄. Â ýòèõ è ïîñëåäóþùèõ ðàáîòàõ [34�36℄ ðàññìàòðèâàëèñü óñëîâèÿ ñóùåñòâîâàíèÿ

è åäèíñòâåííîñòè ðåøåíèé ñëó÷àéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé, àñèìïòîòè÷åñêîé óñòîé-

÷èâîñòè âåêòîðîâ ñîñòîÿíèÿ ïî âåðîÿòíîñòè è ïåðâîìó ïðèáëèæåíèþ; îöåíèâàëîñü âëèÿíèå

ñëó÷àéíîãî çàïàçäûâàíèÿ íà êîëåáàòåëüíûå ïðîöåññû â íåëèíåéíûõ ñèñòåìàõ; äåìîíñòðèðîâà-

ëàñü ýêâèâàëåíòíîñòü èñõîäíûõ äåòåðìèíèñòè÷åñêèõ äè��åðåíöèàëüíûõ óðàâíåíèé n-ãî ïî-

ðÿäêà ñ çàïàçäûâàíèåì â âèäå ñëó÷àéíîãî ïðîöåññà, èìåþùåãî â êàæäûé ìîìåíò âðåìåíè t

ðàâíîìåðíîå ðàñïðåäåëåíèå íà ïðîìåæóòêå [0, t], îáûêíîâåííîìó äè��åðåíöèàëüíîìó óðàâ-
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íåíèþ (n + 1)-ãî ïîðÿäêà; äîêàçûâàëîñü ñóùåñòâîâàíèå ñòàöèîíàðíîãî ñëó÷àéíîãî ðåøåíèÿ,

êîòîðîå ïðèòÿãèâàåò âñå äðóãèå ðåøåíèÿ ñëó÷àéíîé äè��åðåíöèàëüíîé ñèñòåìû ñ çàïàçäûâà-

íèåì è äð.

Ê ýòîìó ñïåêòðó çàäà÷ èçó÷åíèÿ ñèñòåì ñî ñëó÷àéíûì çàïàçäûâàíèåì äîáàâèì ïðèêëàä-

íûå îáëàñòè: ïðîáëåìó �èëüòðàöèè (îöåíêè ñîñòîÿíèÿ) [37℄; àíàëèç ñòîõàñòè÷åñêîãî ðåçîíàíñà

â èîííîì êàíàëå [38℄; çàäà÷ó îöåíêè âëèÿíèÿ çàïàçäûâàíèÿ íà ñèñòåìó âçàèìîñâÿçàííûõ ÷à-

ñòèö [39℄; àíàëèç âëèÿíèÿ ñëó÷àéíûõ çàïàçäûâàíèé íà ñèõðîíèçàöèþ õàîòè÷åñêèõ îñöèëëÿòî-

ðîâ è ñòîõàñòè÷åñêîé ëèíåéíîé óñòîé÷èâîñòè íåéðîííîé ñåòè [40℄; óñëîâèÿ ìîìåíòíîé ýêñïîíåí-

öèàëüíîé óñòîé÷èâîñòè ÑÑÓ [41℄, ìîäåëèðóåìîé ñèñòåìîé ñî ñëó÷àéíûìè çàïàçäûâàíèÿìè �

íåïðåðûâíûìè öåïÿìè Ìàðêîâà, è äð.

Â ñâÿçè ñî ñëîæíîñòüþ çàäà÷ ìåòîäû èññëåäîâàíèÿ ñòîõàñòè÷åñêèõ ñèñòåì ñî ñëó÷àéíûì

çàïàçäûâàíèåì íåòðèâèàëüíû è íåìíîãî÷èñëåííû. Ïðÿìûå àíàëèòè÷åñêèå ñõåìû àíàëèçà òà-

êèõ ñèñòåì òèïà óðàâíåíèÿ Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà (ÔÏÊ-óðàâíåíèÿ) [42℄ îòñóòñòâó-

þò, à ïðèáëèæåííûå îðèåíòèðóþòñÿ íà èñêëþ÷åíèå ñëó÷àéíîãî çàïàçäûâàíèÿ èëè ïîëíîñòüþ

(íàïðèìåð, ñ ïîìîùüþ ïðîöåäóðû óñðåäíåíèÿ, ñì. íèæå, ÷òî âîçìîæíî äàëåêî íå âñåãäà è ñó-

ùåñòâåííî èñêàæàåò âåðîÿòíîñòíûå õàðàêòåðèñòèêè âåêòîðà ñîñòîÿíèÿ), èëè ñâåäåíèåì ê ñè-

ñòåìàì ñ íåñëó÷àéíûì ïîñòîÿííûì èëè ïåðåìåííûì çàïàçäûâàíèåì (ê ÑÄÓ ñ çàïàçäûâàíèåì

èëè íåéòðàëüíûì ÑÄÓ), à òàêæå íà ÷èñòî ÷èñëåííûå ñõåìû òèïà Ýéëåðà�Ìàðóÿìû [15℄, ïðè-

÷åì â îòëè÷èå îò ñèñòåì ñ íåñëó÷àéíûìè çàïàçäûâàíèÿìè àëãîðèòìû, îòëè÷íûå îò ðàçëè÷íûõ

âàðèàöèé ñõåìû Ýéëåðà�Ìàðóÿìû, â íàó÷íîé ëèòåðàòóðå îòñóòñòâóþò. Ïðè ýòîì òîëüêî ïðè

ïðèìåíåíèè ïðîöåäóðû óñðåäíåíèÿ äëÿ âû÷èñëåíèÿ õàðàêòåðèñòèê âåêòîðà ñîñòîÿíèÿ íå òðå-

áóåòñÿ ñîâìåùåíèå âûáðàííîé ñõåìû èññëåäîâàíèÿ ñ ìåòîäîì Ìîíòå�Êàðëî.

Íà ïðàêòèêå öåëüþ ïîñòðîåíèÿ ÷èñëåííûõ èíòåãðàòîðîâ äëÿ ÑÄÓ, ÑÄ�Ó è äðóãèõ êëàññîâ

ñòîõàñòè÷åñêèõ óðàâíåíèé ÿâëÿåòñÿ âû÷èñëåíèå ïîñëå äèñêðåòèçàöèè ýòèõ óðàâíåíèé ñ èñïîëü-

çîâàíèåì ìåòîäà ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ (Ìîíòå-Êàðëî) [43℄ ñåòî÷íûõ ïðåäñòàâëåíèé

{x̂k} (k = 1, 2, . . . , N) îäíîé èëè ìíîãèõ ðåàëèçàöèé x(t) âåêòîðà ñîñòîÿíèÿ ñèñòåìû â óçëàõ

ñåòêè. Âî âòîðîì ñëó÷àå ýòè ðåàëèçàöèè ñëóæàò äëÿ îöåíêè âåðîÿòíîñòíûõ õàðàêòåðèñòèê

âåêòîðà X(t) íà îñíîâå ìåòîäîâ ìàòåìàòè÷åñêîé ñòàòèñòèêè.

Â ìîíîãðà�èè [17℄, ïîñâÿùåííîé èññëåäîâàíèþ êàê äåòåðìèíèñòè÷åñêèõ, òàê è ñòîõàñòè-

÷åñêèõ ñèñòåì ñ ïåðåìåííûì çàïàçäûâàíèåì, ðàññìîòðåí ðÿä çàäà÷ è äëÿ ÄÓ, è äëÿ ÑÄÓ

ñî ñëó÷àéíûìè çàïàçäûâàíèÿìè. Â ÷àñòíîñòè, ïðåäñòàâëåíû: ïðèáëèæåííûé ìåòîä îïðåäåëå-

íèÿ äèñïåðñèè âûõîäà ëèíåéíîãî óðàâíåíèÿ n-ãî ïîðÿäêà ñ ïåðåìåííûìè êîý��èöèåíòàìè

è åäèíñòâåííûì òåðìîì X
(
t − T (t)

)
ñ çàïàçäûâàíèåì T (t), âåëè÷èíà êîòîðîãî �ëóêòóèðóåò

îòíîñèòåëüíî íåêîòîðîãî ïîñòîÿííîãî çíà÷åíèÿ; ñõåìà âû÷èñëåíèÿ äèñïåðñèè øèðîêîïîëîñíîé

ðàäèîòåõíè÷åñêîé ñèñòåìû ñ çàïàçäûâàíèåì â âèäå óçêîïîëîñíîãî ñëó÷àéíîãî ïðîöåññà; ïðåä-

ñòàâëåíèå ïåðèîäè÷åñêîãî ïðîöåññà â íåëèíåéíîé ñèñòåìå ñî ñëó÷àéíûì çàïàçäûâàíèåì ìåòî-

äîì ãàðìîíè÷åñêîãî áàëàíñà ñ öåëüþ îïðåäåëåíèÿ ïëîòíîñòè âåðîÿòíîñòè âûõîäíîãî ïðîöåññà

ñèñòåìû. Ïîëó÷åííûå óðàâíåíèÿ (òåïåðü ýòî óæå ÑÄÓ áåç çàïàçäûâàíèÿ) äëÿ àìïëèòóäû�

�àçû ïîçâîëÿþò ïðèìåíèòü àïïàðàò äè��óçèîííûõ ìàðêîâñêèõ ïðîöåññîâ [42℄ äëÿ îïðåäåëå-

íèÿ ïëîòíîñòè âåðîÿòíîñòè ðàñïðåäåëåíèÿ àìïëèòóäû è �àçû âûõîäíîãî ïðîöåññà íåëèíåéíîé

ñèñòåìû.

Â ìîíîãðà�èè [44℄, íàðÿäó ñ äðóãèìè ðàññìîòðåííûìè çàäà÷àìè, óïîìèíàåòñÿ áîëåå îáùàÿ

ïðîáëåìà, ÷åì â [17℄, èññëåäîâàíèÿ ñèñòåìû äè��åðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé ñ îä-

íèì èëè ìíîãèìè çàïàçäûâàíèÿìè, êîòîðûå ïðåäñòàâëÿþò ñîáîé ñëó÷àéíûå �óíêöèè âðåìåíè.

Äëÿ àíàëèçà îäíî÷àñòîòíûõ è ìíîãî÷àñòîòíûõ ñëó÷àéíûõ êîëåáàíèé ðåêîìåíäóåòñÿ ñíà÷àëà

ïðèâåñòè åå ê ñòàíäàðòíîìó âèäó (ñ ïîìîùüþ ïðîöåäóðû óñðåäíåíèÿ), à çàòåì ïðèìåíèòü àíà-

ëèòè÷åñêèé ìåòîä ÔÏÊ-óðàâíåíèé.

Â ðàáîòå [45℄ ïðåäëàãàåòñÿ ìîäè�èêàöèÿ ïðèáëèæåííîé ñõåìû Ýéëåðà�Ìàðóÿìû äëÿ èí-

òåãðèðîâàíèÿ ÑÄÓ ñ çàïàçäûâàíèåì, êîòîðîå çàâèñèò îò âåêòîðà ñîñòîÿíèÿ, à ýòîò âåêòîð, â

ñâîþ î÷åðåäü, îò ìîìåíòà âðåìåíè, ñäâèíóòîãî â ïðîøëîå îò òåêóùåãî íà ñëó÷àéíóþ âåëè÷èíó,

â ñî÷åòàíèè ñ ìåòîäîì Ìîíòå-Êàðëî.

Â [25℄ ðàññìàòðèâàåòñÿ ìåòîä ðåøåíèÿ ÑÄ�Ó, êîòîðûé îáîáùàåò ìåòîä Ýéëåðà�Ìàðóÿìû
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ñ óðàâíèâàíèåì, ðàçðàáîòàííûé àâòîðîì ðàíåå äëÿ àíàëèçà ñèñòåì ïðè îòñóòñòâèè çàïàçäû-

âàíèÿ è ïðè ïîñòîÿííîì çàïàçäûâàíèè, íà ñëó÷àé ïåðåìåííîãî (â òîì ÷èñëå ñëó÷àéíîãî) çà-

ïàçäûâàíèÿ. Èäåÿ íîâîé ñõåìû çàêëþ÷àåòñÿ â ðåøåíèè óðàâíåíèÿ íà êàæäîì ýëåìåíòàðíîì

îòðåçêå ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (ïðîñòûõ èòåðàöèé). �åàëèçàöèÿ ýòîãî ìåòî-

äà ïðèìåíÿåò â êà÷åñòâå ïðåäèêòîðà ðåøåíèå, ïîëó÷åííîå ïî ÿâíîé ñõåìå Ýéëåðà, è èñïîëüçóåò

âû÷èñëåíèå ñòîõàñòè÷åñêèõ èíòåãðàëîâ ïî �îðìóëå ïðÿìîóãîëüíèêîâ, à òàêæå ëèíåéíóþ èí-

òåðïîëÿöèþ ðåøåíèé âíóòðè ñîîòâåòñòâóþùåãî îòðåçêà.

Â ðàáîòå [46℄ ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé ñî ñëó÷àéíûì çàïàçäûâàíèåì äèñêðå-

òèçèðóåòñÿ, ïîñëå ÷åãî ïðåäïîëàãàåòñÿ, ÷òî çàïàçäûâàíèå ïðåäñòàâëÿåòñÿ ñëó÷àéíîé ïîñëåäî-

âàòåëüíîñòüþ, ðåàëèçàöèÿ êîòîðîé ñòðîèòñÿ íà îñíîâå çàäàííîãî äèñêðåòíîãî ðàñïðåäåëåíèÿ.

Îáû÷íî öåëÿìè èññëåäîâàíèÿ óêàçàííûõ âûøå ñèñòåì ÿâëÿåòñÿ ïîëó÷åíèå ðàçëè÷íûõ âå-

ðîÿòíîñòíûõ õàðàêòåðèñòèê âåêòîðîâ ñîñòîÿíèÿ ñèñòåì êàê âåêòîðíûõ ñëó÷àéíûõ ïðîöåññîâ.

Íàèáîëåå ïîëíûì áóäåò ðåøåíèå, ïðèâîäÿùåå ê îïðåäåëåíèþ îäíîòî÷å÷íîé èëè ìíîãîòî÷å÷-

íîé (ïåðåõîäíîé) ïëîòíîñòè âåðîÿòíîñòè, à òàêæå õàðàêòåðèñòè÷åñêîé �óíêöèè èçó÷àåìîãî

ïðîöåññà, êîòîðûå â çàâèñèìîñòè îò ïîñòàíîâêè çàäà÷è ìîãóò áûòü ïîëó÷åíû ñ ðàçíîé ñòåïå-

íüþ äåòàëèçàöèè. Íî, êàê ïðàâèëî, íà ïðàêòèêå îãðàíè÷èâàþòñÿ ÷èñëîâûìè õàðàêòåðèñòèêà-

ìè âåêòîðîâ ñîñòîÿíèÿ, âêëþ÷àþùèìè âåêòîðû �óíêöèé ìàòåìàòè÷åñêèõ îæèäàíèé, ìàòðèöû

�óíêöèé êîâàðèàöèè (äèñïåðñèè) è ìàòðèöû êîâàðèàöèîííûõ �óíêöèé.

Äàëåå â ðàáîòå ïðåäñòàâëåíû ñõåìû àíàëèçà ñòîõàñòè÷åñêèõ ñèñòåì ñ çàïàçäûâàíèÿìè â âè-

äå äèñêðåòíûõ öåïåé Ìàðêîâà. Ýòè ñõåìû îñíîâàíû íà ñî÷åòàíèè êëàññè÷åñêîãî ìåòîäà øà-

ãîâ [2℄, ðàñøèðåíèÿ ïðîñòðàíñòâà ñîñòîÿíèÿ [47�49℄ è ìåòîäà ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ

(Ìîíòå-Êàðëî) [43℄.

� 1. Íåëèíåéíûå ñòîõàñòè÷åñêèå ñèñòåìû

�àññìîòðèì ñèñòåìó ÑÄ�Ó â ñìûñëå Ñòðàòîíîâè÷à [42℄ âèäà

Ẋ(t) = f
(
X(t),X(t− T (t)), t

)
+ G

(
X(t),X(t− T (t)), t

)
V (t), t0 < t 6 T < +∞, (1.1)

X(t) = Ξ, t 6 t0, (1.2)

ãäå òî÷êîé ñâåðõó îáîçíà÷åíà ïðîèçâîäíàÿ ïî âðåìåíè t, X(·) = XT (·),Ξ(·) ∈ R
n
� âåêòîð

ñîñòîÿíèÿ, âåêòîðíûé ñëó÷àéíûé ïðîöåññ (ÂÑÏ); V (·) ∈ R
m
� âåêòîð íåçàâèñèìûõ ãàóññîâûõ

áåëûõ øóìîâ ñ åäèíè÷íûìè èíòåíñèâíîñòÿìè,

E [V (t)] = 0, E
[
V (t)V ⊺(t′)

]
= E δ(t− t′);

f = {fi}
T : R2n × (t0,∞) 7−→ R

n
è G = {gij} : R2n × (t0,∞) 7−→ R

n × R
m
� äåòåðìèíèíèñòè-

÷åñêèå âåêòîðíàÿ è ìàòðè÷íàÿ �óíêöèè ñîîòâåòñòâåííî; Ξ � âåêòîðíàÿ ñëó÷àéíàÿ âåëè÷èíà

(ÂÑÂ) ñ èçâåñòíûìè âåðîÿòíîñòíûìè õàðàêòåðèñòèêàìè, â ÷àñòíîñòè, ñ çàäàííîé ïëîòíîñòüþ

âåðîÿòíîñòè p̄ 0(·); ⊺ è E � ñèìâîëû òðàíñïîíèðîâàíèÿ è ìàòåìàòè÷åñêîãî îæèäàíèÿ; E � åäè-

íè÷íàÿ ìàòðèöà; R
r
� ñòàíäàðòíîå åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè r, R = (−∞,+∞);

δ(·) � äåëüòà-�óíêöèÿ Äèðàêà.

Ïóñòü S � îäíîðîäíàÿ äèñêðåòíàÿ öåïü Ìàðêîâà, êîòîðàÿ óïðàâëÿåò ñëó÷àéíûì ïðîöåññîì-

çàïàçäûâàíèåì T (t) è îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

(a) â ëþáîé ìîìåíò âðåìåíè t > t0 öåïü S ìîæåò íàõîäèòüñÿ â îäíîì èç ñîñòîÿíèé S1,

S2, . . . , SM , 1 6 M < +∞;

(b) ïåðåõîäû öåïè S èç ñîñòîÿíèÿ â ñîñòîÿíèå ìîãóò ïðîèñõîäèòü òîëüêî â ìîìåíòû âðåìåíè

tk = t0 + k · h, h > 0, k = 0, 1, 2, . . . ;

(c) èçìåíåíèÿ ñîñòîÿíèÿ öåïè îïèñûâàþòñÿ ìàòðèöåé ïåðåõîäíûõ âåðîÿòíîñòåé P = {πij},
i, j = 1, 2, . . . , M , ãäå

πij = P(S = Sj |S = Si), πij > 0,

M∑

j=1

πij = 1, i = 1,M ,
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P(· | ·) � óñëîâíàÿ âåðîÿòíîñòü ñîáûòèÿ;

(d) âåêòîð âåðîÿòíîñòåé p Sk íàõîæäåíèÿ ñèñòåìû S â ñîñòîÿíèÿõ S1, S2, . . . , SM ïðè t ∈
∈ [tk, tk+1), k = 0, 1, 2, . . . , âû÷èñëÿåòñÿ èç ñîîòíîøåíèÿ p S,k+1 = P⊺p Sk, ïðè÷åì p S0 � çàäàííûé

âåêòîð íà÷àëüíûõ âåðîÿòíîñòåé íàõîæäåíèÿ ñèñòåìû S â ñîñòîÿíèÿõ S1, S2, . . . , SM ïðè t = t0.

Ñâÿæåì ñ ñîñòîÿíèÿìè ñèñòåìû S ðåàëèçàöèè τ = τ(t) ñëó÷àéíîãî ïðîöåññà T (t) ñëåäóþùèì
îáðàçîì: τ(t) = qi τ∗ (0 6 qi 6 N1 < +∞), åñëè S = Si ïðè t ∈ [tk, tk+1), k = 0, 1, 2, . . . ,

i = 1, 2, . . . ,M , ãäå τ∗ > 0, h = N̄ · τ∗, T − t0 6 N2 · τ∗, t∗ = t0 − τ∗N1, à N̄ > 0, N1 > 0, N2 > 0,
qi � öåëûå ÷èñëà.

Ïðåäïîëîæèì, ÷òî âåêòîðíîå ñëó÷àéíîå âîçìóùåíèå V (t), ñëó÷àéíûé ïðîöåññ T (t) è âåê-

òîð Ξ íåçàâèñèìû â ñîâîêóïíîñòè, à ðåøåíèå çàäà÷è (1.1), (1.2) ñóùåñòâóåò è åäèíñòâåííî äëÿ

êàæäîãî âîçìîæíîãî çíà÷åíèÿ ξ ÂÑÂ Ξ è âñåõ ðåàëèçàöèé τ(t) ÑÏ T (t) (ïîíÿòèÿ è óñëîâèÿ

ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñì. â [12, ðàçäåë 5℄). Òîãäà çàäà÷à èññëåäîâàíèÿ áó-

äåò ñîñòîÿòü â âû÷èñëåíèè íåîáõîäèìûõ âåðîÿòíîñòíûõ è ÷èñëîâûõ õàðàêòåðèñòèê âåêòîðíîãî

ñëó÷àéíîãî ïðîöåññà X(t).

Äëÿ òîãî ÷òîáû ïðèìåíèòü àíàëèòè÷åñêèé àïïàðàò óðàâíåíèÿ ÔÏÊ-óðàâíåíèÿ äëÿ ðåøåíèÿ

äàííîé çàäà÷è, çàìåòèì, ÷òî äëÿ êàæäîé âîçìîæíîé ðåàëèçàöèè τ(t) ÑÏ T (t) ñèñòåìà ÑÄ�Ó

(1.1) ñî ñëó÷àéíûì çàïàçäûâàíèåì T (t) ïðåâðàùàåòñÿ â ñèñòåìó ÑÄ�Ó ñ êóñî÷íî-ïîñòîÿííûì

çàïàçäûâàíèåì τ(t), ÷òî ïîçâîëÿåò ïðèìåíèòü ñõåìó, ñî÷åòàþùóþ êëàññè÷åñêèé ìåòîä øàãîâ

è ðàñøèðåíèå âåêòîðà ñîñòîÿíèÿ.

Èòàê, áóäåì ñ÷èòàòü, ÷òî ìû ïðîâîäèì ñåðèþ èç íåêîòîðîãî ÷èñëà îïûòîâ, ñîñòîÿùèõ

â ðàçûãðûâàíèè çíà÷åíèé ξ[ℓ ] ÂÑÂ Ξ è âåðîÿòíîñòíîé ñòðóêòóðû öåïè S, à ñëåäîâàòåëüíî,

è ÑÏ T (t), êîòîðûé â ýòèõ îïûòàõ ïðèíèìàåò �îðìó �óíêöèé τ [ℓ ](t), ãäå ℓ � �îðìàëüíûé èí-

äåêñ, îïðåäåëåííûé íà, âîîáùå ãîâîðÿ, íåñ÷åòíîì ìíîæåñòâå. Òîãäà óñëîâíûé âåêòîð ñîñòîÿíèÿ

äëÿ �èêñèðîâàííûõ çíà÷åíèé Ξ = ξ[ℓ ] è T (t) = τ [ℓ ](t) áóäåì îáîçíà÷àòü òàê:

X [ℓ ](t) = X
T (t)=τ [ℓ ](t),Ξ=ξ[ℓ ]

(t).

Äëÿ òîãî ÷òîáû èçó÷èòü ñëó÷àéíîå èçìåíåíèå âåêòîðà X [ℓ ](t) ïðè çíà÷åíèÿõ âðåìåíè t > t0
ïîñðåäñòâîì ïðåîáðàçîâàíèÿ íåìàðêîâñêîãî âåêòîðíîãî ïðîöåññà â ìàðêîâñêèé, ìû ðàñøèðÿåì

�àçîâîå ïðîñòðàíñòâî ñèñòåìû. Â ïðîöåññå ðåàëèçàöèè ýòîé ïðîöåäóðû ââåäåì äîïîëíèòåëüíûå

îáîçíà÷åíèÿ:

s ∈ [0, τ∗], τr = t0 + r · τ∗, ∆r = (τr−1, τr], r = −N1 + 1,−N1 + 2, . . . ,−1, 0, 1, 2, . . . , N2,

sr+1 = s+ τr, X [ℓ ]
r (s) = X(sr), V r(s) = V (sr), p[ℓ ]r (x, s) = p[ℓ ](x, sr), p

[ℓ ]
1 (x, 0) = p̄ 0(x),

X
[ℓ ]
−N1+1(s) = X

[ℓ ]
−N1+2(s) = . . . = X

[ℓ ]
0 (s) = Ξ, Z

[ℓ ]
0 (s) = col

(
X

[ℓ ]
−N1+1,X

[ℓ ]
−N1+2, . . . ,X

[ℓ ]
0

)
,

Z
[ℓ ]
1 (s) = col

(
Z

[ℓ ]
0 (s),X

[ℓ ]
1 (s)

)
, Z

[ℓ ]
2 (s) = col

(
Z

[ℓ ]
1 (s),X

[ℓ ]
2 (s)

)
, . . . ,

X [ℓ ]
r (0) = X

[ℓ ]
r−1(τ∗), V r(0) = V r−1(τ∗), p[ℓ ]r (x, 0) = p

[ℓ ]
r−1(x, τ∗),

col(·) � âåêòîð, ñîñòîÿùèé èç êîìïîíåíòîâ âåêòîðîâ�àðãóìåíòîâ, p(·, ·) � îäíîòî÷å÷íàÿ ïëîò-

íîñòü âåðîÿòíîñòè. Ïðè ýòîì ðåàëèçàöèþ ïîñëåäîâàòåëüíîñòè çàïàçäûâàíèé ïî ïîëóèíòåð-

âàëàì ∆r, 0 < r 6 N2, îáîçíà÷èì ÷åðåç τ̄ [ℓ ] = {q̄ℓ1, q̄ℓ2, . . . , q̄ℓN2}, ïðè÷åì çíà÷åíèÿ q̄ℓr ïðè

t ∈ [tk, tk+1) îäèíàêîâû.

�àññìîòðèì ïîñëåäîâàòåëüíîñòü ïîëóîòðåçêîâ ∆r, r = −N1+1,−N1+2, . . . ,−1, 0, 1, 2, . . . , N2.

1

◦
. Íà÷íåì ñ ïîñëåäîâàòåëüíîñòè ∆−N1+1, . . . , ∆0, ∆1. Îïðåäåëåííûé íà ýòîé ïîäïîñëåäî-

âàòåëüíîñòè ÂÑÏ Z
[ℓ ]
1 (s) óäîâëåòâîðÿåò ñèñòåìå ÑÄÓ:

Ż
[ℓ ]
0 (s) = 0, Z

[ℓ ]
0 (0) = col

(
Ξ,Ξ, . . . ,Ξ

)
,

Ẋ
[ℓ ]
1 (s) = f(X

[ℓ ]
1 (s),X

[ℓ ]
1−q̄ℓ1

(s), s1) + G(X
[ℓ ]
1 (s),X

[ℓ ]
1−q̄ℓ1

(s), s1)V 1(s), X
[ℓ ]
1 (0) = Ξ

(çäåñü è äàëåå â ïðåäåëàõ ðàçäåëà òî÷êîé îáîçíà÷åíà ïðîèçâîäíàÿ ïî ïåðåìåííîé s).
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ÔÏÊ-óðàâíåíèå äëÿ ïëîòíîñòè âåðîÿòíîñòè ðàñøèðåííîãî âåêòîðà ñîñòîÿíèÿ Z
[ℓ ]
1 (t) èìååò

âèä

∂p̃
[ℓ ]
1 (z1, s)

∂s
= L

[ℓ ]
1 p̃

[ℓ ]
1 (z1, s), p̃

[ℓ ]
1 (z1, 0) = p̄ 0(x1)

0∏

r=−N1+1

δ(xr − x1), ãäå

L

[ℓ ]
1 p̃

[ℓ ]
1 =

1

2

J1∑

i,j=1

∂2(b
[ℓ ]
1ij p̃

[ℓ ]
1 )

∂z1i∂z1j
−

J1∑

i=1

∂(a
[ℓ ]
1i p̃

[ℓ ]
1 )

∂z1i
,

a
[ℓ ]
1i = f

[ℓ ]
1i +

1

2

J1∑

j=1

K1∑

k=1

∂g
[ℓ ]
1ik

∂z1j
g
[ℓ ]
1jk, b

[ℓ ]
1ij =

K1∑

k=1

g
[ℓ ]
1ik g

[ℓ ]
1jk,

f
[ℓ ]
1 (z1, s) =




0

. . .

0

f
(
x1,x1−q̄ℓ1 , s1

)


 , G

[ℓ ]
1 (z1, s) =




0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0

0 . . . 0 G
(
x1,x1−q̄ℓ1 , s1

)


 ,

J1 = n (N1 + 1), K1 = m (N1 + 1).

2

◦
. Ïðîàíàëèçèðóåì ïîâåäåíèå ñèñòåìû íà ïîëóîòðåçêàõ ∆−N1+1, . . . , ∆0, ∆1 è ∆2. ÑÄÓ

äëÿ âû÷èñëåíèÿ âåêòîðà Z2(s) ìîæíî ïðåäñòàâèòü òàê:

Ż
[ℓ ]
0 (s) = 0, Z

[ℓ ]
0 (0) = col

(
Ξ,Ξ, . . . ,Ξ

)
,

Ẋ
[ℓ ]
1 (s) = f(X

[ℓ ]
1 (s),X

[ℓ ]
1−q̄ℓ1

(s), s1) + G(X
[ℓ ]
1 (s),X

[ℓ ]
1−q̄ℓ1

(s), s1)V 1(s), X
[ℓ ]
1 (0) = Ξ,

Ẋ
[ℓ ]
2 (s) = f(X

[ℓ ]
2 (s),X

[ℓ ]
2−q̄ℓ2

(s), s2) + G(X
[ℓ ]
2 (s),X

[ℓ ]
2−q̄ℓ2

(s), s2)V 2(s), X
[ℓ ]
2 (0) = X

[ℓ ]
1 (τ∗).

Ïîýòîìó ïëîòíîñòü ðàñïðåäåëåíèÿ ÂÑÏ Z2(t) áóäåò óäîâëåòâîðÿòü ÔÏÊ-óðàâíåíèþ âèäà

∂p̃
[ℓ ]
2 (z2, s)

∂s
= L

[ℓ ]
2 p̃

[ℓ ]
2 (z2, s), p̃

[ℓ ]
2 (z2, 0) = p̃

[ℓ ]
1 (x−N1+2, . . . ,x1,x2, τ∗) δ(x−N1+1 − x1), ãäå

L

[ℓ ]
2 p̃

[ℓ ]
2 =

1

2

J2∑

i,j=1

∂2(b
[ℓ ]
2ij p̃

[ℓ ]
2 )

∂z2i∂z2j
−

J2∑

i=1

∂(a
[ℓ ]
2i p̃

[ℓ ]
2 )

∂z2i
,

a
[ℓ ]
2i = f

[ℓ ]
2i +

1

2

J2∑

j=1

K2∑

k=1

∂g
[ℓ ]
2ik

∂z2j
g
[ℓ ]
2jk, b

[ℓ ]
2ij =

K2∑

k=1

g
[ℓ ]
2ik g

[ℓ ]
2jk,

f
[ℓ ]
2 (z2, s) =

[
f
[ℓ ]
1 (z1, s)

f
(
x2,x2−q̄ℓ2 , s2

)
]
, G

[ℓ ]
2 (z2, s) =

[
G
[ℓ ]
1 (z1, s) 0

0 G
(
x2,x2−q̄ℓ2 , s2

)
]
,

J2 = n (N1 + 2), K2 = m (N1 + 2).

. . . . . . . . . . . . . . . . . . . . . .

N
◦
2
. �àññìîòðèì âðåìåííûå ïîëóîòðåçêè ∆−N1+1, . . . , ∆0, ∆1, . . . , ∆N2 . Ïîñòðîèì ñèñòåìó ÑÄÓ

äëÿ âåêòîðà ZN2(s) â âèäå

Ż
[ℓ ]
0 (s) = 0, Z

[ℓ ]
0 (0) = col

(
Ξ,Ξ, . . . ,Ξ

)
,

Ẋ
[ℓ ]
1 (s) = f(X

[ℓ ]
1 (s),X

[ℓ ]
1−q̄ℓ1

(s), s1) + G(X
[ℓ ]
1 (s),X

[ℓ ]
1−q̄ℓ1

(s), s1)V 1(s), X
[ℓ ]
1 (0) = Ξ,

Ẋ
[ℓ ]
2 (s) = f(X

[ℓ ]
2 (s),X

[ℓ ]
2−q̄ℓ2

(s), s2) + G(X
[ℓ ]
2 (s),X

[ℓ ]
2−q̄ℓ2

(s), s2)V 2(s), X
[ℓ ]
2 (0) = X

[ℓ ]
1 (τ∗),

. . . . . . . . . . . . . . . . . . . . . ,

Ẋ
[ℓ ]
N2

(s) = f(X
[ℓ ]
N2

(s),X
[ℓ ]
N2−q̄ℓN2

(s), sN2) + G(X
[ℓ ]
N2

(s),X
[ℓ ]
N2−q̄ℓN2

(s), sN2)V N2(s),

X
[ℓ ]
N2

(0) = X
[ℓ ]
N2−1(τ∗),
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Òîãäà ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà ZN2 áóäåò óäîâëåòâîðÿòü óðàâíåíèþ

∂p̃
[ℓ ]
N2

(zN2 , s)

∂s
=L

[ℓ ]
N2

p̃
[ℓ ]
N2

(zN2 , s), p̃
[ℓ ]
N2

(zN2 , 0)= p̃
[ℓ ]
N2−1(x−N1+2, . . . ,xN2−1,xN2 , τ∗) δ(x−N1+1 − x1).

Â ýòîì óðàâíåíèè

L

[ℓ ]
N2

p̃
[ℓ ]
N2

=
1

2

JN2∑

i,j=1

∂2(b
[ℓ ]
N2ij

p̃
[ℓ ]
N2

)

∂zN2i∂zN2j

−

JN2∑

i=1

∂(a
[ℓ ]
N2i

p̃
[ℓ ]
N2

)

∂zN2i

,

a
[ℓ ]
N2i

= f
[ℓ ]
N2i

+
1

2

JN2∑

j=1

KN2∑

k=1

∂g
[ℓ ]
N2ik

∂zN2j

g
[ℓ ]
N2jk

, b
[ℓ ]
N2ij

=

KN2∑

k=1

g
[ℓ ]
N2ik

g
[ℓ ]
N2jk

,

f
[ℓ ]
N2

(zN2 , s) =

[
f
[ℓ ]
N2−1(zN2−1, s)

f
(
xN2 ,xN2−q̄ℓN2

, sN2

)
]
, G

[ℓ ]
N2

(zN2 , s) =

[
G
[ℓ ]
N2−1(zN2−1, s) 0

0 G
(
x2,xN2−q̄ℓN2

, sN2

)
]
,

JN2 = n (N1 +N2), KN2 = m (N1 +N2).

Äëÿ îïðåäåëåíèÿ íåîáõîäèìûõ óñëîâíûõ ìîìåíòíûõ õàðàêòåðèñòèê ìîæíî, ñ îäíîé ñòîðî-

íû, âîñïîëüçîâàòüñÿ ðåøåíèÿìè ïîñòðîåííûõ ÔÏÊ-óðàâíåíèé, ñ äðóãîé � íàïðÿìóþ ïîëó÷èòü

ÎÄÓ äëÿ ýòèõ ìîìåíòíûõ �óíêöèé.

Îáîçíà÷èì ÷åðåç

m̃[ℓ ]
rαr

(s) = E [zαr
r ] = E

[ k2∏

k=−k1+1

z
αrk

rk

]
=

∫

Rk1+k2

zαr
r p̃[ℓ ]r (zr, s) dzr, k1 = nN1, k2 = n r,

ñìåøàííóþ ìîìåíòíóþ �óíêöèþ ïîðÿäêà |αr| = αr,−k1+1+ . . .+αr,k2 (αr = {αr,−k1+1, . . . , αr,k2},
αrk > 0). Ïðè ýòîì ó âûäåëåííûõ ìîìåíòîâ íóæíî çàìåíèòü ëîêàëüíîå âðåìÿ s íà èñòèííîå.

Â ïåðâîì ñëó÷àå äîñòàòî÷íî ïîñëåäîâàòåëüíî íà ó÷àñòêàõ ∆r, r = 1, 2, . . . , N2, âû÷èñëèòü

òîëüêî òðåáóåìûå �óíêöèèm
[ℓ ]
rαr

(s), ïðåäñòàâëÿþùèå ñîáîé ìîìåíòû âåêòîðà ñîñòîÿíèÿX [ℓ ](t)
äî íåêîòîðîãî ïîðÿäêà (|αr| 6 I): αr = {0, . . . , 0, αr1, αr2, . . . , αrk2}. Ê ñîæàëåíèþ, ïîëó÷èòü

ðåøåíèå ìíîãîìåðíîãî ÔÏÊ-óðàâíåíèÿ â íåîãðàíè÷åííîé îáëàñòè ñ ïðèåìëåìîé òî÷íîñòüþ

äàæå íà ñîâðåìåííûõ êîìïüþòåðàõ óäàåòñÿ ëèøü â ðåäêèõ ñëó÷àÿõ.

Âî âòîðîì ñëó÷àå íåîáõîäèìî øàã çà øàãîì íà ó÷àñòêàõ ∆r, r = 1, 2, . . . , N2, ñòðîèòü

è ðåøàòü ïîñëåäîâàòåëüíîñòü ñèñòåì óðàâíåíèé óâåëè÷èâàþùåéñÿ ðàçìåðíîñòè ñëåäóþùåãî

âèäà:

˙̃m[ℓ ]
rαr

(s) =
{ k1+k2∑

i=1

αri E
[
a
[ℓ ]
ri z

αr−ei
r

]
+

1

2

k1+k2∑

i=1

αri(αri − 1) E
[
b
[ℓ ]
rii z

αr−2ei
r

]
+

+

k1+k2−1∑

i=1

k1+k2∑

j=i+1

αri αrj E
[
b
[ℓ ]
rij z

αr−ei−ej
r

]}∣∣∣∣
zr→Zr

, ei = {δik}, k = 1, 2, . . . , k1 + k2

(δik � ñèìâîë Êðîíåêåðà), à çàòåì, êàê è âûøå, îòîáðàòü èç âñåõ òîëüêî òðåáóåìûå ìîìåíòíûå

�óíêöèè, èñêëþ÷èâ âñïîìîãàòåëüíûå.

Åñëè áû âû÷èñëåíèÿ äëÿ îáîèõ ñëó÷àåâ ìîæíî áûëî âûïîëíèòü ñ τ [ℓ ](t) è ξ[ℓ ] êàê ñèìâîëü-

íûìè ïàðàìåòðàìè, òî äëÿ ðàñ÷åòà áåçóñëîâíûõ ïëîòíîñòåé âåðîÿòíîñòè è ìîìåíòíûõ �óíêöèé

áûëè ïðèãîäíû ñëåäóþùèå �îðìàëüíûå ñîîòíîøåíèÿ:

p̃r(zr, s) = 〈 p̃[ℓ ]r (zr, s) 〉, m̃rαr(s) = 〈 m̃[ℓ ]
rαr

(s) 〉,

ãäå 〈. . .〉 � ñèìâîë óñðåäíåíèÿ ïî ðàñïðåäåëåíèþ.
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Êàê ïðàâèëî, äàæå äëÿ íå î÷åíü ñëîæíûõ çàäà÷ óêàçàííàÿ ïðîöåäóðà íåâîçìîæíà. Ïîýòî-

ìó âåðîÿòíîñòíîå óñðåäíåíèå äîëæíî áûòü çàìåíåíî ñòàòèñòè÷åñêèì. À èìåííî, áóäåì ïðî-

âîäèòü ñåðèþ èç L ìîäåëèðîâàíèé, ñîñòîÿùèõ â êîìïüþòåðíîì ðàçûãðûâàíèè ÂÑÂ Ξ, êî-

òîðàÿ â ýòèõ ñèìóëèðîâàíèÿõ áóäåò ïðèíèìàòü çíà÷åíèÿ ξ̂
[ℓ ]
, è âåêòîðíîãî ÑÏ T (t) ñ ïîëó-

÷åíèåì ðåàëèçàöèé τ̂ [ℓ ](t), ℓ = 1, 2, . . . , L (ñîãëàñíî ïðèíöèïàì ìåòîäà Ìîíòå-Êàðëî). Åñëè

îöåíêè äëÿ óñëîâíûõ âåêòîðîâ ñîñòîÿíèÿ, ïëîòíîñòåé âåðîÿòíîñòè è ìîìåíòíûõ �óíêöèé äëÿ

Σ = {T (t) = τ̂ [ℓ ](t),Ξ = ξ̂
[ℓ ]
} îáîçíà÷èòü òàê:

X̂
[ℓ ]
(t) = XΣ(t), ̂̃p[ℓ ]r (zr, s) = p̃[ℓ ]r (zr, s)

∣∣∣
Σ
, ̂̃m[ℓ ]

rαr
(s) = m̃[ℓ ]

rαr
(s)

∣∣∣
Σ
,

òî ðàñ÷åòíûå �îðìóëû äëÿ îöåíîê áåçóñëîâíûõ èõ àíàëîãîâ ïðèìóò ñëåäóþùèå �îðìû:

X̂(t) =
1

L

L∑

ℓ=1

X̂
[ℓ ]
(t), ̂̃pr(zr, s) =

1

L

L∑

ℓ=1

̂̃p[ℓ ]r (zr, s), ̂̃mrαr(s) =
1

L

L∑

ℓ=1

̂̃m[ℓ ]

rαr
(s).

� 2. Ëèíåéíûå ñòîõàñòè÷åñêèå ñèñòåìû

Âîñïîëüçîâàâøèñü ïðåäïîëîæåíèÿìè è îáîçíà÷åíèÿìè èç ïðåäûäóùåãî ðàçäåëà, åñëè íå

îãîâîðåíî ïðîòèâíîå, ðàññìîòðèì ñèñòåìó ÑÄ�Ó âèäà

Ẋ(t) = Q(t)X(t) +R(t)X(t− T (t)) + c(t) +H(t)V (t), t0 < t 6 T < +∞, (2.1)

ãäå c(t) = {ci} : (t0,∞) 7−→ R
n
è Q = {qij},R = {rij} : (t0,∞) 7−→ R

n × R
n
, H = {hij} :

(t0,∞) 7−→ R
n × R

m
� äåòåðìèíèñòè÷åñêèå âåêòîðíàÿ è ìàòðè÷íûå �óíêöèè ñîîòâåòñòâåííî.

Ó÷èòûâàÿ, ÷òî äëÿ êàæäûõ âîçìîæíîãî çíà÷åíèÿ ξ ÂÑÂ Ξ è ðåàëèçàöèè τ(t) ÑÏ T (t) ñèñòå-
ìà (2.1) ñî ñëó÷àéíûìè çàïàçäûâàíèåì T (t) è íà÷àëüíûì óñëîâèåì Ξ ïðåâðàùàåòñÿ â ëèíåéíóþ

ñèñòåìó ÑÄ�Ó ñ ïîñòîÿííûì íåñëó÷àéíûì ïåðåìåííûì çàïàçäûâàíèåì τ(t), à ñëåäîâàòåëüíî,
ïðè ïðàêòè÷åñêè ëþáîì ðàñïðåäåëåíèè Ξ ñ òå÷åíèåì âðåìåíè ïðîèñõîäèò íîðìàëèçàöèÿ ïðî-

öåññà X(t), ÷òî ïîçâîëÿåò â ðàìêàõ íàñòîÿùåãî èññëåäîâàíèÿ îãðàíè÷èòüñÿ îöåíêàìè âåêòîðà

�óíêöèé ìàòåìàòè÷åñêîãî îæèäàíèÿ m(t) = E [X(t)] è êîâàðèàöèé C(t) = E
[
X̊(t) X̊

⊺
(t)

]
âåê-

òîðíîãî ñëó÷àéíîãî ïðîöåññà X(t) (X̊(t) = X(t)−m(t)) è ïðèìåíèòü ñî÷åòàíèå ìåòîäà øàãîâ

è ñõåìû ðàñøèðåíèÿ âåêòîðà ñîñòîÿíèÿ.

Êàê è âûøå, ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ïîëóîòðåçêîâ ∆r, r = −N1 + 1, −N1 + 2, . . .,
−1, 0, 1, 2, . . ., N2.

1

◦
. Ñòàðòóåì ñðàçó æå ñ ∆−N1+1, . . . , ∆0, ∆1. Îïðåäåëåííûé íà ýòèõ ïîëóîòðåçêàõ ñëó÷àé-

íûé âåêòîð Z
[ℓ ]
1 (s) óäîâëåòâîðÿåò ñèñòåìå ÑÄÓ:

Ż
[ℓ ]
0 (s) = 0, Z

[ℓ ]
0 (0) = col

(
Ξ,Ξ, . . . ,Ξ

)
,

Ẋ
[ℓ ]
1 (s) = Q(s1)X

[ℓ ]
1 (s) +R(s1)X

[ℓ ]
1−q̄ℓ1

(s) + c(s1) +H(s1)V 1(s), X
[ℓ ]
1 (0) = Ξ

(îïÿòü çäåñü è äàëåå â ïðåäåëàõ ðàçäåëà òî÷êîé îáîçíà÷åíà ïðîèçâîäíàÿ ïî ïåðåìåííîé s).

2

◦
. �àññìîòðèì ïîâåäåíèå ñèñòåìû íà ïîëóîòðåçêàõ ∆−N1+1, . . . , ∆0, ∆1 è ∆2. ÑÄÓ äëÿ

âû÷èñëåíèÿ âåêòîðà Z2(s) ìîæíî ïðåäñòàâèòü òàê:

Ż
[ℓ ]
0 (s) = 0, Z

[ℓ ]
0 (0) = col

(
Ξ,Ξ, . . . ,Ξ

)
,

Ẋ
[ℓ ]
1 (s) = Q(s1)X

[ℓ ]
1 (s) +R(s1)X

[ℓ ]
1−q̄ℓ1

(s) + c(s1) +H(s1)V 1(s), X
[ℓ ]
1 (0) = Ξ,

Ẋ
[ℓ ]
2 (s) = Q(s2)X

[ℓ ]
2 (s) +R(s2)X

[ℓ ]
2−q̄ℓ2

(s) + c(s2) +H(s2)V 2(s), X
[ℓ ]
2 (0) = X

[ℓ ]
1 (τ∗).

. . . . . . . . . . . . . . . . . . . . . .
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N
◦
2
. Ïðîàíàëèçèðóåì ïîâåäåíèå ñèñòåìû íà ïîëóîòðåçêàõ ∆−N1+1, . . . , ∆0, ∆1, . . . , ∆N2 .

Ïîñòðîèì ñèñòåìó ÑÄÓ äëÿ âåêòîðà ZN2(s) â âèäå

Ż
[ℓ ]
0 (s) = 0, Z

[ℓ ]
0 (0) = col

(
Ξ,Ξ, . . . ,Ξ

)
,

Ẋ
[ℓ ]
1 (s) = Q(s1)X

[ℓ ]
1 (s) +R(s1)X

[ℓ ]
1−q̄ℓ1

(s) + c(s1) +H(s1)V 1(s), X
[ℓ ]
1 (0) = Ξ,

Ẋ
[ℓ ]
2 (s) = Q(s2)X

[ℓ ]
2 (s) +R(s2)X

[ℓ ]
2−q̄ℓ2

(s) + c(s2) +H(s2)V 2(s), X
[ℓ ]
2 (0) = X

[ℓ ]
1 (τ∗),

. . . . . . . . . . . . . . . . . . . . . ,

Ẋ
[ℓ ]
N2

(s) = Q(sN2)X
[ℓ ]
N2

(s) +R(sN2)X
[ℓ ]
N2−q̄ℓN2

(s) + c(sN2) +H(sN2)V N2(s),

X
[ℓ ]
N2

(0) = X
[ℓ ]
N2−1(τ∗).

Ïîëó÷èì íåîáõîäèìûå óñëîâíûå ìîìåíòíûå �óíêöèè èç ÎÄÓ äëÿ ýòèõ ìîìåíòíûõ �óíê-

öèé, äëÿ ÷åãî ïîñòðîèì òðåáóåìûå óðàâíåíèÿ íà îñíîâå öåïî÷êè óðàâíåíèé äëÿ âåêòîðíûõ

ñëó÷àéíûõ ïðîöåññîâ Z
[ℓ ]
q (t).

Äëÿ �óíêöèé óñëîâíîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ

m̃
[ℓ ]
r (s) = col

(
m

[ℓ ]
−N1+1(s), . . . ,m

[ℓ ]
0 (s),m

[ℓ ]
1 (s), . . . ,m [ℓ ]

r (s)
)

íà ó÷àñòêàõ ∆−N1+1, . . . , ∆0, ∆1, . . . , ∆r, r = 1, 2, . . . , N2, ñèñòåìà óïðàâëÿþùèõ óðàâíåíèé

áóäåò âûãëÿäåòü òàê:

˙̃m
[ℓ ]

r (s) = Q̃r(s) m̃
[ℓ ]
r (s) + c̃r(s), (2.2)

à äëÿ óñëîâíûõ êîâàðèàöèé

C̃ [ℓ ]
r (s) =




C
[ℓ ]
−N1+1,−N1+1(s) . . . C

[ℓ ]
−N1+1,0(s) C

[ℓ ]
−N1+1,1(s) . . . C

[ℓ ]
−N1+1,r(s)

. . . . . . . . . . . . . . . . . .

C
[ℓ ]
0,−N1+1(s) . . . C

[ℓ ]
00 (s) C

[ℓ ]
01 (s) . . . C

[ℓ ]
0r (s)

C
[ℓ ]
1,−N1+1(s) . . . C

[ℓ ]
10 (s) C

[ℓ ]
11 (s) . . . C

[ℓ ]
1r (s)

. . . . . . . . . . . . . . . . . .

C
[ℓ ]
r,−N1+1(s) . . . C

[ℓ ]
r0 (s) C

[ℓ ]
r1 (s) . . . C

[ℓ ]
rr (s)




íà òåõ æå ó÷àñòêàõ �

˙̃
C
[ℓ ]

r (s) = Q̃r(s) C̃
[ℓ ]
r (s) +

[
Q̃r(s) C̃

[ℓ ]
r (s)

] ⊺
+ H̃r(s) H̃

⊺
r(s), (2.3)

ãäå

Q̃ [ℓ ]
r (s) =

r∑

k=0

Q̃
[ℓ ]
rk (s), Q̃

[ℓ ]
r0 (s) =




0 . . . 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 0 . . . 0

0 . . . 0 Q(s1) . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 0 . . . Q(sr)



,

Q̃
[ℓ ]
rk (s) � áëî÷íàÿ ìàòðèöà, åäèíñòâåííûì íåíóëåâûì áëîêîì êîòîðîé ÿâëÿåòñÿ ìàòðèöà R(sk),

íàõîäÿùàÿñÿ â ñòðîêå N1 + r è ñòîëáöå N1 + r − q̄ℓr,

H̃ [ℓ ]
r (s) =




0 . . . 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 0 . . . 0

0 . . . 0 H(s1) . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 0 . . . H(sr)



, c̃r(s) =




0

. . .

0

c(s1)
. . .

c(sr)



.
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�èñ. 1. Ïîâåäåíèå ðåàëèçàöèé �óíêöèé óñëîâíûõ ìàòåìàòè÷åñêèõ îæèäàíèé X1(t) è X2(t)

Íà÷àëüíûå óñëîâèÿ äëÿ íåèçâåñòíûõ �óíêöèé â óðàâíåíèÿõ (2.2), (2.3) áóäóò âûãëÿäåòü

òàê:

m̃
[ℓ ]
1 (0) =




m0

. . .

m0

m0


, C̃

[ℓ ]
1 (0) =




C0 . . . C0 C0

. . . . . . . . . . . .

C0 . . . C0 C0

C0 . . . C0 C0


, m0 = E [Ξ] , C0 = E

[
Ξ̊Ξ̊

⊺]
,

m̃
[ℓ ]
r (0) =

[
m0

m̃
[ℓ ]
r−1(τ∗)

]
, C̃ [ℓ ]

r (0) =

[
C0 C̄0

r−1

C̄0⊺
r−1 C̃

[ℓ ]
r (τ∗)

]
, C̄0

r−1 =
[
C0 . . . C0

]
, r > 1.

Ïîñëå ðåøåíèÿ ýòèõ ñèñòåì, êàê è âûøå, íåîáõîäèìî îòîáðàòü èç âñåõ òîëüêî òðåáóåìûå

ìîìåíòíûå �óíêöèè, èñêëþ÷èâ âñïîìîãàòåëüíûå.

Åñëè áû ýòè âû÷èñëåíèÿ ìîæíî áûëî âûïîëíèòü ñ τ [ℓ ](t) è ξ [ℓ ]
êàê ñèìâîëüíûìè ïàðàìåò-

ðàìè, òî äëÿ ðàñ÷åòà áåçóñëîâíûõ ìàòåìàòè÷åñêîãî îæèäàíèÿ è êîâàðèàöèé áûëè ïðèãîäíû

ñëåäóþùèå �îðìàëüíûå ñîîòíîøåíèÿ:

m̃r(s) = 〈 m̃ [ℓ ]
r (s) 〉, C̃r(s) = 〈 C̃ [ℓ ]

r (s) 〉.

Êàê îòìå÷àëîñü, äàæå äëÿ íå î÷åíü ñëîæíûõ çàäà÷ òàêàÿ ïðîöåäóðà íåâîçìîæíà. Ïîýòîìó

è çäåñü âåðîÿòíîñòíîå óñðåäíåíèå äîëæíî áûòü çàìåíåíî ñòàòèñòè÷åñêèì. À èìåííî, áóäåì ïðî-

âîäèòü ñåðèþ èç L ìîäåëèðîâàíèé, ñîñòîÿùèõ â êîìïüþòåðíîì ðàçûãðûâàíèè ÂÑÂ Ξ, êîòîðàÿ

â ýòèõ ñèìóëèðîâàíèÿõ áóäåò ïðèíèìàòü çíà÷åíèÿ ξ̂
[ℓ ]
, è âåêòîðíîãî ÑÏ T (t) ñ ïîëó÷åíèåì

ðåàëèçàöèé τ̂ [ℓ ](t), ℓ = 1, 2, . . . , L. Åñëè îöåíêè äëÿ óñëîâíûõ ìàòåìàòè÷åñêèõ îæèäàíèé è

êîâàðèàöèé äëÿ Σ = {T (t) = τ̂ [ℓ ](t),Ξ = ξ̂
[ℓ ]
} îáîçíà÷èòü òàê:

̂̃m
[ℓ ]

r (s) = m̃
[ℓ ]
r (s)

∣∣∣
Σ
,

̂̃
C
[ℓ ]

r (s) = C̃ [ℓ ]
r (s)

∣∣∣
Σ
,

òî ðàñ÷åòíûå �îðìóëû äëÿ îöåíîê áåçóñëîâíûõ èõ ïðîòîòèïîâ ïðèìóò ñëåäóþùèå �îðìû:

̂̃mr(s) =
1

L

L∑

ℓ=1

̂̃m
[ℓ ]

r (s),
̂̃
Cr(s) =

1

L

L∑

ℓ=1

̂̃
C
[ℓ ]

r (s).
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�èñ. 2. Ïîâåäåíèå ðåàëèçàöèé �óíêöèé êîâàðèàöèé X1(t) è X2(t)

� 3. Ïðèìåð

�àññìîòðèì ëèíåéíóþ ÑÄ�Ó ñî ñëåäóþùèìè õàðàêòåðèñòèêàìè:

n = 2, m = 2, M = 5, h = 1.0, τ∗ = 0.2,

Q(t) =

[
−2.0 0.4
−0.2 −1.0

]
, R(t) =

[
0.0 0.3
0.1 0.0

]
, c(t) =

[
0.0
0.0

]
, H(t) =

[
0.1 0.0
0.0 0.2

]
,

P =




0.0 0.1 0.2 0.3 0.4
0.2 0.0 0.1 0.3 0.4
0.4 0.2 0.0 0.1 0.3
0.4 0.3 0.2 0.0 0.1
0.4 0.3 0.2 0.1 0.0



, p S0 =




0.1
0.2
0.3
0.2
0.1



, p̄ 0(y1, y2) = N (y1; 5, 0.25)N (y2 ; 3, 0.64),

t0 = 0.0, T = 12.0, N1 = 5, N2 = 60, N̄ = 5,

ãäå N (·; a, σ2) � íîðìàëüíîå ðàñïðåäåëåíèå ñ ìàòåìàòè÷åñêèì îæèäàíèåì a è äèñïåðñèåé σ2
.

×èñëåííûå ðàñ÷åòû ïðîâîäèëèñü ñ ïîìîùüþ ïðîãðàììû, íàïèñàííîé íà âõîäíîì ÿçûêå

ïàêåòà Mathemati
a [50℄. Íà ðèñóíêàõ 1 è 2 ïðåäñòàâëåíû ðåçóëüòàòû ýòèõ ðàñ÷åòîâ ðåàëèçàöèé

óñëîâíûõ ìàòåìàòè÷åñêèõ îæèäàíèé è êîâàðèàöèé êîìïîíåò âåêòîðà ñîñòîÿíèÿ òîëüêî äëÿ

ïåðâîãî èç òðåõ íàáîðîâ ìíîæèòåëåé äëÿ çàïàçäûâàíèé (â ñâÿçè ñ îãðàíè÷åííîñòüþ îáùåãî

îáúåìà ñòàòüè):

{q1, q2, q3, q4, q5} ∈
{
{1, 2, 3, 4, 5}, {3, 4, 5, 1, 2}, {5, 1, 2, 3, 4}

}
.

Íà ýòèõ ðèñóíêàõ ãðà�èêè, ñîîòâåòñòâóþùèå îòäåëüíûì ðåàëèçàöèÿì êàæäîé èç õàðàêòåðè-

ñòèê, èçîáðàæåíû íåïðåðûâíûìè, ïóíêòèðíûìè è øòðèõïóíêòèðíûìè ëèíèÿìè. Êîíêðåòíûå

îáîçíà÷åíèÿ óêàçàíû â ïîäïèñÿõ ê ðèñóíêàì. �èñóíîê 3 äåìîíñòðèðóåò ïðàêòè÷åñêîå ñîâïàäå-

íèå îöåíîê �óíêöèé áåçóñëîâíîé êîâàðèàöèè C22(t), âû÷èñëåííûõ ìåòîäîì Ìîíòå-Êàðëî ïðè

L = 2000 è τ∗ = 0.3 äëÿ âñåõ òðåõ íàáîðîâ ìíîæèòåëåé qk (íåïðåðûâíàÿ ëèíèÿ ñèíåãî öâåòà �

äëÿ ïåðâîãî íàáîðà, êîðè÷íåâàÿ øòðèõïóíêòèðíàÿ � äëÿ âòîðîãî è êðàñíàÿ ïóíêòèðíàÿ �

äëÿ òðåòüåãî). Ïîäîáíàÿ æå êàðòèíà íàáëþäàåòñÿ è äëÿ îñòàëüíûõ �óíêöèé êîâàðèàöèè è

âñåõ ìàòåìàòè÷åñêèõ îæèäàíèé.
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The paper provides an overview of the problems that lead to a ne
essity for analyzing models of linear and

nonlinear dynami
 systems in the form of sto
hasti
 di�erential equations with random delays of various types

as well as some well-known methods for solving these problems. In addition, the author proposes some new

approa
hes to the approximate analysis of linear and nonlinear sto
hasti
 dynami
 systems. Changes of delays

in these systems are governed by dis
rete Markov 
hains with 
ontinuous time. The proposed te
hniques for

the analysis of systems are based on a 
ombination of the 
lassi
al steps method, an extension of the state

spa
e of a sto
hasti
 system under examination, and the method of statisti
al modeling (Monte Carlo). In this


ase the te
hniques allow to simplify the task and to transfer the sour
e equations to systems of sto
hasti


di�erential equations without delay. Moreover, for the 
ase of linear systems the author has obtained a 
losed

sequen
e of systems with in
reasing dimensions of ordinary di�erential equations satis�ed by the fun
tions

of 
onditional expe
tations and 
ovarian
es for the state ve
tor. The above s
heme is demonstrated by the

example of a se
ond-order sto
hasti
 system. Changes of the delay in this system are 
ontrolled by the Markov


hain with �ve states. All 
al
ulations and graphi
s were performed in the environment of the mathemati
al

pa
kage Mathemati
a by means of a program written in the sour
e language of the pa
kage.
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