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Èññëåäóåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ áèñèíãóëÿðíî âîçìóùåííîãî ýë-

ëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â êîëüöå ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè. Äëÿ ïîñòðîå-

íèÿ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ çàäà÷è ïðèìåíÿåòñÿ ìîäè�èöèðîâàííàÿ ñõåìà ìåòîäà ïî-

ãðàíè÷íûõ �óíêöèé Âèøèêà�Ëþñòåðíèêà�Âàñèëüåâîé�Èìàíàëèåâà. Ïðåäëàãàåìûé ìåòîä îòëè÷àåòñÿ

îò ìåòîäà ñîãëàñîâàíèÿ òåì, ÷òî íàðàñòàþùèå îñîáåííîñòè âíåøíåãî ðàçëîæåíèÿ �àêòè÷åñêè èç íåãî

óáèðàþòñÿ è ñ ïîìîùüþ âñïîìîãàòåëüíîãî àñèìïòîòè÷åñêîãî ðÿäà ïîëíîñòüþ âíîñÿòñÿ âî âíóòðåííèå

ðàçëîæåíèÿ, à îò êëàññè÷åñêîãî ìåòîäà ïîãðàíè÷íûõ �óíêöèé çäåñü ïîãðàíè÷íûå �óíêöèè óáûâà-

þò ñòåïåííûì õàðàêòåðîì, à íå ýêñïîíåíöèàëüíî. Àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ ïðåäñòàâëÿåò

ñîáîé ðÿä Ïþèç¼. Ïîëó÷åííîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ çàäà÷è Äèðèõëå îáîñíîâàíî ïðèí-

öèïîì ìàêñèìóìà.

Êëþ÷åâûå ñëîâà: �îðìàëüíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå, çàäà÷à Äèðèõëå, �óíêöèè Ýéðè, ðÿä Ïþ-

èç¼, ìàëûé ïàðàìåòð, ìåòîä ïîãðàí�óíêöèé, áèñèíãóëÿðíîå âîçìóùåíèå.

Ââåäåíèå

Â ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à â êîëüöå äëÿ îïåðàòîðà Ëàïëàñà ñ ïîòåíöèàëîì. Íà

ãðàíèöàõ ñòàâÿòñÿ êðàåâûå óñëîâèÿ Äèðèõëå. Óðàâíåíèå è êðàåâûå óñëîâèÿ íåîäíîðîäíûå.

Îñîáåííîñòü çàäà÷è ñîñòîèò â íàëè÷èè ìàëîãî ïàðàìåòðà ïåðåä îïåðàòîðîì Ëàïëàñà è â îáðà-

ùåíèè â íóëü ïîòåíöèàëà íà ãðàíèöå êîëüöà, ïðè ýòîì íåîäíîðîäíàÿ ÷àñòü óðàâíåíèÿ îòëè÷íà

îò íóëÿ. Òàêàÿ çàäà÷à, ïî òåðìèíîëîãèè À.Ì. Èëüèíà, íàçûâàåòñÿ áèñèíãóëÿðíî âîçìóùåí-

íîé [1, 2℄.

Èññëåäîâàòåëÿì èçâåñòíî, ÷òî âî ìíîãèõ çàäà÷àõ ìàòåìàòè÷åñêîé �èçèêè áîëüøóþ ðîëü

èãðàþò àñèìïòîòè÷åñêèå ìåòîäû. Íà ñåãîäíÿùíèé äåíü ñóùåñòâóåò íåñêîëüêî àñèìïòîòè÷å-

ñêèõ ìåòîäîâ. Ìåòîä ïîãðàí�óíêöèé Âèøèêà�Ëþñòåðíèêà�Âàñèëüåâîé�Èìàíàëèåâà ÿâëÿåòñÿ

îäíèì èç êëàññè÷åñêèõ àñèìïòîòè÷åñêèõ ìåòîäîâ. Îäíàêî ýòîò ìåòîä íàïðÿìóþ íåâîçìîæíî

ïðèìåíÿòü ê áèñèíãóëÿðíî âîçìóùåííûì çàäà÷àì â ñâÿçè ñ íåâûïîëíåíèåì îäíîãî óñëîâèÿ

èçâåñòíîé òåîðåìû Òèõîíîâà. Ïîýòîìó â òàêèõ ñëó÷àÿõ èññëåäîâàòåëè ïîëüçóþòñÿ äðóãèìè

àñèìïòîòè÷åñêèìè ìåòîäàìè. Íàìè ïðåäëàãàåòñÿ àíàëîã ìåòîäà ïîãðàíè÷íûõ �óíêöèé, êîòî-

ðûé îòëè÷àåòñÿ îò ìåòîäà ñîãëàñîâàíèÿ òåì, ÷òî íàðàñòàþùèå îñîáåííîñòè âíåøíåãî ðàçëîæå-

íèÿ �àêòè÷åñêè èç íåãî óáèðàþòñÿ è ñ ïîìîùüþ âñïîìîãàòåëüíîãî ðÿäà ïîëíîñòüþ âíîñÿòñÿ

âî âíóòðåííèå ðàçëîæåíèÿ, à îò êëàññè÷åñêîãî ìåòîäà ïîãðàíè÷íûõ �óíêöèé çäåñü ïîãðàíè÷-

íûå �óíêöèé óáûâàþò ñòåïåííûì õàðàêòåðîì. Ýòà èäåÿ áûëà ðåàëèçîâàíà â ðàáîòàõ [3�6℄ äëÿ

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé, à â ðàáîòàõ [7,8℄ èññëåäîâàíû áèñèíãóëÿðíî âîç-

ìóùåííûå ýëëèïòè÷åñêèå óðàâíåíèÿ.

Îñíîâíûì ðåçóëüòàòîì íàøåé ðàáîòû ÿâëÿþòñÿ ìîäè�èêàöèÿ ìåòîäà ïîãðàí�óíêöèé Âè-

øèêà�Ëþñòåðíèêà�Âàñèëüåâîé�Èìàíàëèåâà è ïîëíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ ïî

ìàëîìó ïàðàìåòðó.

� 1. Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó

ε∆u(ρ, ϕ, ε) − (ρ− α)a(ρ, ϕ)u(ρ, ϕ, ε) = f(ρ, ϕ, ε), (ρ, ϕ) ∈ D, (1)

1

�àáîòà âûïîëíåíà ïðè ÷àñòè÷íîé �èíàíñîâîé ïîääåðæêå ÌÎèÍ Êûðãûçñêîé �åñïóáëèêè.
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u(α,ϕ, ε) = ψ1(ϕ, ε), u(β, ϕ, ε) = ψ2(ϕ, ε), (2)

ãäå ∆ =
∂2

∂ρ2
+

∂

ρ∂ρ
+

∂2

ρ2∂ϕ2
� îïåðàòîð Ëàïëàñà, 0 < ε � ìàëûé ïàðàìåòð,

D = {(ρ, ϕ) |α < ρ < β, 0 6 ϕ < 2π}, ψj(ϕ, ε) =

+∞∑

k=0

ψj,k(ϕ)ε
k,

a(ρ, ϕ) > 0, a(ρ, ϕ) ∈ C∞(D), ψj,k(ϕ) ∈ C∞[0, 2π],

f(ρ, ϕ, ε) =
+∞∑

k=0

fk(ρ, ϕ)ε
k , fk(ρ, ϕ) ∈ C∞(D), f(α,ϕ, 0) 6= 0,

a(ρ, ϕ), ψj(ϕ, ε), j = 1, 2, f(ρ, ϕ, ε) � çàäàííûå �óíêöèè, u(ρ, ϕ, ε) � èñêîìàÿ �óíêöèÿ.

�åøåíèå çàäà÷è (1)�(2) ñóùåñòâóåò è åäèíñòâåííî [9℄. Íàì òðåáóåòñÿ ïîñòðîèòü àñèìïòîòè-

÷åñêîå ðàçëîæåíèå ðåøåíèÿ çàäà÷è (1)�(2) ïðè ε→ 0.
Îñîáåííîñòè çàäà÷è. Ïåðâàÿ îñîáåííîñòü (ñèíãóëÿðíîñòü) î÷åâèäíà; ðåøåíèå ïðåäåëüíîãî

óðàâíåíèÿ ïðè ε = 0

−(ρ− α)a(ρ, ϕ)u(ρ, ϕ, 0) = f0(ρ, ϕ)

íå óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (2).

×òîáû ïîêàçàòü âòîðóþ ñèíãóëÿðíîñòü, ðàññìîòðèì ñòðóêòóðó âíåøíåãî ðàçëîæåíèÿ ðåøå-

íèÿ çàäà÷è (1), êîòîðîå èùåì ìåòîäîì ìàëîãî ïàðàìåòðà:

U =

+∞∑

k=0

εkuk(ρ, ϕ), ε→ 0. (3)

Ïîäñòàâëÿÿ (3) â (1) è ïðèðàâíèâàÿ êîý��èöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì
ðåêóððåíòíóþ ñèñòåìó óðàâíåíèé

−(ρ− α)a(ρ, ϕ)u0(ρ, ϕ) = f0(ρ, ϕ),

(ρ− α)a(ρ, ϕ)uk(ρ, ϕ) = ∆uk−1(ρ, ϕ) − fk(ρ, ϕ), k ∈ N.

Îòñþäà ïîëó÷àåì âíåøíåå ðàçëîæåíèå ðåøåíèÿ çàäà÷è (1)�(2):

U =
1

(ρ− α)

(
F0 +

ε

(ρ− α)3
F1 + . . . +

εm

(ρ− α)3m
Fm + . . .

)
, ε→ 0,

ãäå Fk = Fk(ρ, ϕ) ∈ C∞(D), k = 0, 1, . . . .
Ïðè ρ→ α âñå ýòè �óíêöèè uk(ρ, ϕ) èìåþò íàðàñòàþùèå îñîáåííîñòè âèäà

uk(ρ, ϕ) = O(1/(ρ − α)3k+1), k = 0, 1, . . . .

Ñëåäîâàòåëüíî, èññëåäóåìàÿ çàäà÷à ÿâëÿåòñÿ áèñèíãóëÿðíî âîçìóùåííîé ïî òåðìèíîëîãèè

À.Ì. Èëüèíà [1, 2℄.

� 2. Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1. Äëÿ ðåøåíèÿ çàäà÷è (1)�(2) ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàçëîæåíèå

u(ρ, ϕ, ε) =

+∞∑

k=0

εkvk(ρ, ϕ) +

+∞∑

k=−1

ε
k

3wk

(
ρ− α

3
√
ε
, ϕ

)
+

+∞∑

k=0

ε
k

2 qk

(
β − ρ√

ε
, ϕ

)
, ε→ 0, (4)

ãäå �óíêöèè vk(ρ, ϕ), wk

(
ρ−α
3
√
ε
, ϕ

)
, qk

(
β−ρ√

ε
, ϕ

)
êîíêðåòèçèðóþòñÿ íèæå.
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Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî ñîñòîèò èç äâóõ ÷àñòåé: ïîñòðîåíèÿ �îðìàëüíîãî

àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ (4) è îáîñíîâàíèÿ ýòîãî ðàçëîæåíèÿ.

Ôîðìàëüíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ èùåì â âèäå

u(ρ, ϕ, ε) =

+∞∑

k=0

εkvk(ρ, ϕ) +

+∞∑

k=−1

µkwk(τ, ϕ) +

+∞∑

k=0

λkqk(η, ϕ), ε→ 0, (5)

ãäå

+∞∑
k=0

εkvk(ρ, ϕ) � ðåãóëÿðíîå âíåøíåå ðåøåíèå,

+∞∑
k=−1

µkwk(τ, ϕ) � ïîãðàíñëîéíîå ðåøåíèå

â îêðåñòíîñòè ρ = α,
+∞∑
k=0

λkqk(η, ϕ) � êëàññè÷åñêîå ïîãðàíñëîéíîå ðåøåíèå â îêðåñòíîñòè ρ = β,

τ = (ρ− α)/µ, η = (β − ρ)/λ, µ = 3
√
ε, λ =

√
ε.

Ïîãðàíñëîéíîå ðåøåíèå

+∞∑
k=−1

µkwk(τ, ϕ) óñòðàíÿåò íåâÿçêó íà ãðàíèöå ρ = α è âíå ãðàíè-

öû óáûâàåò ñòåïåííûì ðîñòîì. À êëàññè÷åñêîå ïîãðàíñëîéíîå ðåøåíèå óñòðàíÿåò íåâÿçêó íà

ãðàíèöå ρ = β è âíå ãðàíèöû óáûâàåò ýêñïîíåíöèàëüíî.

Ïîäñòàâëÿÿ (5) â (1), ïîëó÷èì

+∞∑

k=0

εk(ε∆vk(ρ, ϕ) − (ρ− α)a(ρ, ϕ)vk(ρ, ϕ)) =

+∞∑

k=0

εk(fk(ρ, ϕ) − hk(ρ, ϕ)), (6)

+∞∑

k=−1

µk+1

(
∂2wk

∂τ2
+

µ∂wk

(µτ + α)∂τ
+

µ2∂2wk

(µτ + α)2∂ϕ2
− τa(α+ µτ, ϕ)wk

)
=

=

+∞∑

k=0

hk(α+ τµ, ϕ)µ3k,

(7)

+∞∑

k=0

λk
(
∂2qk
∂η2

− λ∂qk
(β − µτ)∂η

+
λ2∂2qk

(β − λη)2∂ϕ2
− (β − α− ηλ)a(α+ λη, ϕ)qk

)
= 0. (8)

Ïî èäåå ìåòîäà çäåñü ìû ââåëè íîâûé, ïîêà íåèçâåñòíûé, àñèìïòîòè÷åñêèé ðÿä

+∞∑
k=0

hk(ρ, ϕ)ε
k ,

êîòîðûé êîíêðåòèçèðóåì íèæå. À ãðàíè÷íûå óñëîâèÿ ïðèìóò âèä

w3k(0, ϕ) = ψ1,k(ϕ) − vk(α,ϕ), ws(0, ϕ) = 0, s 6= 3k,

s = −1, 0, . . . ; k = 0, 1, . . . .
(9)

q2k(0, ϕ) = ψ2,k(ϕ)− ṽk(β, ϕ), q2k+1(0, ϕ) = 0, k = 0, 1, . . . . (10)

�åãóëÿðíîå âíåøíåå ðåøåíèå. Äëÿ îïðåäåëåíèÿ �óíêöèè vk(ρ, ϕ) èç ðàâåíñòâà (6) ïî-
ëó÷èì ñîîòíîøåíèå

∆vk−1(ρ, ϕ) − (ρ− α)a(ρ, ϕ)vk(ρ, ϕ) = fk(ρ, ϕ) − hk(ρ, ϕ), (ρ, ϕ) ∈ D, k = 0, 1, . . .

èëè

vk(ρ, ϕ) = −fk(ρ, ϕ)−∆vk−1(ρ, ϕ) − hk(ρ, ϕ)

(ρ− α)a(ρ, ϕ)
, v−1(ρ, ϕ) ≡ 0, k = 0, 1, . . . .

Îïðåäåëèì òåïåðü íåèçâåñòíûå �óíêöèè hk(ρ, ϕ) òàê, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå óñëîâèÿ:

vk(ρ, ϕ) ∈ C∞(D), wk−1(τ, ϕ) → 0, τ → +∞, k = 0, 1, . . . .

Ïóñòü gk(ρ, ϕ) = fk(ρ, ϕ)−∆vk−1(ρ, ϕ). Òîãäà vk(ρ, ϕ) ∈ C∞(D), åñëè

hk(ρ, ϕ) = gk(α,ϕ)
a(ρ, ϕ)

a(α,ϕ)
+

∞∑

j=1

Ak+1,j(ϕ)(ρ − α)j ,
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ãäå Ak+1,j(ϕ) ∈ C(D) � ïîêà íåèçâåñòíûå �óíêöèè; èõ ïîäáåðåì òàê, ÷òîáû âûïîëíÿëèñü

óñëîâèÿ

lim
τ→+∞

wk(τ, ϕ) = 0, k = −1, 0, 1, . . . . (11)

Òàêèì îáðàçîì, ìû ïî÷òè ïîñòðîèëè âíåøíåå ðåãóëÿðíîå ðåøåíèå.

Ïîãðàíñëîéíîå ðåøåíèå â îêðåñòíîñòè ρ = α. �àâåíñòâà (7) çàïèøåì â âèäå

+∞∑

k=−1

µk+1

(
∂2wk

∂τ2
+
µ∂wk

∂τ
+
µ2∂2wk

∂ϕ2
− τa(µτ, ϕ)wk

)
=

=

+∞∑

k=0

(
gk
a0

+∞∑

j=0

aj(µτ)
j

)
µ3k +

+∞∑

k=1

+∞∑

j=1

Ak,jτ
jµj+3k, (12)

ãäå wk = wk(τ, ϕ), ak = ak(ϕ), gk = gk(α,ϕ), Ak,j = Ak,j(ϕ), ak(ϕ) =
∂ja(α,ϕ)

j!∂ρj
.

Èç ðàâåíñòâà (12) ïîëó÷èì óðàâíåíèÿ

Lw−1 ≡
∂2w−1

∂τ2
− a0τw−1 = g0, (τ, ϕ) ∈ D1, (13)

Lw3k+m = −∂w3k+m−1

∂τ
− ∂2w3k+m−2

∂ϕ2
+

3k+m+1∑

j=1

τ j+1ajw3k+m−j +
g0
a0
a3k+m+1τ

3k+m+1 + (14)

+

k∑

j=1

(
gj
a0
a3(k−j)+m+1 +Aj,3(k−j)+m+1

)
τ3(k−j)+m+1, m = 0, 1, 2; k = 0, 1, . . . , (τ, ϕ) ∈ D1,

ãäå D1 = {(τ, ϕ) | 0 < τ < +∞, 0 6 ϕ < 2π}. Äîêàæåì ñëåäóþùóþ ëåììó.

Ëåììà 1. Ïóñòü f̃(τ)δ(ϕ) ∈ C(D1), a0 > 0. Òîãäà çàäà÷à

∂2z(τ, ϕ)

∂τ2
− τa0z(τ, ϕ) = f̃(τ)δ(ϕ), (τ, ϕ) ∈ D1, z(0, ϕ) = z0(ϕ), (15)

èìååò åäèíñòâåííîå ðåøåíèå â êëàññå �óíêöèé, ìåäëåííî ðàñòóùèõ ïî êàêîé-ëèáî ñòåïåíè τ .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü t = 3
√
a0τ, òîãäà çàäà÷à (15) ïðèìåò âèä

∂2z(t, ϕ)

∂t2
− tz(t, ϕ) =

1
3

√
a20
f̃(t)δ(ϕ), z(0, ϕ) = z0(ϕ). (16)

�åøåíèå ýòîé çàäà÷è (16) èùåì â âèäå z(t, ϕ) = z1(t)
1

3
√

a2
0

δ(ϕ). Òîãäà, îòíîñèòåëüíî z1(t), ïîëó-

÷èì çàäà÷ó

z′′1 (t)− tz1(t) = f̃(t), z1(0) = z0(ϕ) 3

√
a20/δ(ϕ) ≡ z01 . (17)

Îäíîðîäíîå óðàâíåíèå z′′1 (t) − tz1(t) = 0 èìååò äâà íåçàâèñèìûõ ðåøåíèÿ Ai(t), Bi(t) �
�óíêöèè Ýéðè. Ñ ïîìîùüþ �óíêöèé Ýéðè çàïèøåì ðåøåíèå çàäà÷è (17):

z1(t) =
z01

Ai(0)
Ai(t) + πBi(t)

∫ +∞

t

Ai(s)f̃(s) ds +

+ πAi(t)

(∫ t

0
Bi(s)f̃(s) ds −

√
3

∫ +∞

0
Ai(s)f̃(s) ds

)
.

Îòñþäà

z(t, ϕ) =
z0(ϕ)

Ai(0)
Ai(t) +

π
3

√
a20
δ(ϕ)Bi(t)

∫ +∞

t

Ai(s)f̃(s) ds+

+
π

3

√
a20
δ(ϕ)Ai(t)

(∫ t

0
Bi(s)f̃(s) ds −

√
3

∫ +∞

0
Ai(s)f̃(s) ds

)
.

Ëåììà 1 äîêàçàíà. �



Àñèìïòîòèêà ðåøåíèÿ çàäà÷è Äèðèõëå 521

ÌÀÒÅÌÀÒÈÊÀ 2015. Ò. 25. Âûï. 4

Ñëåäñòâèå 1. Åñëè f̃(τ) = O(τN1) ïðè τ → +∞, òî, ó÷èòûâàÿ àñèìïòîòè÷åñêîå ïîâå-

äåíèå �óíêöèè Ýéðè ïðè τ → +∞, ïîëó÷àåì z(τ, ϕ) = O(τN1−1), N1 = const. Ýòî îçíà÷àåò,
÷òî ðåøåíèå çàäà÷è (15) ïðèíàäëåæèò êëàññó �óíêöèé, ìåäëåííî ðàñòóùèõ ïî êàêîé-ëèáî

ñòåïåíè τ .

Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé óðàâíåíèé (13)�(14), óäîâëåòâîðÿþùèõ ñîîòâåò-

ñòâóþùèì êðàåâûì óñëîâèÿì (9), ñëåäóþò èç ëåììû 1. Äîêàæåì òåïåðü ñëåäóþùóþ ëåììó.

Ëåììà 2. Ïóñòü Ak,j = −
3k∑

s=0

as+jc3k−1−s,s+1 −
aj
a0
gk, k, j = 1, 2, . . .. Òîãäà ïðè τ → +∞

ñïðàâåäëèâû ðàâåíñòâà

w3k+m =
c3k+m,3−m

τ3−m
+
c3k,6−m

τ6−m
+ . . .+

c3k,3n+3−m

τ3n+3−m
+ . . . , m = 0, 1, 2, (18)

ãäå cj,k = cj,k(ϕ).

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ w−1(τ, ϕ) èìååì w−1(τ, ϕ) =
c−1,1

τ
+
c−1,4

τ4
+ . . . . Ôîðìàëüíî

ïîäñòàâëÿÿ ýòîò ðÿä â (13), îïðåäåëÿåì íåèçâåñòíûå êîý��èöèåíòû c−1,3k+1:

c−1,1 = −g0
a0
, c−1,4 =

2c−1,1

a0
, . . . , c−1,3k+1 =

(3k − 2)(3k − 1)c−1,3k−2

a0
, k = 1, 2, . . . .

Àíàëîãè÷íî, ïîäñòàâëÿÿ ðÿä w0(τ, ϕ) =
c0,3
τ3

+
c0,6
τ6

+ . . . â (14) ïðè k = 0 è m = 0, îïðåäåëÿåì

êîý��èöèåíòû c0,3k, 4k = 1, 2, . . .:

c0,3 = −c−1,1 + a1c−1,4

a0
, c0,3j =

3(j − 1)(3j − 2)c0,3j−3 − (3j − 2)c−1,3j−2 − a1c−1,3j+1

a0
.

Òî÷íî òàê æå, ïîäñòàâëÿÿ ðÿä

w1(τ, ϕ) =
c1,2
τ2

+
c1,5
τ5

+ . . .+
c1,3n+2

τ3n+2
+ . . .

â (14) ïðè k = 0 è m = 1, îïðåäåëÿåì êîý��èöèåíòû c1,3k+2, k = 0, 1, . . .:

c1,3k+2 =
c′′−1,3k+1 − 3kc0,3k − a1c0,3k+3 − a2c−1,3k+4 + (3k − 1)3kc1,3k−1

a0
.

Ïóñòü äëÿ ëþáîãî k ∈ N ïðè τ → +∞ ñïðàâåäëèâû ñîîòíîøåíèÿ (18) ïðè

Ak,j = −
3k∑

s=0

as+jc3k−1−s,s+1 −
aj
a0
gk.

Òîãäà èç ðàâåíñòâ

Lw3k+m = −∂w3k+m−1

∂τ
− ∂2w3k+m−2

∂ϕ2
+

3k+m+1∑

j=1

τ j+1ajw3k+m−j +
g0
a0
a3k+m+1τ

3k+m+1 + (19)

+

k∑

j=1

(
gj
a0
a3(k−j)+m+1 +Aj,3(k−j)+m+1

)
τ3(k−j)+m+1, m = 3, 4, 5, k = 0, 1, . . . , (τ, ϕ) ∈ D1,

ñëåäóåò, ÷òî â ñëó÷àå Ak,j = −
3k∑

s=0

as+jc3k−1−s,s+1 −
aj
a0
gk ñïðàâåäëèâû ñîîòíîøåíèÿ

w3k+3 = O(τ−3), w3k+4 = O(τ−2), w3k+5 = O(τ−1).
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Äåéñòâèòåëüíî, ðàññìîòðèì ñóììó

3k+4∑

j=1

τ j+1ajw3k+3−j +

k+1∑

j=0

gj
a3(k−j)+4

a0
τ3(k−j)+4 +

k+1∑

j=1

Aj,3(k−j)+4τ
3(k−j)+4

ïðè Ak,j = −
3k∑

s=0

as+jc3k−1−s,s+1 −
aj
a0
gk, òî åñòü

3k+4∑

j=1

τ j+1ajw3k+3−j +

k+1∑

j=0

gj
a3(k−j)+4

a0
τ3(k−j)+4 −

k+1∑

j=1

gj
a3(k−j)+4

a0
τ3(k−j)+4 −

−
k+1∑

j=1

3j∑

s=0

as+3(k−j)+4c3j−1−s,s+1τ
3(k−j)+4 = τ2a1w3k+2 + τ3a2w3k+1 + τ4a3w3k + . . .+

+ τ3k+5a3k+4w−1 + g0
a3k+4

a0
τ3k+4 −

k+1∑

j=1

3j∑

s=0

as+3(k−j)+4c3j−1−s,s+1τ
3(k−j)+4 =

=

3(k+1)∑

s=0

as+1c3k+2−s,s+1τ +

3k∑

s=0

as+4c3k−1−s,s+1τ
4 + . . .+

3∑

s=0

as+3k+1c2−s,s+1τ
3k+1 +O(τ−2)−

−
k+1∑

j=1

3j∑

s=0

as+3(k−j)+4c3j−1−s,s+1τ
3(k−j)+4 = O(τ−2), τ → +∞.

Â ðåçóëüòàòå äëÿ ïðàâîé ÷àñòè ðàâåíñòâà (19) èìååì

Lw3k+3 = O(τ−2), τ → +∞.

Îòñþäà ñëåäóåò, ÷òî w3k+3 = O(τ−3). Àíàëîãè÷íî ïîëó÷àþòñÿ îöåíêè w3k+4 = O(τ−2), w3k+5 =
= O(τ−1) ïðè τ → +∞. Ëåììà 2 äîêàçàíà. Ñëåäîâàòåëüíî, âûïîëíÿåòñÿ óñëîâèå (11). Êðîìå
ýòîãî ïðè τ → +∞ (µτ = ρ− α) :

+∞∑

k=−1

µkwk(τ, ϕ) =

∞∑

k=0

εkw̃k(ρ, ϕ), ṽk(β, ϕ) = vk(β, ϕ) + w̃k(β, ϕ).

Êëàññè÷åñêîå ïîãðàíñëîéíîå ðåøåíèå. Ïåðåéäåì òåïåðü ê ïîñòðîåíèþ êëàññè÷åñêîé

ïîãðàíè÷íîé �óíêöèè â îêðåñòíîñòè ρ = β. Èç ñîîòíîøåíèé (8), (10) ïîëó÷àåì ñëåäóþùèå

çàäà÷è:

∂2q0
∂η2

− (β − α)ã0q0 = 0, q0(0, ϕ) = ψ2,0(ϕ)− ṽ0(β, ϕ);

∂2q1
∂η2

− (β − α)ã0q1 =
∂q0
∂η

+ η(a0 − (β − α)a1)q0, q1(0, ϕ) = 0;

∂2qk
∂η2

− (β − α)ã0qk =
∂qk−1

∂η
− ∂2qk−2

∂ϕ2
+ η

k−1∑

i=0

(ai − (β − α)ai+1)η
iqk−1−j, k = 2, 3, . . . ,

q2m(0, ϕ) = ψ2,m(ϕ) − ṽm(β, ϕ); q2m+1(0, ϕ) = 0, m = 1, 2, . . . ;

ãäå qk = qk(η, ϕ), ãk = ãk(ϕ), ãk(ϕ) =
∂ka(β, ϕ)

k!∂ρk
, ã0(ϕ) > 0, ϕ ∈ [0, 2π].

Âñå ýòè çàäà÷è èìåþò åäèíñòâåííûå, áåñêîíå÷íî äè��åðåíöèðóåìûå è ýêñïîíåíöèàëüíî

ñòðåìÿùèåñÿ ê íóëþ, ïðè η → +∞, ðåøåíèÿ, òî åñòü qk(η, ϕ) ∈ C∞[0,+∞), |qk(η, ϕ)| 6

6 ce−η
√

(β−α)ã0
[1, ãëàâà 1, � 2℄.
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Òàêèì îáðàçîì, íàìè ïîñòðîåíî �îðìàëüíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå (4) ðåøåíèÿ çà-

äà÷è (1)�(2).

Îáîñíîâàíèå �îðìàëüíîãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ. Îöåíèì îñòà-

òî÷íûé ÷ëåí ýòîãî ðàçëîæåíèÿ. Ïóñòü

R(ρ, ϕ, ε) = u(ρ, ϕ, ε) − un(ρ, ϕ, ε),

ãäå un(ρ, ϕ, ε) =

n∑

k=0

εkvk(ρ, ϕ) +

3n+1∑

k=−1

µkwk(τ, ϕ) +

2n+1∑

k=0

λkqk(η, ϕ). Òîãäà ïîëó÷àåì

ε∆R(ρ, ϕ, ε) − (ρ− α)a(ρ, ϕ)R(ρ, ϕ, ε) = εn+1Φ, (ρ, ϕ) ∈ D,

ãäå

Φ = f̃n+1(ρ, ϕ, ε) −∆vn(ρ, ϕ) +

∞∑

i=0

µi
3(n+1)+i+1∑

j=3+i

τ jaj−1w3(n+1)+i−j +

∞∑

i=0

µi
n+1∑

j=1

gn+1−j

a0
ai+3jτ

i+3j +

+

∞∑

i=0

µi
n∑

j=1

An+1−j,3j+iτ
3j+i − ∂w3n+1

∂τ
− ∂2w3n

∂ϕ2
− µ

∂2w3n+1

∂ϕ2
+ e−η

√
(β−α)ã0Q(η, ϕ, λ).

Çàìåòèì, ÷òî

‖f̃n+1(ρ, ϕ, ε) −∆vn(ρ, ϕ)‖C 6M1; ‖Q(η, ϕ, λ)‖C 6M2.

Ó÷èòûâàÿ, ÷òî

3(n+1)+i+1∑

j=3+i

τ jaj−1w3(n+1)+i−j +
∞∑

i=0

µi
n+1∑

j=1

gn+1−j

a0
ai+3jτ

i+3j+

+

∞∑

i=0

µi
n∑

j=1

An+1−j,3j+iτ
3j+i =

∞∑

j=0

(µτ)jmj, mj = const,

èìååì

∥∥∥∥∥∥

∞∑

j=0

(µτ)jmj −
∂w3n+1

∂τ
− ∂2w3n

∂ϕ2
− µ

∂2w3n+1

∂ϕ2

∥∥∥∥∥∥
C

6M3, 0 < Mi = const.

Îòñþäà ïîëó÷àåì ‖Φ‖C 6M , 0 < M = const, ïîýòîìó çàäà÷ó äëÿ îñòàòî÷íîãî ÷ëåíà ìîæåì
çàïèñàòü â âèäå

ε∆R(ρ, ϕ, ε) − (ρ− α)a(ρ, ϕ)R(ρ, ϕ, ε) = O(εn+1), (ρ, ϕ) ∈ D, ε→ 0,

R(α,ϕ, ε) = O(εn+1), R(β, ϕ, ε) = O(εn+1), ε→ 0.

Èç ïðèíöèïà ìàêñèìóìà ñëåäóåò ñïðàâåäëèâîñòü ñîîòíîøåíèÿ

R(ρ, ϕ, ε) = O(εn), ε→ 0, (ρ, ϕ) ∈ D.

Òåîðåìà äîêàçàíà. �

Çàìå÷àíèå 1. Çàìåòèì, ÷òî äëÿ ðåøåíèÿ âíóòðåííåé çàäà÷è Äèðèõëå â êðóãå, òî åñòü

ε∆u(ρ, ϕ, ε) − (β − ρ)a(ρ, ϕ)u(ρ, ϕ, ε) = f(ρ, ϕ, ε), (ρ, ϕ) ∈ D̃,

u(β, ϕ, ε) = ψ1(ϕ, ε),
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ãäå D = {(ρ, ϕ) | 0 < ρ < β, 0 6 ϕ < 2π}, ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàçëîæåíèå

u(ρ, ϕ, ε) =

+∞∑

k=0

εkvk(ρ, ϕ) +

+∞∑

k=−1

ε
k

3wk

(
β − ρ

3
√
ε
, ϕ

)
, ε→ 0;

à äëÿ âíåøíåé çàäà÷è Äèðèõëå âíå êðóãà, òî åñòü

ε∆u(ρ, ϕ, ε) − (ρ− β)a(ρ, ϕ)u(ρ, ϕ, ε) = f(ρ, ϕ, ε), (ρ, ϕ) ∈ D̃,

u(β, ϕ, ε) = ψ1(ϕ, ε),

ãäå D̃ = {(ρ, ϕ) |β < ρ, 0 6 ϕ < 2π}, ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàçëîæåíèå

u(ρ, ϕ, ε) =

+∞∑

k=0

εkvk(ρ, ϕ) +

+∞∑

k=−1

ε
k

3wk

(
ρ− β

3
√
ε
, ϕ

)
, ε→ 0.

Çàìå÷àíèå 2. Àíàëîãè÷íî èññëåäóåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ çàäà÷è

ε∆u(ρ, ϕ, ε) − (ρ− α)na(ρ, ϕ)u(ρ, ϕ, ε) = f(ρ, ϕ, ε), (ρ, ϕ) ∈ D,

u(α,ϕ, ε) = ψ1(ϕ, ε), u(β, ϕ, ε) = ψ2(ϕ, ε),

ãäå n � íàòóðàëüíîå ÷èñëî.
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The paper refers to the asymptoti behavior of the Dirihlet problem solution for a bisingular perturbed ellipti

seond-order equation with two independent variables in the ring. To onstrut the asymptoti expansion

of the solution the authors apply the modi�ed sheme of the method of boundary funtions by Vishik�

Lyusternik�Vasil'eva�Imanaliev. The proposed method di�ers from the mathing method by the fat that

growing features of the outer expansion are in fat removed from it and with the help of an auxiliary

asymptoti series are plaed entirely in the internal expansion, and from the lassial method of boundary

funtions by the fat that boundary funtions have power-law derease, not exponential. An asymptoti

expansion of the solution is a series of Puiseux. The resulting asymptoti expansion of the Dirihlet problem

solution is justi�ed by the maximum priniple.
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