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Ïðîåêòèâíî-äâîéñòâåííûå ïåðåìåííûå èñïîëüçîâàíû äëÿ îïèñàíèÿ ãåîìåòðèè äâèæåíèÿ òî÷å÷íîé ìàñ-

ñû â äâèæóùåéñÿ ñèñòåìå íàáëþäåíèÿ, ñâÿçàííîé ñ âîçäóøíîé ñðåäîé, õàðàêòåðèçóþùåéñÿ êâàäðà-

òè÷íûì ïî ñêîðîñòè çàêîíîì äëÿ ëîáîâîãî ñîïðîòèâëåíèÿ. ×åðåç îáðàòíûé ïåðåõîä ê íåïîäâèæíîé

ñèñòåìå è îáðàòíîå ïðåîáðàçîâàíèå Ëàãðàíæà âûâåäåíû ñòåïåííûå �îðìóëû äëÿ àáñîëþòíûõ êîîðäè-

íàò è âðåìåíè: x(b), y(b), z(b) è t(b), b = tgΘ � íàêëîí îòíîñèòåëüíîé òðàåêòîðèè, â îáëàñòè ìàëûõ

óãëîâ âûëåòà Θ0 < 15◦. Âûðàæåíèÿ èñïîëüçóþò êëþ÷åâûå ïàðàìåòðû äâèæåíèÿ: b0 = tgΘ0, Θ0 �

óãîë âûëåòà, Ra � âåðøèííûé ðàäèóñ êðèâèçíû òðàåêòîðèè è β0 � îòíîøåíèå êâàäðàòà ðàçâîðîòíîé

ñêîðîñòè ê êâàäðàòó ïðåäåëüíîé ñêîðîñòè. Ìàëîå îòêëîíåíèå ïîëó÷åííûõ àïïðîêñèìàöèé îò êëàññè÷å-

ñêèõ èíòåãðàëüíûõ âûðàæåíèé îáóñëîâëåíî ý��åêòîì àâòîïîäñòðîéêè, çàêëþ÷àþùåìñÿ â óìåíüøåíèè

ïàðàìåòðà β0 ñ ðîñòîì íà÷àëüíîãî íàêëîíà òðàåêòîðèè b0. Äëÿ ñòàðòîâûõ ñèë ñîïðîòèâëåíèÿ, íå ïðå-

âûøàâøèõ 1.15 mg, è ñêîðîñòåé âåòðà, ìåíüøèõ 40 ì/ñ, è â âûøåóêàçàííîì èíòåðâàëå óãëîâ âûëåòà

àáñîëþòíûå ïîãðåøíîñòè ñîñòàâëÿëè âåëè÷èíû ïîðÿäêà äåöèìåòðîâ, à îòíîñèòåëüíûå íå ïðåâûøàëè

äåñÿòûõ äîëåé ïðîöåíòà. Ââèäó òîãî, ÷òî ÷èñëåííàÿ ðåàëèçàöèÿ �îðìóë ¾ïî÷òè¿ àëãåáðàè÷åñêàÿ, îíè

ìîãóò áûòü âíåäðåíû â ïðîñòåéøèå áàëëèñòè÷åñêèå êàëüêóëÿòîðû êàê èñïîëüçóåìûå äëÿ ñòðåëüáû â

óñëîâèÿõ âåòðà, òàê è ñ äâèæóùåãîñÿ îðóäèÿ/ïî äâèæóùåéñÿ ìèøåíè.

Êëþ÷åâûå ñëîâà: êâàäðàòè÷íûé çàêîí ñîïðîòèâëåíèÿ, ñêîðîñòü âåòðà, ñíàðÿä, ïðîåêòèâíî-äâîéñòâåííûå

êîîðäèíàòû, áàëëèñòè÷åñêèé, ìàëîóãëîâàÿ îáëàñòü, äâèæóùååñÿ îðóäèå, òðàåêòîðèÿ, ïàðàìåòðè÷åñêîå

óðàâíåíèå.

Ââåäåíèå

Âûâîä âû÷èñëèòåëüíî ïðîñòûõ â ÿâíîì âèäå �îðìóë, îïèñûâàþùèõ ñâîáîäíîå äâèæåíèå

òî÷å÷íîé ìàññû â ñðåäå ñ êâàäðàòè÷íûì ïî ñêîðîñòè ëîáîâûì ñîïðîòèâëåíèåì

~R = −αmgV V ,
îñòàåòñÿ àêòóàëüíîé ïðîáëåìîé ñî âðåìåí ïèîíåðñêîé ðàáîòû Ëåîíàðäà Ýéëåðà [1℄. Àêòóàëü-

íû îíè è â íàøå äàëåêî íå ìèðíîå âðåìÿ íîâûõ óãðîç è âûçîâîâ, äëÿ íåéòðàëèçàöèè êîòîðûõ

âîñòðåáîâàíû âûñîêîòî÷íûå àðòèëëåðèÿ, äàëüíèå ñíàéïåðû, ðàçðàáàòûâàåìûå áîåâûå ðîáîòû

è ò. ä. Ïîòðåáíîñòü â òàêèõ �îðìóëàõ îáúÿñíÿåòñÿ è íåâîåííûìè íóæäàìè, òàêèìè êàê, íàïðè-

ìåð, çàïðîñû ñïîðòèâíîé ìåõàíèêè è íåëèíåéíîé äèíàìèêè ðåçèñòèâíîãî äâèæåíèÿ âîîáùå.

Ñîáñòâåííî, íà ñòûêå íåëèíåéíîé äèíàìèêè è âû÷èñëèòåëüíîé ìåõàíèêè (Computational

Me
hani
s) ýòà ïðîáëåìà è íàõîäèò ðåøåíèå, îäíîâðåìåííî âíîñÿ âêëàä â ïðèêëàäíóþ ìàòåìà-

òèêó.

Çà áîëåå ÷åì äâóõâåêîâîé ïåðèîä áûë íàðàáîòàí êîëîññàëüíûé ìàòåðèàë ïî ïðîáëåìå. È õî-

òÿ îñíîâíûå �óíäàìåíòàëüíûå ðåçóëüòàòû áûëè ïîëó÷åíû è ïîäûòîæåíû íà èñõîäå XIX âå-

êà [2℄, òåì íå ìåíåå è â íàøåì ñòîëåòèè íîâûå ïîäõîäû è ìåòîäû ïðîäîëæàþò ðàçâèâàòüñÿ,

ïðèâëåêàÿ ïðè ýòîì àïïàðàò ñîâðåìåííîé ìàòåìàòèêè (ñì., íàïðèìåð, [3℄).

�àíåå àâòîðîì [4℄ áûë èñïîëüçîâàí ïîäõîä äè��åðåíöèàëüíîé ãåîìåòðèè, áàçèðóþùèéñÿ

íà ïðåîáðàçîâàíèè Ëåæàíäðà, äëÿ èíòåãðèðîâàíèÿ óðàâíåíèé ñâîáîäíîãî äâèæåíèÿ òî÷å÷íîé

ìàññû ïðè âûøåóïîìÿíóòîì ñîïðîòèâëåíèè. Áûë ïîëó÷åí ðÿä �îðìóë äëÿ îáëàñòè óãëîâ ïðè-

öåëüíîé ñòðåëüáû (Θ0 < 15◦), òî÷íîñòü êîòîðûõ âûèãðûâàëà â ñðàâíåíèè ñ èçâåñòíûìè âûðà-

æåíèÿìè çà ñ÷åò òàê íàçûâàåìîãî ý��åêòà àâòîïîäñòðîéêè. Êðîìå òîãî, îíè îáëàäàëè âûñî-

êîé íàãëÿäíîñòüþ èñïîëüçóåìûõ êîý��èöèåíòîâ è ïàðàìåòðîâ, ïî áîëüøåé ÷àñòè îòíîñèìûõ

ê âåðøèíå òðàåêòîðèè, òàê íàçûâàåìûõ âåðøèííûõ èëè ðàçâîðîòíûõ ïàðàìåòðîâ.
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PSfrag repla
ements

Θ0 Θ1

�èñ. 1. Òðàåêòîðèÿ òî÷êè (ñïëîøíàÿ) è åå êàñàòåëüíîå ðàññëîåíèå (ïóíêòèð)

Â ðàáîòå [5℄ àâòîðîì â ðàçâèòèå áàçèðóþùåãîñÿ íà ïðåîáðàçîâàíèè Ëåæàíäðà ïîäõîäà áûë

ïðåäëîæåí àëãîðèòì ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèé ïëîñêîïàðàëëåëüíîãî ïîëåòà îñå-

ñèììåòðè÷íîãî ñíàðÿäà òàêæå ïðè ïîëíîì íàáîðå êâàäðàòè÷íûõ ïî ñêîðîñòè àýðîäèíàìè÷å-

ñêèõ �óíêöèé è â óñëîâèÿõ âåòðîâîãî âîçäåéñòâèÿ. Îäíàêî òàì çàâåäîìî íåïðîñòàÿ çàäà÷à

èçíà÷àëüíî íå ïðåäïîëàãàëà ïîëó÷åíèÿ êàêèõ-ëèáî ÿâíûõ �îðìóë è ðåøàëàñü ÷åðåç èñïîëü-

çîâàíèå ðàçëè÷íûõ ðàçíîñòíûõ ñõåì äëÿ äèíàìè÷åñêîé ñèñòåìû èç äâóõ äè��åðåíöèàëüíûõ

óðàâíåíèé, îäíî èç êîòîðûõ îòâå÷àëî çà òðàåêòîðèþ öåíòðà ìàññ, äðóãîå � çà ïîâåäåíèå íà

íåé óãëà àòàêè.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà äàëüíåéøåìó ðàçâèòèþ ïîäõîäà [4℄ ñ öåëüþ ïîëó÷åíèÿ ðîáàñò-

íûõ àëãåáðàè÷åñêèõ �îðìóë ïðèìåíèòåëüíî ê óñëîâèÿì ðàâíîìåðíîãî äâèæåíèÿ âîçäóøíîé

ñðåäû (âåòðà) èëè òî æå ñàìîå äëÿ äâèæóùåéñÿ ìèøåíè èëè îðóäèÿ. Ïîñëåäíåå, â ÷àñòíî-

ñòè, îòâå÷àåò ðåàëèÿì ñîâðåìåííîãî ìîðñêîãî áîÿ ñ ó÷àñòèåì âûñîêîñêîðîñòíûõ ñóäîâ è ïðè

íåñïîêîéíûõ ìåòåîóñëîâèÿõ.

� 1. Ñòàöèîíàðíûå óñëîâèÿ: îñíîâíûå ðåçóëüòàòû

Âìåñòî òðàäèöèîííûõ äåêàðòîâûõ êîîðäèíàò x(t) è y(t) (êàê �óíêöèé âðåìåíè t îò íà÷àëà
äâèæåíèÿ) ðàññìàòðèâàþòñÿ òàê íàçûâàåìûå ïðîåêòèâíî-äâîéñòâåííûå ïåðåìåííûå: óãëîâîé

êîý��èöèåíò êàñàòåëüíîé ê òðàåêòîðèè b = tgΘ è òàê íàçûâàåìîå ïðåðûâàíèå (inter
ept)

a(Θ(b)) ≡ a(b) (ðèñ. 1).

Óðàâíåíèå âûõîäÿùåé èç íà÷àëà êîîðäèíàò òðàåêòîðèè â íèõ èìååò âèä [4℄





a′′′bbb = 2αg(a′′bb)
2
√
1 + b2, a(b0) =

da(b0)

db
= 0,

d2a(b0)

db2
=

V 2
0 cos2 Θ0

g
=

V 2
0

g(1 + b2
0
)
,

è îíî ëåãêî èíòåãðèðóåòñÿ êàê

x(b) = −a′b = −
∫ b

b0

a′′
b̃b̃
(̃b) db̃ = −Ra

∫ b

b0

db̃

1− β0

(
b̃
√

b̃2 + 1 + arcsh b̃
) , (1)

y(b) = −
∫ b

b0

b̃a′′
b̃b̃
(̃b) db̃ = −Ra

∫ b

b0

b̃ db̃

1− β0

(
b̃
√

b̃2 + 1 + arcsh b̃
) , (2)

t(b) =

∫ b

b0

db̃

ḃ(̃b)
= −

√
Ra

g

∫ b

b0

db̃

1− β0

(
b̃
√

b̃2 + 1 + arcsh b̃
) . (3)
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Çäåñü áåçðàçìåðíûé ìíîæèòåëü â çíàìåíàòåëÿõ ïîäûíòåãðàëüíûõ âûðàæåíèé åñòü êâàä-

ðàò îòíîøåíèÿ âåðøèííîé ñêîðîñòè Va ê ïðåäåëüíîé ñêîðîñòè VT ïàäåíèÿ ñ íåîãðàíè÷åííîé

âûñîòû:

β0 =
V 2
a

V 2
T

=
αV 2

0

1 + b2
0
+ αV 2

0

(
b0
√
b2
0
+ 1 + arcsh b0

) =

=
αV 2

0 cos2Θ0

1 + αV 2
0

(
sinΘ0 + cos2Θ0 ln tg

(
Θ0

2
+

π

4

)) , (4)

è îí çàâèñèò îò íà÷àëüíûõ çíà÷åíèé ñêîðîñòè V0 è íàêëîíà åå âåêòîðà b0 = tgΘ0, à òàêæå îò

êîý��èöèåíòà ñîïðîòèâëåíèÿ α. Âåëè÷èíà ýòà ñëóæèò ñâîåãî ðîäà áåçðàçìåðíûì êîý��èöè-

åíòîì ñîïðîòèâëåíèÿ ñ ïîïðàâêîé íà óãîë çàïóñêà.

Âåðøèííûé ðàäèóñ êðèâèçíû òðàåêòîðèè

Ra =
V 2
0 cos2Θ0

g

(
1 + αV 2

0

(
sinΘ0 + cos2 Θ0 ln tg

(
Θ0

2
+

π

4

))) =

=
αV 2

0

g

(
1 + b2

0
+ αV 2

0

(
b0
√

b2
0
+ 1 + arcsh b0

)) =
β0
αg

ñëóæèò åñòåñòâåííîé åäèíèöåé äëèíû, à â êîìáèíàöèè ñ óñêîðåíèåì g îïðåäåëÿåò âðåìåííîé

ìàñøòàá ïîëåòà òî÷å÷íîé ìàññû (3).

Îáðàùàåò íà ñåáÿ âíèìàíèå ¾ïî÷òè¿ àëãåáðàè÷íîñòü ïàðàìåòðîâ β0(b0) è Ra(b0), âêëþ÷àþ-
ùèõ â ñåáÿ òîëüêî õîðîøî èíòåðïîëèðóåìûé êóáè÷åñêèì ïîëèíîìîì ãèïåðáîëè÷åñêèé àðêñè-

íóñ. Ýòî ñóùåñòâåííî óïðîùàåò ÷èñëåííóþ ðåàëèçàöèþ âûðàæåíèé, åñëè èñïîëüçîâàòü â êà÷å-

ñòâå ìåðû ïðèöåëèâàíèÿ íå óãîë Θ0 � îòíîøåíèå äóãè è ðàäèóñà, íî íàêëîí b0 � îòíîøåíèå

êàòåòîâ.

Àäàïòàöèÿ �îðìóë (1)�(3) äëÿ ìàëîóãëîâûõ òðàåêòîðèé ïîçâîëèëà ïîëó÷èòü ðàçëîæåíèÿ

äëÿ êîîðäèíàò è âðåìåíè â �îðìàëüíûé ðÿä Ìàêëîðåíà ïî b0 è β0, òðàêòóÿ ýòè äâå ïåðå-

ìåííûå êàê íåçàâèñèìûå. Íàïðèìåð, äëÿ âðåìåííîé ïåðåìåííîé â 5-ì ïîðÿäêå ïî íà÷àëüíîìó

íàêëîíó b0 ïîëó÷àåòñÿ

t(b) ≈

√
Ra

g

(
b0 − b+

β0
2

(
b20 − b2

)
+

β2
0

2

(
b30 − b3

)
+

+
β0 + 24β3

0

24

(
b4 − b40

)
+

(
4β2

0
− 5β4

0

) (
b5 − b5

0

)

30

)
, (5)

äëÿ êîîðäèíàò â 5-ì è 6-ì �

x(b) ≈ −Ra

(
b− b0 + β0

(
b2 − b20

)
+

4β2
0

3

(
b3 − b30

)
+

+
β0 + 24β3

0

12

(
b4 − b40

)
+

4β2
0 + 48β4

0

15

(
b5 − b50

)
)
,

(6)

y(b) ≈ −
Ra

2

(
b2 − b20 +

4β0
3

(
b3 − b30

)
+ 2β2

0

(
b4 − b40

)
+

+
2
(
β0 + 24β3

0

)

15

(
b5 − b50

)
+

2
(
2β2

0 + 24β4
0

)

9

(
b6 − b60

)
)
.

(7)
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Íàèáîëüøàÿ ñòåïåíü çäåñü âûáèðàëàñü èñõîäÿ èç äàëüíåéøåãî ïîâåäåíèÿ ÷èñëîâûõ êîý��è-

öèåíòîâ: êàê òîëüêî îíè íà÷èíàëè êàòàñòðî�è÷åñêè íàðàñòàòü, ðàçëîæåíèå îáðûâàëîñü. Â ýòîì

ñìûñëå âûãîäíîå ïîëîæåíèå � ó âåðòèêàëüíîé êîîðäèíàòû, ïðèðàùåíèå êîòîðîé îò âåðøèíû

ba = 0 íà÷èíàåòñÿ ñ êâàäðàòè÷íîãî ïî íàêëîíó ñëàãàåìîãî.

Âûøåïðèâåäåííûå ñîîòíîøåíèÿ óæå â óñå÷åííîì 4-ì ïîðÿäêå äëÿ (5), (6) è 5-ì äëÿ (7)

ãàðàíòèðîâàëè äîñòàòî÷íî âûñîêóþ òî÷íîñòü â äåñÿòûå äîëè ïðîöåíòà íå òîëüêî â îáëàñòè

ïðèöåëüíîé ñòðåëüáû, íî è äàëåêî çà åå ïðåäåëàìè âïëîòü äî óãëîâ 30

◦
è áîëåå. Ýòî èìåëî

ìåñòî âñëåäñòâèå óæå óïîìÿíóòîãî ý��åêòà àâòîïîäñòðîéêè òî÷íîñòè, âûçâàííîãî òåì, ÷òî

ïàðàìåòð β0 (4) óáûâàë ñ ðîñòîì íà÷àëüíîãî íàêëîíà, êîìïåíñèðóÿ òåì ñàìûì ðîñò ñòåïåíåé

ïîñëåäíåãî.

Òàêîé ý��åêò ïîçâîëèë îãðàíè÷èòüñÿ â ðàçëîæåíèè îòíîñèòåëüíî íåâûñîêîé 3-é ñòåïåíüþ

è ïîëó÷èòü êóáè÷åñêîå óðàâíåíèå ìàëîóãëîâîé òðàåêòîðèè:

y3(x) = b0x+

(
1

2Ra

−
b0
La

)
x2 +

(
b0
3L2

a

−
1

3LaRa

)
x3,

â êîòîðîì àáñöèññà âåðøèíû La ïðèáëèæàëàñü âûðàæåíèåì ïÿòîãî ïîðÿäêà ïî b0:

La = Ra

(
b0 + β0b

2
0 +

4

3
β2
0b

3
0 +

β0 + 24β3
0

12
b40 +

4β2
0
+ 48β4

0

15
b50

)
.

×òî æå êàñàåòñÿ ïàðàìåòðè÷åñêèõ óðàâíåíèé òðàåêòîðèè (6) è (7), òî èõ òî÷íîñòü ïðè

íà÷àëüíûõ ñèëàõ ñîïðîòèâëåíèÿ, â 2�2.5 ðàçà ïðåâûøàâøèõ âåñ, ñîõðàíÿëàñü íà óäîâëåòâîðè-

òåëüíîì óðîâíå â ìàëîóãëîâîé îáëàñòè è äàæå âîññòàíàâëèâàëàñü çà åå ïðåäåëàìè.

� 2. Ó÷åò ïðîäîëüíîãî âåòðà

Ïóñòü ñêîðîñòü âåòðà íàïðàâëåíà ïî/ïðîòèâ îñè Ox è ðàâíÿåòñÿ u, è îíà ïîñòîÿííà íà

ïðîòÿæåíèè ïîëåòà. Äâèæåíèå òî÷å÷íîé ìàññû ðàññìàòðèâàåòñÿ â äâóõ ñèñòåìàõ íàáëþäåíèÿ:

ïîäâèæíîé, ñâÿçàííîé ñ âîçäóõîì, è íåïîäâèæíîé ñ íà÷àëîì â òî÷êå ñòàðòà.

Ïðè ïåðåõîäå â ïîäâèæíóþ ñèñòåìó íà÷àëüíûå óñëîâèÿ ïåðåñ÷èòûâàþòñÿ ïî àëãåáðàè÷å-

ñêèì �îðìóëàì





b′0 = tgΘ′
0 =

V0 sinΘ0

V0 cosΘ0 − u
=

b0

1−
u

V0

√
1 + b2

0

,

V ′
0 ≡ W0 =

√
V 2
0
+ u2 − 2V0 cosΘ0u = V0

√
1−

2u

V0

√
1 + b2

0

(
u

V0

)2

,

(8)

à âìåñòå ñ íèìè è âàæíûé ïàðàìåòð β′
0. (Â äàëüíåéøåì áóäåì îïóñêàòü øòðèõè, ïðåäâàðèòåëüíî

íàïîìíèâ, ÷òî ðå÷ü èäåò î ïîäâèæíîé ñèñòåìå.)

Óðàâíåíèå àáñîëþòíîé òðàåêòîðèè ïîëó÷àåòñÿ èç óðàâíåíèÿ îòíîñèòåëüíîé òðàåêòîðèè

ïðîñòûì ïðåîáðàçîâàíèåì ãîðèçîíòàëüíîé êîîðäèíàòû êàê x = x′ + ut, ãäå x′ è t çàâèñÿò

îò íàêëîíà âåêòîðà îòíîñèòåëüíîé ñêîðîñòè b′.
×èñëåííûå ðàñ÷åòû ïðîèçâîäèëèñü ïðè ïîìîùè ïðîäóêòà Maple 15 äëÿ ðàçëè÷íûõ çíà÷å-

íèé êîý��èöèåíòîâ ëîáîâîãî ñîïðîòèâëåíèÿ α, íà÷àëüíîé ñêîðîñòè V0, ïåðåíîñíîé ñêîðîñòè u
è óãëà çàïóñêà Θ0. Ïðè ýòîì �èêñèðîâàëîñü êàê òåêóùåå îòêëîíåíèå ïðèáëèæåííîé òðàåê-

òîðèè (5)�(7) îò òî÷íîé (1)�(2), òàê è ðàñõîæäåíèÿ â îñíîâíûõ õàðàêòåðèñòèêàõ àáñîëþòíîé

òðàåêòîðèè: äàëüíîñòè ïîëåòà L, âûñîòå Ha, àáñöèññå âåðøèíû La. Äëÿ íàõîæäåíèÿ çíà÷åíèé

ïîñëåäíèõ íàêëîí ïðèçåìëåíèÿ â äâèæóùåéñÿ ñèñòåìå îïðåäåëÿëñÿ ïî âûñîêîòî÷íîé â ìàëî-

óãëîâîé îáëàñòè �îðìóëå

b1(b0) ≈ −b0 −
4β0
3

b20 −
16β2

0

9
b30 −

(
2β0
15

+
352β3

0

135

)
b40.
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PSfrag repla
ements

Θ0 = 15◦, V0 = 100ì/ñ, α = 1 · 10−4
, u = ±40ì/


appr. (313.1ì)

exa
t (312.1ì)

appr. (451.1ì)

exa
t (451.1ì)

x

y

�èñ. 2. Òî÷íûå (exa
t) è ïðèáëèæåííûå (appr.)

òðàåêòîðèè ïðè âñòðå÷íîì è ïîïóòíîì âåòðå, èìå-

þùåì ñêîðîñòü 40 ì/ñ, è óãëå çàïóñêà Θ0 = 15◦

PSfrag repla
ements

Θ0 = 30◦, V0 = 100ì/ñ, α = 1 · 10−4
, u = ±40ì/


appr. (726.2 ì)

appr. (403.9 ì)

exa
t (390.2 ì)

exa
t (725.8 ì)

x

y

�èñ. 3. Òî÷íûå (exa
t) è ïðèáëèæåííûå (appr.)

òðàåêòîðèè ïðè âñòðå÷íîì è ïîïóòíîì âåòðå, èìå-

þùåì ñêîðîñòü 40 ì/ñ, è óãëå çàïóñêà Θ0 = 30◦

�àñõîæäåíèÿ ðîñëè ïî ìåðå óâåëè÷åíèÿ ñòàðòîâîé ñèëû ñîïðîòèâëåíèÿ â ïîäâèæíîé ñè-

ñòåìå, îñîáåííî ïðè ñèëüíîì âñòðå÷íîì âåòðå. Îäíàêî çäåñü òàêæå èìåë ìåñòî ý��åêò àâ-

òîïîäñòðîéêè òî÷íîñòè: âîçðàñòàíèå îòíîñèòåëüíîé ñêîðîñòè ïðè âñòðå÷íîì äâèæåíèè ñðåäû

ïðèâîäèëî ê óìåíüøåíèþ íà÷àëüíîãî íàêëîíà (8), è âîïðîñ òî÷íîñòè � âîïðîñ êîíêóðåíöèè

ïàðàìåòðîâ β′
0 è b′0. Ïðè ïîïóòíîì âåòðå èìåëà ìåñòî ñèòóàöèÿ èíàÿ � óìåíüøåíèå β′

0 è ðîñò b
′
0.

Äëÿ äåìîíñòðàöèè òî÷íîñòè íà ãðà�èêàõ òî÷íûõ è ïðèáëèæåííûõ êðèâûõ (ðèñ. 2) ïðèâî-

äÿòñÿ äàííûå ïî îñíîâíûì ïîêàçàòåëÿì äëÿ íîìèíàëüíîãî ãðàíè÷íîãî çíà÷åíèÿ ìàëîóãëîâîé

îáëàñòè Θ0 = 15◦. Íà ñóùåñòâåííî ìåíüøèõ çíà÷åíèÿõ óãëà, ïîðÿäêà íåñêîëüêèõ ãðàäóñîâ,

âëèÿíèå âåòðà íåñóùåñòâåííî, ðàçâå òîëüêî ïðè àíîìàëüíî áîëüøèõ çíà÷åíèÿõ u, ïîðÿäêà ñêî-
ðîñòè çàïóñêà èëè äàæå áîëüøå. Äëÿ ãðàíè÷íîãî çíà÷åíèÿ ïðè ïîïóòíîì è âñòðå÷íîì âåòðå,

èìåþùåì ñêîðîñòü u = 40 ì/ñ, è äëÿ íà÷àëüíîé ñêîðîñòè V0 = 100 ì/ñ òî÷íûå è ïðèáëèæåííûå

çíà÷åíèÿ äàëüíîñòè L ñîñòàâèëè 451.1 è 451.1 ì, 312.6 è 313.1 ì ñîîòâåòñòâåííî.

×òî æå êàñàåòñÿ âûñîòû Ha è àáñöèññû âåðøèíû La, òî ïðèáëèæåííûå è òî÷íûå çíà÷åíèÿ

íà òåõ æå çíà÷åíèÿõ ïàðàìåòðîâ ïðè âñòðå÷íîì âåòðå ñîñòàâèëè 27.90 è 28.06 ì, 180.3 è 180.6 ì

ñîîòâåòñòâåííî. Äëÿ ïîïóòíîãî âåòðà � 31.03 è 31.07 ì, 228.5 è 228.5 ì ñîîòâåòñòâåííî.

Îáðàùàåò íà ñåáÿ âíèìàíèå àíîìàëüíàÿ òî÷íîñòü õàðàêòåðèñòèê òðàåêòîðèè â ñëó÷àå ïî-

ïóòíîãî âåòðà, ÷òî îáúÿñíÿåòñÿ ïðåèìóùåñòâåííûì óìåíüøåíèåì ïàðàìåòðà ïî ñðàâíåíèþ

ñ óâåëè÷åíèåì (8). Òî÷íîñòü ñîõðàíÿëàñü è ïðè î÷åíü áîëüøîì óãëå çàïóñêà, âäâîå ïðåâûøàþ-

ùåì ìàëîóãëîâóþ ãðàíèöó (Θ0 = 30◦), ñîñòàâëÿÿ ïðèìåðíî 40 ñì ïðè äàëüíîñòè 725.8 ì. Ìåæäó

òåì êàê ïðè âñòðå÷íîì âåòðå èìåëà ìåñòî åå (òî÷íîñòè) êàòàñòðî�è÷åñêàÿ ïîòåðÿ äî íåäîïó-

ñòèìûõ â áàëëèñòèêå 3.5 %, èëè 13 ì (ðèñ. 3). Ýòî ïðîèñõîäèëî çà ñ÷åò ïî÷òè ÷åòûðåõêðàòíîãî

ðîñòà ñòàðòîâîé ñèëû ñîïðîòèâëåíèÿ, ñ 0.467 mg äî 1.853 mg, ïðè ïåðåìåíå íàïðàâëåíèÿ âåòðà

ñ ïîïóòíîãî íà âñòðå÷íûé.

Â òî æå âðåìÿ ïðè Θ0 = 15◦ áîëüøèé îòíîñèòåëüíûé è àáñîëþòíûé ðîñò ñèëû îò 0.38 mg

äî 1.93 mg ñîõðàíÿë õîðîøóþ òî÷íîñòü ïî äàëüíîñòè â 0.17 % (∼50 ñì).
Òàêèì îáðàçîì, äëÿ ïîïóòíîãî âåòðà, ñðàâíèìîãî ïî ñêîðîñòè ñî ñêîðîñòüþ çàïóñêà, õî-

ðîøî ñîõðàíÿåòñÿ òî÷íîñòü íàõîæäåíèÿ òðàåêòîðèè äàæå äëÿ âûñîêèõ íà÷àëüíûõ íàêëîíîâ

b0 = tgΘ0, ñðàâíèìûõ ñ åäèíèöåé. Ýòîò �àêò äåëàåò �îðìóëû (5)�(7) ïåðñïåêòèâíûìè äëÿ

áàëëèñòè÷åñêîãî êàëüêóëÿòîðà òàíêîâîé ïóøêè è äàæå ìèíîìåòà. Åñòåñòâåííî, âåòåð ñ óðà-
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ãàííîé ñêîðîñòüþ â 40 ì/ñ íå ÿâëÿåòñÿ óñëîâèåì ïðèìåíåíèÿ òàêèõ îðóäèé, íî, êàê óæå áûëî

ñêàçàíî, �îðìóëû ïðèìåíèìû è äëÿ äâèæóùåãîñÿ ãèðîñòàáèëèçèðîâàííîãî îðóäèÿ, â äàííîì

ñëó÷àå óäàëÿþùåãîñÿ îò ìèøåíè ñî ñêîðîñòüþ 144 êì/÷.

×òî êàñàåòñÿ òåêóùèõ ðàñõîæäåíèé ìåæäó òî÷íîé è ïðèáëèæåííîé òðàåêòîðèÿìè, òî ââèäó

îäèíàêîâîãî ìåõàíè÷åñêîãî ñìûñëà ïàðàìåòðà â êà÷åñòâå ìåðû ¾òåêóùåé¿ òî÷íîñòè èñïîëüçî-

âàëèñü îòíîñèòåëüíûå ïîãðåøíîñòè. Äëÿ âåðòèêàëüíîé êîîðäèíàòû:

δY ≡ 100% · δy(b)/y(b) = 100 ·

[
1−

(
b2 − b20 +

4β0
3

(
b3 − b30

)
+ 2β2

0

(
b4 − b40

)
+

+ 2
β0 + 24β3

0

15

(
b5 − b50

)
+ 2

2β2
0
+ 24β4

0

15

(
b6 − b60

))/(
2

∫ b

b0

b̃db̃

1− β0

(
b̃
√

b̃2 + 1 + arcsh b̃
)
)]

,

àíàëîãè÷íî äëÿ àáñîëþòíîé êîîðäèíàòû: x = x′ + ut (çà ãðîìîçäêîñòüþ íå ïðèâîäèòñÿ). Îä-

íàêî ïî ïîíÿòíûì ïðè÷èíàì ïîãðåøíîñòè δY è δX âáëèçè ñòàðòà è ïðèçåìëåíèÿ (δY ) ìîãóò
îêàçàòüñÿ âûñîêèìè, ÷òî è ïðîÿâëÿåòñÿ íà 3D-ãðà�èêàõ (ðèñ. 4). ×òî êàñàåòñÿ àáñîëþòíûõ

îøèáîê, òî, êàê óæå áûëî ïîêàçàíî äëÿ ãðàíè÷íîãî óãëà, îíè íè÷òîæíû ïðè ïîïóòíîì âåòðå

è íåçíà÷èòåëüíû ïðè âñòðå÷íîì.

� 3. Áîêîâîé âåòåð

Îáîçíà÷èì ñêîðîñòü áîêîâîãî âåòðà êàê w, ÷òîáû ðàçëè÷àòü ñ ïðîäîëüíûì, ïîïóòíûì ëèáî

âñòðå÷íûì. Îòíîñèòåëüíàÿ òðàåêòîðèÿ ëåæèò â ïëîñêîñòè, ïîâåðíóòîé íà óãîë

φ = arcsin
w√

V 2
0
cos2Θ0 +w2

= arcsin

(
w

V0

√
1 + b20

1 + (w/V0)
2
(
1 + b2

0

)
)

â íàïðàâëåíèè, ïðîòèâîïîëîæíîì âåòðó ïî îòíîøåíèþ ê áåçâåòðåííîé ïëîñêîñòè äâèæåíèÿ

(ïëîñêîñòè âûñòðåëà). Ñîîòâåòñòâåííî, îñü x′ òàêæå ïîâåðíóòà îòíîñèòåëüíî ¾áåçâåòðåííîé¿

îñè Ox íåïîäâèæíîé ñèñòåìû íà òîò æå óãîë.

Íåîáõîäèìî ââåäåíèå òðåòüåé ãîðèçîíòàëüíîé êîîðäèíàòû z, äîïîëíÿþùåé ñèñòåìó äî ïðà-
âîé òðîéêè. Óðàâíåíèå îòíîñèòåëüíîé òðàåêòîðèè ïîëó÷àåòñÿ ïåðåñ÷åòîì íàêëîíà è ñêîðîñòè

çàïóñêà ïî ñîîòíîøåíèÿì

b′0 = tgΘ′

0 =
V0 sinΘ0√

V 2
0
cos2Θ0 +w2

=
b0√

1 +
(
1 + b2

0

)
(w/V0)

2

,

W0 =
√

V 2
0
+ w2 ≈ V0

(
1 +

w2

2V 2
0

)
, w ≪ V0 cosΘ0.

Ïåðåõîä ê àáñîëþòíîé òðàåêòîðèè îñóùåñòâëÿåòñÿ ïî �îðìóëàì





x = x′ cosφ =
x′√

1 + (w/V0)
2
(
1 + b2

0

) ,

z = x′ sinφ− wt = x′
w

V0

√
1 + b20

1 + (w/V0)
2
(
1 + b2

0

) −wt, y = y′.

Òàê êàê àáñîëþòíàÿ òðàåêòîðèÿ äâèæåíèÿ íå áóäåò ïëîñêîé, òî çàäàòü åå ëó÷øå â ïàðàìåò-

ðè÷åñêîé �îðìå. È ïðîùå, è óäîáíåé, åñëè ïàðàìåòð b′ � íàêëîí òðàåêòîðèè îòíîñèòåëüíîé.

È çäåñü èñïîëüçîâàíèå ñòåïåííûõ ïðèáëèæåíèé äàåò âûñîêîòî÷íûå ðåçóëüòàòû äëÿ âñåõ

òðåõ êîîðäèíàò âíóòðè ìàëîóãëîâîé îáëàñòè (ðèñ. 6) ïðè íà÷àëüíûõ ñîïðîòèâëåíèÿõ, ïðåâû-

øàþùèõ ïðèìåðíî íà 15 % âåñ ìàòåðèàëüíîé òî÷êè. Îäíàêî çà åå ïðåäåëàìè (Θ0 = 20◦) ïðè
òàêîé àíîìàëüíî áîëüøîé ïåðåíîñíîé ñêîðîñòè w = 40 ì/ñ ñòðåìèòåëüíî óõóäøàåòñÿ òî÷íîñòü
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PSfrag repla
ements

Θ0, ðàä

u = 40ì/ñ, V0 = 100ì/ñ, α = 1 · 10−4

δx, δy %

�èñ. 4. Òåêóùàÿ òî÷íîñòü%% ïðèáëèæåíèÿ ïî (5)�

(7) â îáëàñòè ïðèöåëüíîé ñòðåëüáû (ñåðûé � δx,
÷åðíûé � δy) ïðè ðàçëè÷íûõ óãëàõ çàïóñêà

25

20

15

10

5

0

300

200

100

0

–30

–20

–10

x

z

y

PSfrag repla
ements

Θ0 = 15◦, V0 = 100ì/ñ, α = 1 · 10−4
, w = 40ì/ñ

exa
t appr.

�èñ. 5. Òî÷íàÿ (÷åðíàÿ ëèíèÿ, ïóíêòèð) è ïðèáëè-

æåííàÿ (ñïëîøíàÿ ñåðàÿ) òðàåêòîðèè ïðè áîêîâîì

âåòðå

PSfrag repla
ements

Θ0 = 15◦, V0 = 100ì/ñ, α = 1 · 10−4
, w = 40ì/ñ

∆z (−37.1ì) ∆x (380.5 ì)

∆y (29.2 ì)

�èñ. 6. Àáñîëþòíûå îøèáêè îïðåäåëåíèÿ êîîðäè-

íàò íà x(b), y(b) è z(b) ïðè óãëå çàïóñêà Θ0 = 15◦

PSfrag repla
ements

Θ0 = 20◦, V0 = 100ì/ñ, α = 1 · 10−4
, w = 40ì/ñ

∆z (−57.5ì) ∆x (456.5 ì)

∆y (48.9 ì)

�èñ. 7. Àáñîëþòíûå îøèáêè îïðåäåëåíèÿ êîîðäè-

íàò íà x(b), y(b) è z(b) ïðè óãëå çàïóñêà Θ0 = 20◦
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PSfrag repla
ements

Θ0 = 15◦, V0 = 100ì/ñ, α = 1 · 10−4

�èñ. 8. Îòíîñèòåëüíûå îøèáêè δx(b) (÷åðí.), δy(b)
(ñåòêà) è δz(b) (ñåð.) ïðè ñêîðîñòÿõ w = 10�40 ì/ñ,

Θ0 = 15◦

PSfrag repla
ements

Θ0 = 15◦, V0 = 100ì/ñ, w = 40ì/ñ

�èñ. 9. Îòíîñèòåëüíûå îøèáêè δx(b) (÷åðí.), δy(b)
(ñåòêà) è δz(b) (ñåð.) ïðè ñêîðîñòÿõ w = 10�40 ì/ñ,

Θ0 = 15◦ ïðè ðàçëè÷íûõ êîý��èöèåíòàõ ñîïðîòèâ-
ëåíèÿ α = 0.00002�0.0001.

ïîïåðå÷íîé êîîðäèíàòû z, òî åñòü ñíîñà, êàê è ñëåäîâàëî îæèäàòü, íà �èíàëüíîì ó÷àñòêå

òðàåêòîðèè (ðèñ. 7).

×òî êàñàåòñÿ îòíîñèòåëüíûõ îøèáîê âñåõ òðåõ êîîðäèíàò, òî äëÿ ðàçíûõ çíà÷åíèé ïàðà-

ìåòðîâ îíè îïðåäåëÿëèñü êàê îòíîøåíèå òåêóùèõ ïðè äàííîì íàêëîíå ðàñõîæäåíèé ìåæäó

òî÷íûìè è ïðèáëèæåííûìè çíà÷åíèÿìè ê ñîîòâåòñòâóþùèì ìàêñèìàëüíûì çíà÷åíèÿì: äëÿ

àáñöèññû x(b) � ê äàëüíîñòè, äëÿ y(b) � ê âûñîòå òðàåêòîðèè, äëÿ z(b) � ê âåëè÷èíå ïî-

ïåðå÷íîãî ñíîñà (ðèñ. 8, 9). Ïðè ýòîì ñàìàÿ õóäøàÿ òî÷íîñòü ñîñòàâëÿëà ïðÿäêà 0.7 % äëÿ

ïîïåðå÷íîé êîîðäèíàòû z.
Ñòîèò îòìåòèòü, ÷òî â èññëåäîâàííîé îáëàñòè ïàðàìåòðîâ ïîãðåøíîñòè èñïîëüçóåìûõ �îð-

ìóë (5)�(7) ìàëî÷óâñòâèòåëüíû ê ñêîðîñòè áîêîâîãî âåòðà w < V0 (ðèñ. 8), íî çàòî î÷åíü ÷óâ-

ñòâèòåëüíû ê ðîñòó êîý��èöèåíòà ñîïðîòèâëåíèÿ α (ðèñ. 9) çà îïðåäåëåííûì ïîðîãîì. Íèæå

åãî ìîæíî ñîêðàòèòü ÷èñëî ÷ëåíîâ ðàçëîæåíèÿ, îãðàíè÷èâøèñü 3-é ñòåïåíüþ ïî íàêëîíó îòíî-

ñèòåëüíîé òðàåêòîðèè b′: ìíîæèòåëè, ñîäåðæàùèå ñòåïåíè ïàðàìåòðà β0, óìåíüøèâøèñü âìåñòå
ñ âåëè÷èíîé α, îáåñïå÷àò ïðèåìëåìóþ òî÷íîñòü.

Àâòîð íå ñòàâèò ïåðåä ñîáîé öåëü îáðèñîâàòü â ìíîãîìåðíîì ïðîñòðàíñòâå ïàðàìåòðîâ

îáëàñòü òàêîé òî÷íîñòè, è íå ïîòîìó, ÷òî âîçíèêíóò ÷èñòî ãðà�è÷åñêèå ïðîáëåìû òàêîãî îòîá-

ðàæåíèÿ. Ïðîñòî â êàæäîì êîíêðåòíîì ñëó÷àå äîïóñòèìàÿ òî÷íîñòü ñâîÿ: ãäå-òî 2 % âïîëíå

óäîâëåòâîðèòåëüíî, ãäå-òî è 0.5 % ïëîõî. Òî æå êàñàåòñÿ è àáñîëþòíûõ îòêëîíåíèé ïðèáëè-

æåííîé òðàåêòîðèè îò òî÷íîé.

Ïîòîìó ïîòåíöèàëüíûé ïîëüçîâàòåëü îáëàäàåò ïðåðîãàòèâîé âûáîðà ÷èñëà ÷ëåíîâ â èñ-

ïîëüçóåìûõ ñòåïåííûõ ðàçëîæåíèÿõ è â ñëó÷àå íåîáõîäèìîñòè ìîæåò ñ�îðìóëèðîâàòü ñâîé

çàêàç íà äàëüíåéøåå ñîâåðøåíñòâîâàíèå �îðìóë.

Âûâîäû

Òàêèì îáðàçîì, âíîâü ïðîäåìîíñòðèðîâàíà ý��åêòèâíîñòü ðàíåå ðàçâèòîãî ìåòîäà [4℄ äëÿ

íàõîæäåíèÿ òðàåêòîðèè òÿæåëîé òî÷êè â äâèæóùåéñÿ ñðåäå êàê äëÿ îáëàñòè ïðèöåëüíîé

ñòðåëüáû, òàê è çà åå ïðåäåëàìè.
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Ìåòîä ïî÷òè íå èñïîëüçóåò òðàíñöåíäåíòíûå �óíêöèè è âûðàæåíèÿ, ÷òî äåëàåò åãî ïåð-

ñïåêòèâíûì ñ òî÷êè çðåíèÿ ðîáàñòíîé ðåàëèçàöèè â ïðîñòåéøèõ áàëëèñòè÷åñêèõ êàëüêóëÿòî-

ðàõ è ìèêðîïðîöåññîðàõ.

Ïîëó÷åííûå �îðìóëû òàêæå ìîãóò áûòü îáîáùåíû íà âåòåð ïðîèçâîëüíîãî íàïðàâëåíèÿ ñ

öåëüþ èõ èñïîëüçîâàíèÿ äëÿ íàõîæäåíèÿ ïîïðàâîê íà óãëû çàïóñêà è äàëüíîñòü òðàåêòîðèè.

Òàêàÿ çàäà÷à íå ïðåäñòàâëÿåò ïðèíöèïèàëüíîé ñëîæíîñòè � âîïðîñ ëèøü â óñòðàíåíèè, ãäå

ýòî âîçìîæíî, ãðîìîçäêîñòè ïîëó÷àþùèõñÿ âûðàæåíèé èíòåðïîëÿöèîííûì èëè èíûì ïóòåì.
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Pre
ise traje
tory equation is dedu
ed by using dual-proje
tive variables for a heavy proje
tile motion in

medium with quadrati
 in speed longitudinal wind. By integration by parts there were re
eived the power

type formulas for low angle traje
tories with initial slopes Θ0 < 15◦. They use the following key parameters
of motion, namely b0 = tgΘ0, with Θ0 as an angle of throwing, Ra as the top 
urvature radius and β0 as

dimensionless speed square in the highest point of the traje
tory. These formulas for the 
oordinates and time

x(b), y(b), z(b) and t(b) with b = tgΘ being the 
urrent slope of the traje
tory display strongly the e�e
t of

self-improving of a

ura
y due to diminishing of β0 with the b0 growing. Their pre
ision when 
ompared to

exa
t integral formulas o

urs to 
onsist of 0.1�0.3 %% and this takes pla
e in wide range of wind speeds up

to 40mps and with starting drag for
es of 1.15 mg value. Due to their simpli
ity and quasi-algebrai
 type the
formulas may be easily implemented in ballisti
 
al
ulator, espe
ially for the guns shooting as they moving

at high speeds and in moving targets.



Âûñîêîòî÷íîå ïàðàìåòðè÷åñêîå óðàâíåíèå 543

ÌÅÕÀÍÈÊÀ 2015. Ò. 25. Âûï. 4

REFERENCES

1. Euler L. Re
her
hes sur la veritable 
ourbe que de
rivent les 
orps jettes dans l'air ou dans un autre

�uide quel
onque, Memoires de 'a
ademie des s
ien
es de Berlin, 1755, vol. 9, pp. 321�352.

2. Routh E.J. A treatise on dynami
s of a parti
le with numerous examples, Cambridge: Pergamon, 1898,

603 p.

3. Yabushita K., Yamashita M., Tsuboi K. An analyti
 solution of proje
tile motion with the quadrati


resistan
e law using the homotopy analysis method, Journal of Physi
s A: Mathemati
al and Theoreti
al,

2007, vol. 40, no. 29, pp. 403�412.

4. Chistyakov V.V. On one resolvent method for integrating the low angle traje
tories of a heavy point

proje
tile motion under quadrati
 air resistan
e, Komp'yuternye Issledovaniya i Modelirovanie, 2011,

vol. 3, no. 3, pp. 265�277 (in Russian).

5. Chistyakov V.V. On one numeri
al method of integrating the dynami
al equations of proje
tile planar

�ight a�e
ted by wind, Bulletin of Peoples' Friendship University of Russia. Series Mathemati
s.

Information S
ien
es. Physi
s, 2014, no. 3, pp. 138�149.

Received 14.09.2015

Chistyakov Viktor Vladimirovi
h, Candidate of Physi
s and Mathemati
s, Asso
iate Professor, Department

of Theoreti
al and Applied Me
hani
s, Saint Petersburg National Resear
h University of Information

Te
hnologies, Me
hani
s and Opti
s, Kronverkskii pr., 49, Saint Petersburg, 197101, Russia;

Asso
iate Professor, Mikhailovskaya Artillery Military A
ademy, ul. Komsomola, 22, Saint Petersburg,

195009, Russia;

Le
turer, Mozhaiskiy Spa
e Military A
ademy, ul. Zhdanovskaya, 13, Saint Petersburg, 197082, Russia.

E-mail: 
histiakov_v_v�rambler.ru


