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ÏÎ�ßÄÊÀ

�àññìàòðèâàåòñÿ çàäà÷à î êîí�ëèêòíîì âçàèìîäåéñòâèè îäíîãî óáåãàþùåãî è ãðóïïû ïðåñëåäîâàòåëåé.

Âñå èãðîêè îáëàäàþò ðàâíûìè äèíàìè÷åñêèìè âîçìîæíîñòÿìè. Äâèæåíèå êàæäîãî èç íèõ îïèñûâàåò-

ñÿ äè��åðåíöèàëüíûì óðàâíåíèåì ÷åòâåðòîãî ïîðÿäêà. Óáåãàþùèé îáëàäàåò ïîëíîé èí�îðìàöèåé,

à ïðåñëåäîâàòåëè çíàþò òîëüêî êîîðäèíàòû âñåõ èãðîêîâ. Ïîèìêà ïîíèìàåòñÿ êàê ñîâïàäåíèå óñêî-

ðåíèé, ñêîðîñòåé è êîîðäèíàò èãðîêîâ. Ïðåäïîëàãàåòñÿ, ÷òî íà÷àëüíîå ïîëîæåíèå, ñêîðîñòü è óñêîðå-

íèå óáåãàþùåãî ïðèíàäëåæàò çàäàííîìó êîíóñó. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî òðåòüÿ ïðîèçâîäíàÿ

�óíêöèè, çàäàþùåé òðàåêòîðèþ äâèæåíèÿ óáåãàþùåãî, â íà÷àëüíûé ìîìåíò âðåìåíè òàêæå ïðèíàä-

ëåæèò ýòîìó êîíóñó. Äîêàçàíî, ÷òî åñëè ÷èñëî ïðåñëåäîâàòåëåé ìåíüøå ðàçìåðíîñòè ïðîñòðàíñòâà, òî

â èãðå ìîæíî èçáåæàòü ¾ìÿãêîé ïîèìêè¿.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíàÿ èãðà, ãðóïïîâîå ïðåñëåäîâàíèå, �àçîâûå îãðàíè÷åíèÿ, óêëîíåíèå

îò âñòðå÷è â êîíóñå.

Ââåäåíèå

Â [1℄ áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîèìêè ãðóïïîé ïðåñëåäîâàòåëåé

îäíîãî óáåãàþùåãî â çàäà÷å ïðîñòîãî ïðåñëåäîâàíèÿ ñ ðàâíûìè âîçìîæíîñòÿìè âñåõ ó÷àñòíè-

êîâ. Ïîêàçàíî, ÷òî ïîèìêà ïðîèñõîäèò òîãäà è òîëüêî òîãäà, êîãäà íà÷àëüíàÿ ïîçèöèÿ óáåãàþ-

ùåãî ïðèíàäëåæèò âíóòðåííîñòè âûïóêëîé îáîëî÷êè íà÷àëüíûõ ïîçèöèé ïðåñëåäîâàòåëåé.

Â ðàáîòå [2℄ èññëåäîâàíà çàäà÷à óêëîíåíèÿ óïðàâëÿåìîé òî÷êè, ñêîðîñòü êîòîðîé îãðàíè-

÷åíà ïî âåëè÷èíå, îò âñòðå÷è ñ ëþáûì êîíå÷íûì ÷èñëîì ïðåñëåäîâàòåëåé, ñêîðîñòè êîòîðûõ

òàêæå îãðàíè÷åíû ïî âåëè÷èíå è ñòðîãî ìåíüøå ñêîðîñòè óêëîíÿþùåéñÿ òî÷êè. Äîêàçàíî, ÷òî

â èãðå ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Â ðàáîòàõ [3, 4℄ ðàññìàòðèâàëàñü çàäà÷à ïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî

óáåãàþùåãî ïðè óñëîâèè, ÷òî âñå ó÷àñòíèêè îáëàäàþò ðàâíûìè âîçìîæíîñòÿìè, à çàêîí äâè-

æåíèÿ êàæäîãî èç íèõ � äè��åðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý�-

�èöèåíòàìè. Áûëî ïîëó÷åíî äîñòàòî÷íîå óñëîâèå óêëîíåíèÿ îò âñòðå÷è ïðè äèñêðèìèíàöèè

ïðåñëåäîâàòåëåé.

Íåñòàöèîíàðíàÿ çàäà÷à óêëîíåíèÿ â äè��åðåíöèàëüíûõ èãðàõ âòîðîãî ïîðÿäêà ðàñìàò-

ðèâàëàñü â ðàáîòàõ [5, 6℄. Â [7℄ äîêàçàíî óáåãàíèå â äè��åðåíöèàëüíîé èãðå âòîðîãî ïîðÿäêà

îäíîãî óáåãàþùåãî îò ãðóïïû ïðåñëåäîâàòåëåé ïðè óñëîâèè, ÷òî óáåãàþùèé íå ïîêèäàåò ãðà-

íèöû âûïóêëîãî êîíóñà. Â [8, 9℄ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óêëîíåíèÿ îò âñòðå÷è îäíîãî

óáåãàþùåãî îò ãðóïïû ïðåñëåäîâàòåëåé â èãðå òðåòüåãî è ÷åòâåðòîãî ïîðÿäêà ñ ðàâíûìè âîç-

ìîæíîñòÿìè ó÷àñòíèêîâ.

Â äàííîé ðàáîòå íàéäåíû äîñòàòî÷íûå óñëîâèÿ óêëîíåíèÿ îò âñòðå÷è ïðè óñëîâèè, ÷òî âñå

ó÷àñòíèêè îáëàäàþò ðàâíûìè âîçìîæíîñòÿìè, çàêîí äâèæåíèÿ êàæäîãî èç ó÷àñòíèêîâ � äè�-

�åðåíöèàëüíîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà, à óáåãàþùèé íå ïîêèäàåò ãðàíèöû âûïóêëîãî

êîíóñà. �àáîòà ïðèìûêàåò ê èññëåäîâàíèÿì [10�12℄.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
n (n > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà k + 1 ëèö: k ïðå-

ñëåäîâàòåëåé P1, . . . , Pk è óáåãàþùåãî E. Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé èìååò

âèä

xIVi = ui, ‖ui‖ 6 1, xi(0) = x0i , ẋi(0) = ẋ0i , ẍi(0) = ẍ0i ,
...

x i(0) =
...

x 0
i . (1.1)
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Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

yIV = v, ‖v‖ 6 1, y(0) = y0, ẏ(0) = ẏ0, ÿ(0) = ÿ0,
...

y (0) =
...

y 0. (1.2)

Äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî óáåãàþùèé â ïðîöåññå èãðû íå ïîêèäàåò ïðåäåëû ìíîæå-

ñòâà D âèäà D = {y | y ∈ R
n, (qj , y) 6 0, j = 1, . . . ,m}, ãäå qj � åäèíè÷íûå âåêòîðû.

Âìåñòî ñèñòåì (1.1), (1.2) ðàññìîòðèì ñèñòåìó

zIVi = ui − v, zi(0) = z0i = x0i − y0, żi(0) = ż0i = ẋ0i − ẏ0,

z̈i(0) = z̈0i = ẍ0i − ÿ0,
...

z i(0) =
...

z 0
i =

...

x 0
i −

...

y 0.
(1.3)

Îáîçíà÷èì ÷åðåç IntX, ∂X, coX ñîîòâåòñòâåííî âíóòðåííîñòü, ãðàíèöó è âûïóêëóþ îáî-

ëî÷êó ìíîæåñòâà X ⊂ R
n
. Ïóñòü Nq = {1, . . . , q}, S = {x ∈ R

n | ‖x‖ 6 1}.

Îïðåäåëåíèå 1. �îâîðÿò, ÷òî â äè��åðåíöèàëüíîé èãðå (1.3) èç íà÷àëüíîãî ñîñòîÿíèÿ z0 =
= (z01 , ż

0
1 , z̈

0
1 ,
...

z 0
1, . . . , z

0
k, ż

0
k, z̈

0
k ,
...

z 0
k) ìîæíî èçáåæàòü ¾ìÿãêîé ïîèìêè¿, åñëè ïî ëþáûì èçìåðè-

ìûì �óíêöèÿì ui(t), ui(t) ∈ S, i ∈ Nk, ìîæíî ïîñòðîèòü òàêóþ èçìåðèìóþ �óíêöèþ v(t),
v(t) ∈ S, ÷òî y(t) ∈ D è ‖zi(t)‖+ ‖żi(t)‖+ ‖z̈i(t)‖ 6= 0 äëÿ âñåõ i ∈ Nk è âñåõ t > 0.

Ïðè ýòîì â ìîìåíò t > 0 óïðàâëåíèå óáåãàþùåãî E �îðìèðóåòñÿ íà îñíîâå èí�îðìàöèè

î ñîñòîÿíèè Z(s) = (z1(s), ż1(s), z̈1(s),
...

z 1(s), . . . , zk(s), żk(s), z̈k(s),
...

z k(s)) ïðè s 6 t è î çíà÷å-

íèÿõ ui(t), i ∈ Nk, â òîò æå ìîìåíò âðåìåíè. Êàæäûé ïðåñëåäîâàòåëü îáëàäàåò èí�îðìàöèåé

î êîîðäèíàòàõ âñåõ èãðîêîâ â äàííûé ìîìåíò âðåìåíè.

� 2. �åøåíèå çàäà÷è

Òåîðåìà 1. Åñëè âûïîëíåíû íåðàâåíñòâî k 6 n − 1 è âêëþ÷åíèÿ y0, ẏ0, ÿ0,
...

y 0 ∈ D, òî

â èãðå (1.3) ìîæíî èçáåæàòü ¾ìÿãêîé ïîèìêè¿.

Òàê êàê ÷èñëî ïðåñëåäîâàòåëåé ìåíüøå ðàçìåðíîñòè ïðîñòðàíñòâà, òî ìîæíî ñ÷èòàòü, ÷òî

0 /∈ co {
k
⋃

i=1

...

z 0
i }. Â ïðîòèâíîì ñëó÷àå óáåãàþùèé äîáèâàåòñÿ ýòîãî óñëîâèÿ çà ñêîëü óãîäíî

ìàëîå âðåìÿ. Òîãäà íà îñíîâàíèè òåîðåìû îá îòäåëèìîñòè âûïóêëûõ ìíîæåñòâ ñóùåñòâóåò

âåêòîð p ∈ ∂S è ÷èñëî ǫ > 0 òàêèå, ÷òî max
16i6k

(
...

z 0
i , p) 6 −2ǫ. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

η1(t) = min
16i6k

‖zi(t)‖, η2(t) = min
16i6k

‖żi(t)‖, η3(t) = min
16i6k

‖z̈i(t)‖, η4(t) = min
16i6k

‖
...

z i(t)‖,

η5(t) = min
16j6m

|(y(t), qj)|, η6(t) = min
16j6m

|(ẏ(t), qj)|, η7(t) = min
16j6m

|(ÿ(t), qj)|,

η8(t) = min
16j6m

|(
...

y (t), qj)|, δ = min{1, ǫ, min
16j68

√

ηj(0)}.

Ââåäåì òàêæå óáûâàþùèå ïîñëåäîâàòåëüíîñòè τj , δj > 0, j = 1, 2, . . . , òàêèå, ÷òî åñëè

‖zl(t
′)‖ = δj , (zl(t

′), p) > 0, ‖żl(t
′)‖ = δj , (żl(t

′), p) > 0, ‖z̈l(t
′)‖ = δj , (z̈l(t

′), p) > 0,

òî (zl(t
′+ τj), p) 6 0, èëè (żl(t

′+ τj), p) 6 0, èëè (z̈l(t
′+ τj), p) 6 0 ïðè ëþáûõ óïðàâëåíèÿõ ul(s),

v(s) íà [t′, t′ + τj].
Ìîìåíò âðåìåíè ti > 0, â êîòîðûé âïåðâûå âûïîëíÿþòñÿ ðàâåíñòâà η1(t) = δi, η2(t) = δi

è η3(t) = δi è ñóùåñòâóåò l ∈ Nk òàêîé, ÷òî

‖zl(ti)‖ = δi, (zl(ti), p) > 0, ‖żl(ti)‖ = δi, (żl(ti), p) > 0, ‖z̈l(ti)‖ = δi, (z̈l(ti), p) > 0,

íàçîâåì ìîìåíòîì i-ãî ñáëèæåíèÿ.

Ïîëîæèì v(t) = 0, t ∈ [0,+∞) \
∞
⋃

i=1
[ti, ti + τi).



528 Ë.Ñ. ×èðêîâà

ÌÀÒÅÌÀÒÈÊÀ 2015. Ò. 25. Âûï. 4

Ïðè t = 0 ïîñòðîèì ïîñëåäîâàòåëüíîñòè {τ i1}
∞

i=1, {δ
i
1}

∞

i=1 ñëåäóþùèì îáðàçîì: τ i1 =
δ

2i+2
,

δi1 =
(4δ − τ i1)(τ

i
1)

3

36
. Òîãäà τi 6 τ i1, ïîýòîìó

∞
∑

i=1
τi 6

∞
∑

i=1

δ

2i+2
=
δ

4
= ξ1.

Åñëè â ìîìåíò âðåìåíè t = t′ äëÿ íåêîòîðîãî i ∈ Nk

‖zl(t
′)‖ = δi1, ‖żl(t

′)‖ = δi1, ‖z̈l(t
′)‖ = δi1, (zl(t

′), p)>0, (żl(t
′), p)>0, (z̈l(t

′), p)>0, (
...

z l(t
′), p)<−δ,

òî ïðè ëþáûõ óïðàâëåíèÿõ ui(t), v(t) íà [t′, t′ + τ i1] ñïðàâåäëèâî íåðàâåíñòâî

(zl(t
′ + τ i1), p) < δi1 + δi1τ

i
1 + δi1

(τ i1)
2

2
− δ

(τ i1)
3

3!
+

(τ i1)
4

4!
< 0.

Ïîëîæèì τ1 = τ11 , δ1 = δ11 . Ìàíåâð óêëîíåíèÿ îïðåäåëèì ðåêóððåíòíûì îáðàçîì. Èòàê,

ïóñòü â ìîìåíò t = ti âûïîëíåíû ñîîòíîøåíèÿ ‖zl(ti)‖ = δi, (zl(ti), p) > 0, ‖żl(ti)‖ = δi,
(żl(ti), p) > 0, ‖z̈l(ti)‖ = δi, (z̈l(ti), p) > 0, îïðåäåëåíû ÷èñëà τi, ξi è ïîñëåäîâàòåëüíîñòè {τ li}

∞

l=i,
{δli}

∞

l=i.
1. Ïðåäïîëîæèì, ÷òî

(zl(ti), żl(ti)) 6= −‖zl(ti)‖ · ‖żl(ti)‖. (2.1)

Óïðàâëåíèå óáåãàþùåãî íà ïîëóèíòåðâàëå [ti, ti + τi) ïîëàãàåì ðàâíûì ul(s), åñëè íà âñåì ïî-

ëóèíòåðâàëå îí íå âñòðå÷àåò íè îäíîãî èç ïðåñëåäîâàòåëåé. Åñëè íà [ti, ti + τi) ïðîèñõîäÿò

ñáëèæåíèÿ ñ ïðåñëåäîâàòåëÿìè Pr, r ∈ Nk \ {l}, òî v(s) = ul(s), s ∈ [ti, ti+ τi) \
∞
⋃

j=i+1
[tj , tj + τj).

Óáåãàþùèé áóäåò ñáëèæàòüñÿ ñ ïðåñëåäîâàòåëÿìè Pr, r ∈ Nk \ {l}, íàñòîëüêî áëèçêî è ¾îá-
õîäèòü¿ èõ çà ñòîëü ìàëîå âðåìÿ, ÷òîáû äëÿ òðàåêòîðèè zl(t) íà îòðåçêå [ti, ti + τi] ïðè ëþáûõ

óïðàâëåíèÿõ ul(s), s ∈ [ti, ti + τi], âûïîëíÿëèñü ñëåäóþùèå ñîîòíîøåíèÿ:

(zl(ti + τ), żl(ti + τ)) 6= −‖zl(ti + τ)‖ · ‖żl(ti + τ)‖ ∀ τ ∈ [0, τi],

min
t∈[ti,ti+τi]

‖zl(t)‖ > δi+1, min
t∈[ti,ti+τi]

‖żl(t)‖ > δi+1, min
t∈[ti,ti+τi]

‖z̈l(t)‖ > δi+1. (2.2)

Îáîçíà÷èì ÷åðåç li(τ), τ > 0, ïðÿìóþ, ïðîõîäÿùóþ ÷åðåç òî÷êè x(τ) = zl(ti) + żl(ti)τ
è y(τ) = żl(ti). Íà îñíîâàíèè ëèíåéíîé íåçàâèñèìîñòè âåêòîðîâ zl(ti) è żl(ti) è èç ïðåäïîëîæå-
íèÿ (2.1) çàêëþ÷àåì, ÷òî ïðè ëþáîì τ > 0 âåêòîðû x(τ), y(τ) ëèíåéíî íåçàâèñèìû è �óíêöèÿ

f(τ) = min
x∈li(τ)

‖x‖ > 0. Â ìîìåíò t = ti îïðåäåëèì ÷èñëî

βi = min{δi+1
i , min

τ∈[0,τi]
f(τ)}. (2.3)

Åñëè v(s) = ul(s), s ∈ [ti, ti + τi], òî ñîîòâåòñòâóþùàÿ òðàåêòîðèÿ ïðè t ∈ [ti, ti + τi] èìååò
âèä z0l (t) = x(t − ti), ż

0
l (t) = y(t − ti). Òîãäà ‖z0l (t)‖ > βi, ‖ż

0
l (t)‖ > βi äëÿ âñåõ t ∈ [ti, ti + τi].

Òåïåðü ïðåäïîëîæèì, ÷òî íà ìíîæåñòâå [ti, ti+τi) çàäàíà òàêàÿ ñ÷åòíàÿ ñèñòåìà ïîëóèíòåðâàëîâ
[tq, tq + τ q), q = 1, 2, . . . , ÷òî

∞
∑

q=1

τ q < ξi+1, ξi+1 = min

{

min
p
ξpi+1, (3βi)

1

3

}

, (2.4)

ãäå ξpi+1 > 0 � êîðåíü óðàâíåíèÿ ξ4i+1 + 4ξ3i+1τi + 6ξ2i+1τ
2
i + 4ξi+1τ

3
i − 6βi = 0.

Ïîêàæåì, ÷òî åñëè v(s) = ul(s), s ∈ [ti, ti+ τi)\
∞
⋃

q=1
[tq, tq+ τ q), óïðàâëåíèå v(s) íà ìíîæåñòâå

∞
⋃

q=1
[tq, tq + τ q) ïðîèçâîëüíî, òî ñîîòâåòñòâóþùàÿ òðàåêòîðèÿ zrl (t), t ∈ [ti, ti + τi], òàêîâà, ÷òî

‖zrl (t)− z0l (t)‖ <
βi
2
, (2.5)
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‖żrl (t)− ż0l (t)‖ 6
βi
2

(2.6)

äëÿ ëþáîãî óïðàâëåíèÿ ul(s), s ∈ [ti, ti + τi].

Ïóñòü r = 1, z1l (t
1) = z0l (t

1). Èìååì ‖z1l (t
1+τ1)−z0l (t

1+τ1)‖ 6
(τ1)4

12
. Òîãäà ïðè t èç îòðåçêà

[t1+τ1, ti+τi] èìååò ìåñòî íåðàâåíñòâî ‖z1l (t)−z
0
l (t)‖ <

1

12

(

(τ1)4 + 4(τ1)3τi + 6(τ1)2τ2i + 4τ1τ3i
)

.

Ïîýòîìó äëÿ âñåõ t òàêèõ, ÷òî t ∈ [ti, ti + τi], âûïîëíåíî íåðàâåíñòâî

‖z1l (t)− z0l (t)‖ <
1

12

(

(τ1)4 + 4(τ1)3τi + 6(τ1)2τ2i + 4τ1τ3i
)

.

Àíàëîãè÷íî ïîëó÷èì, ÷òî

‖zrl (t)− z0l (t)‖ <
1

12

(

ξ4i+1 + 4ξ3i+1τi + 6ξ2i+1τ
2
i + 4ξi+1τ

3
i

)

6
βi
2
, r ∈ N, t ∈ [ti, ti + τi].

Äîêàæåì íåðàâåíñòâî (2.6).

Ïðè r = 1, ż1l (t
1) = ż0l (t

1) èìååì ‖ż1l (t
1 + τ1)− ż0l (t

1 + τ1)‖ 6
(τ1)3

6
. Ïðè t ∈ [t1 + τ1, ti + τi]

âûïîëíåíî íåðàâåíñòâî ‖ż1l (t) − ż0l (t)‖ 6
(τ1)3

6
, ïîýòîìó äëÿ âñåõ t ∈ [ti, ti + τi] èìååò ìåñòî

‖ż1l (t)− ż0l (t)‖ <
(τ1)3

6
.

Ïóñòü òåïåðü r � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî. Òîãäà âûïîëíåíî ñëåäóþùåå íåðàâåí-

ñòâî: ‖żrl (t)− ż0l (t)‖ 6
∞
∑

q=1

(τ q)3

6
<

(ξi+1)
3

6
6
βi
2
. Ïîêàæåì, ÷òî ∀ τ ∈ [0, τi]

(zrl (ti + τ), żrl (ti + τ)) 6= −‖zrl (ti + τ)‖ · ‖żrl (ti + τ)‖. (2.7)

Ïðåäïîëîæèì ïðîòèâíîå: ñóùåñòâóþò ÷èñëà τ0 èç îòðåçêà [0, τi] è ïîëîæèòåëüíîå b òàêèå, ÷òî
zrl (ti + τ0) = −b · żrl (ti + τ0). Â ñèëó íåðàâåíñòâ (2.5), (2.6) âåêòîðû z0l (ti + τ0), ż

0
l (ti + τ0) ìîæíî

ïðåäñòàâèòü â âèäå z0l (ti + τ0) = zrl (ti + τ0) + x, ż0l (ti + τ0) = żrl (ti + τ0) + y, ãäå x, y ∈
βi · S

2
.

�àññìîòðèì ìíîæåñòâî ïàð L = {α | α = (α1, α2), α1, α2 ∈ R
1, α1 + α2 = 1}. Ñîãëàñíî (2.3)

min
α∈L

‖α1 ·(z
r
l (ti+τ0)+x)+α2 ·(ż

r
l (ti+τ0)+y)‖ > βi. Ñ äðóãîé ñòîðîíû, ïðè α∗

1 =
1

1 + b
, α∗

2 =
b

1 + b

‖α∗

1 · (z
r
l (ti + τ0) + x) + α∗

2 · (ż
r
l (ti + τ0) + y)‖ <

βi
2
. Ïðèøëè ê ïðîòèâîðå÷èþ. Ñëåäîâàòåëüíî,

íåðàâåíñòâî (2.7) âûïîëíÿåòñÿ ïðè ëþáîì τ èç [0, τi].
Â ìîìåíò t = ti ïî �îðìóëàì (2.3), (2.4) îïðåäåëÿåì ÷èñëà βi, ξi+1 è ñòðîèì ïîñëåäîâàòåëü-

íîñòè {τ i+r
i+1}

∞

r=1, {δ
i+r
i+1}

∞

r=1 ñëåäóþùèì îáðàçîì:

τ i+r
i+1 =

ξi+1

2r
, δi+r

i+1 =
(4δ − τ i+r

i+1 )(τ
i+r
i+1 )

3

36
, τ i+1

i+1 < τ i+1
i ,

∞
∑

r=1

τ i+r
i+1 = ξi+1.

Ïîëîæèì δi+1 = min

{

δi+1
i+1 , min

j=5,6,7,8

√

ηj(ti + τi)

}

, τi+1 =
δi+1

2 .

Åñëè íà èíòåðâàëå (ti, ti + τi) ïðîèñõîäÿò ñáëèæåíèÿ ñ ïðåñëåäîâàòåëÿìè Pq, q ∈ Nk \ {l},

òî óáåãàþùèé ¾îáõîäèò¿ èõ çà ñòîëü ìàëîå âðåìÿ, ÷òî min
t∈[ti,ti+τi]

‖zl(t)‖ >
βi
2
.

Ïîñêîëüêó δi+1 < τ i+1
i+1 =

ξi+1

2
6
βi
8
, òî ñïðàâåäëèâî íåðàâåíñòâî (2.2).

Òåïåðü ïîêàæåì, ÷òî óáåãàþùèé íå âûõîäèò çà ãðàíèöû ìíîæåñòâà D. Ïðåäïîëîæèì, ÷òî
∞
⋂

i=1
[ti, ti + τi] = ∅. Òîãäà íà ëþáîì ïîëóèíòåðâàëå [ti, ti + τi) óáåãàþùèé E ¾îáõîäèò¿ òîëüêî

îäíîãî ïðåñëåäîâàòåëÿ. Ýòî ìîæíî ñäåëàòü â ñèëó íåðàâåíñòâ (2.5), (2.6) (βi ìàëî).
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Ïî óñëîâèþ òåîðåìû y0 ∈ D. Äîêàæåì ïî èíäóêöèè, ÷òî (y(t), qj) 6 0 äëÿ âñåõ t > 0
è j = 1, . . . ,m. Áàçà èíäóêöèè: ïóñòü k = 1, t ∈ [0, t1]. Òîãäà äëÿ ëþáîãî j ∈ Nm âûïîëíåíî

(y(t), qj) 6 −δ2 6 0, òàê êàê y0, ẏ0, ÿ0 è
...

y 0 ∈ D.

Ïóñòü t ∈ [t1, t1+τ1], òîãäà (y(t), qj) 6 −δ2+
τ41
4!
< 0 ∀ j ∈ Nm. Èíäóêöèîííîå ïðåäïîëîæåíèå:

ïóñòü ïðè k = i− 1 ñïðàâåäëèâî íåðàâåíñòâî (y(t), qj) < 0 ∀ t ∈ [ti−2+ τi−2, ti−1+ τi−1] ∀ j ∈ Nm.
Äîêàæåì äëÿ k = i. Ïðè t ∈ [ti−1 + τi−1, ti] âûïîëíåíî (y(t), qj) < −δ2i < 0 ∀ j ∈ Nm. Ïóñòü

t ∈ (ti, ti + τi], òîãäà (y(t), qj) 6 −δ2i +
τ4i
4!

6 −δ2i +

(

δi
2i+2

)4 1

4!
< 0 äëÿ âñåõ j ∈ Nm. Òàêèì

îáðàçîì, äëÿ ëþáîãî k = 1, 2, . . . óáåãàþùèé íå ïîêèäàåò ìíîæåñòâà D.
2. �àññìîòðèì ñèòóàöèþ, êîãäà óñëîâèå (2.1) íå âûïîëíåíî:

(zl(ti), żl(ti)) = −‖zl(ti)‖ · ‖żl(ti)‖ (2.8)

äëÿ íåêîòîðûõ l, i. Ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî ǫi, ǫi ∈ (0, τi), òàêîå, ÷òî ïðè ïðîèç-

âîëüíûõ ur(s), r = 1, . . . , k, r 6= l, v(s), s ∈ [ti, ti + ǫi], ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

min
τ∈[0,ǫi]

‖zr(ti + τ)‖ > δi+1
i ∀ r ∈ Nk \ {l}, (zl(ti + ǫi), p) > 0 è y(t) ∈ D ∀ t ∈ [ti, ti + ǫi].

Âåêòîðû zl(ti), żl(ti) ëèíåéíî çàâèñèìû, ïîýòîìó ñóùåñòâóåò âåêòîð ψi ∈ ∂S òàêîé, ÷òî

(zl(ti), ψi) = (żl(ti), ψi) = 0. Íà ïîëóèíòåðâàëå [ti, ti + γi) óïðàâëåíèå v(s) âûáèðàåì òàê, ÷òîáû

(v(s), ψi) =

{

1, åñëè (ul(s), ψi) 6 0,
−1, åñëè (ul(s), ψi) > 0.

Çäåñü ti + γi � íåêîòîðûé ìîìåíò èç îòðåçêà [ti, ti + ǫi], â êîòîðûé

(zl(ti + γi), żl(ti + γi)) 6= −‖zl(ti + γi)‖ · ‖żl(ti + γi)‖. (2.9)

Ïîêàæåì, ÷òî òàêîå ÷èñëî γi ñóùåñòâóåò.
Ïðè t > ti ââåäåì â ðàññìîòðåíèå �óíêöèè

f i1(t) = (zl(t), ψi) =

∫ t

ti

(t− s)3

3!
· (ul(s)− v(s), ψi) ds,

f i2(t) = (żl(t), ψi) =

∫ t

ti

(t− s)2

2
· (ul(s)− v(s), ψi) ds,

f i3(t) = (z̈l(t), ψi) =

∫ t

ti

(t− s) · (ul(s)− v(s), ψi) ds, f i4(t) =

∫ t

ti

(ul(s)− v(s), ψi) ds.

Ôóíêöèè f i1(t), f
i
2(t), f

i
3(t), f

i
4(t), ti 6 t 6 ti + ǫi, óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé

ḟ i1(t) = f i2(t), ḟ i2(t) = f i3(t), ḟ i3(t) = f i4(t), ḟ i4(t) = (ul(t)− v(t), ψi). (2.10)

Ïðè÷åì f i1(ti) = f i2(ti) = f i3(ti) = f i4(ti) = 0. Èç óðàâíåíèé (2.8) âèäíî, ÷òî f i4(t) 6≡ 0 íà [ti, ti+ǫi].
Äåéñòâèòåëüíî, ïóñòü f i4(t) ≡ 0, t ∈ [ti, ti + ǫi]. Òîãäà f

i
3(t) = const, à ul(t) ≡ v(t) ∀ t ∈ [ti, ti + ǫi].

Åñëè f i3(t) = const, íà [ti, ti + ǫi], òîãäà f
i
3(t) ≡ 0, ñëåäîâàòåëüíî, f i2(t) = const è f i2(t) = 0,

à çàòåì f i1(t) = const è f i1(t) = 0 ∀ t ∈ [ti, ti + ǫi]. Òîãäà âåêòîðû zl(t) è żl(t) ëèíåéíî çàâèñèìû
íà âñåì îòðåçêå [ti, ti + ǫi], à ul(t) ≡ v(t) � íà [ti, ti + ǫi]. Íî ýòî ïðîòèâîðå÷èò âûáðàííîìó

óïðàâëåíèþ: åñëè ñïðàâåäëèâî (ul(t) − v(t), ψi) = 0, òî (ul(t), ψi) = (v(t), ψi) ∀ t ∈ [ti, ti + ǫi],
à ýòî íåâîçìîæíî.

Ìíîæåñòâî Gi = {t ∈ (ti, ti + ǫi) f
i
4(t) 6= 0} íåïóñòî è îòêðûòî, ïîýòîìó ïðåäñòàâèìî â âèäå

Gi =
⋃

j

(αi
j , β

i
j), ãäå {(αi

j , β
i
j)} � âçàèìíî íå ïåðåñåêàþùàÿñÿ íå áîëåå ÷åì ñ÷åòíàÿ ñèñòåìà

èíòåðâàëîâ.

Ïóñòü (αi
j , β

i
j) � íåêîòîðûé èíòåðâàë èç ýòîé ñèñòåìû. Òîãäà âûïîëíåíî f i4(α

i
j) = f i4(β

i
j) = 0,

f i4(t) 6≡ 0 íà (αi
j , β

i
j), çíà÷èò, f

i
3(t) 6≡ 0 íà (αi

j , β
i
j). Åñëè f i2(α

i
j) 6= 0, òîãäà ḟ i2(t) = f i3(t) 6= 0
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è f i2(β
i
j) 6= 0. Ñëåäîâàòåëüíî, ñîîòíîøåíèå (2.9) âûïîëíåíî ïðè ti+γi = βij . Åñëè æå f

i
2(α

i
j) = 0,

òî ḟ i2(α
i
j) 6= 0 è f i2(β

i
j) 6= 0. Ñëåäîâàòåëüíî, ñîîòíîøåíèå (2.9) èìååò ìåñòî ïðè ti + γi = βij .

Òàêèì îáðàçîì, ìîæíî äîáèòüñÿ òîãî, ÷òîáû âåêòîðû zl(ti + γi) è żl(ti + γi) ñòàëè ëèíåéíî

íåçàâèñèìûìè.

Åñëè (zl(ti), żl(ti)) 6= −‖zl(ti)‖ · ‖żl(ti)‖, òî ïîëàãàåì γi = 0.

Óïðàâëåíèå óáåãàþùåãî íà ïîëóèíòåðâàëå [ti + γi, ti + τi) ïîëàãàåì ðàâíûì ul(s). Íî èç-çà
âîçìîæíîñòè ñáëèæåíèÿ ñ ïðåñëåäîâàòåëÿìè Pr, r ∈ Nk \{l}, óïðàâëåíèå óáåãàþùåãî E ïðèìåò

âèä v(s) = ul(s), s ∈ [ti + γi, ti + τi) \
∞
⋃

j=i+1
[tj , tj + τj).

Óáåãàíèå íà [ti+γi, ti+τi) äîêàçûâàåòñÿ ïîäîáíî ï. 1. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî âìåñòî
ìîìåíòà ti, ãäå ïî ïðåäïîëîæåíèþ ï. 1 âûïîëíÿåòñÿ ñîîòíîøåíèå (2.1), ïîäñòàâèòü ìîìåíò

ti + γi, â êîòîðîì ìû òîëüêî ÷òî äîáèëèñü âûïîëíåíèÿ òàêîãî óñëîâèÿ.

Îñòàëîñü ïîêàçàòü, ÷òî óáåãàþùèé íå ïîêèäàåò ìíîæåñòâà D. Äëÿ äîêàçàòåëüñòâà âîñïîëü-

çóåìñÿ òîé æå öåïî÷êîé ðàññóæäåíèé, ÷òî è â ï. 1. Ïðåäïîëîæèì, ÷òî

∞
⋂

i=1
[ti, ti + τi] = ∅, òîãäà

íà ëþáîì ïîëóèíòåðâàëå [ti, ti + τi) óáåãàþùèé E ¾îáõîäèò¿ òîëüêî îäíîãî ïðåñëåäîâàòåëÿ.

Òàêîå ïðåäïîëîæåíèå ìîæíî ñäåëàòü, òàê êàê ïðè ìàíåâðàõ, ïîçâîëÿþùèõ óáåæàòü îò îñòàëü-

íûõ k − 1 ïðåñëåäîâàòåëåé, âñòðå÷àþùèõñÿ íà [ti, ti + τi), òðàåêòîðèÿ óáåãàþùåãî áóäåò ñòîëü

ìàëî îòëè÷àòüñÿ îò îñíîâíîé òðàåêòîðèè, ÷òî íå ïîâëèÿåò íà òî, ïåðåñå÷åò óáåãàþùèé ãðàíèöó

ìíîæåñòâà D èëè íåò.

Ïî óñëîâèþ y0 ∈ D. Äîêàæåì ïî èíäóêöèè, ÷òî (y(t), qj) 6 0 äëÿ âñåõ t > 0 è j = 1, . . . ,m.
Áàçà èíäóêöèè: ïóñòü k = 1, t ∈ [0, t1]. Òîãäà äëÿ ëþáîãî j ∈ Nm âûïîëíåíî (y(t), qj) 6 −δ2 6 0,
òàê êàê y0, ẏ0, ÿ0 è

...

y 0 ∈ D.

Åñëè t ∈ (t1, t1+γ1], òî (y(t), qj) < 0 ∀ j ∈ Nm â ñèëó âûáîðà ÷èñëà ǫ1. Åñëè t ∈ (t1+γ1, t1+τ1],

òîãäà (y(t), qj) 6 −δ2 +

(

δ

8

)4 1

4!
< 0 äëÿ ëþáîãî j ∈ Nm.

Èíäóêöèîííîå ïðåäïîëîæåíèå: ïóñòü ïðè k = i − 1 ñïðàâåäëèâî íåðàâåíñòâî (y(t), qj) < 0
äëÿ ëþáûõ t ∈ [ti−2 + τi−2, ti−1 + τi−1] è j ∈ Nm. Äîêàæåì äëÿ k = i. Ïóñòü t ∈ [ti−1 + τi−1, ti],
òîãäà (y(t), qj) = (y(ti−1 + τi−1), qj) < −δ2i < 0 ∀ j ∈ Nm â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ.

Ïðè t ∈ (ti, ti+ γi] íåðàâåíñòâî (y(t), qj) < 0 ∀ j ∈ Nm âûïîëíÿåòñÿ â ñèëó âûáîðà ÷èñëà ǫi. Ïðè

t ∈ (ti + γi, ti + τi] (y(t), qj) 6 −δ2i +

(

δi
2i+1

)4 1

4!
< 0 äëÿ âñåõ j ∈ Nm.

3. Ïîäâåäåì èòîã. Ñòðàòåãèÿ óêëîíåíèÿ îò ïðåñëåäîâàòåëåé P1, . . . , Pk �îðìèðóåòñÿ ñëåäó-

þùèì îáðàçîì: v(s) = 0, s ∈ [0,+∞) \
∞
⋃

i=1
[ti, ti + τi).

Åñëè âûïîëíåíî (2.8), òî íà [ti, ti + γi) óïðàâëåíèå v(s) çàäàåòñÿ òàê, êàê ïîêàçàíî â ï. 2.

Èíà÷å v(s) = ul(s), s ∈ [ti, ti+τi)\
∞
⋃

j=i+1
[tj, tj+τj), íà [tj, tj+τj) óïðàâëåíèå v(s) âûáèðàåòñÿ

òàê, êàê ïîêàçàíî â ï. 1.
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A problem of on�it interation of one evader with a group of pursuers is onsidered. All players have equal

dynami apabilities. The motion of eah player is de�ned by a fourth order di�erential equation. An evader

has full information, and pursuers know positions of all players only. A apture is de�ned as equality of

aelerations, veloities and positions of players. It is assumed that initial position, veloity and aeleration

of an evader are inside of the given one. It is also assumed that a third order derivative, de�ning evader's

path, is initially inside of this one too. It is proved that if the number of pursuers is less than the spae

dimension, then runaway ours.
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