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Â ðàáîòå èññëåäîâàíà îáðàòíàÿ êðàåâàÿ çàäà÷à ñ íåèçâåñòíûì êîý��èöèåíòîì, çàâèñÿùèì îò âðåìå-

íè, äëÿ îäíîãî óðàâíåíèÿ Áóññèíåñêà ÷åòâåðòîãî ïîðÿäêà ñ íåëîêàëüíûìè èíòåãðàëüíûìè ïî âðåìåíè

óñëîâèÿìè âòîðîãî ðîäà. Äàåòñÿ îïðåäåëåíèå êëàññè÷åñêîãî ðåøåíèÿ ïîñòàâëåííîé çàäà÷è. Ñóòü çà-

äà÷è ñîñòîèò â òîì, ÷òî òðåáóåòñÿ âìåñòå ñ ðåøåíèåì îïðåäåëèòü íåèçâåñòíûé êîý��èöèåíò. Çàäà÷à

ðàññìàòðèâàåòñÿ â ïðÿìîóãîëüíîé îáëàñòè. Ïðè ðåøåíèè èñõîäíîé îáðàòíîé êðàåâîé çàäà÷è îñóùåñòâ-

ëÿåòñÿ ïåðåõîä îò èñõîäíîé îáðàòíîé çàäà÷è ê íåêîòîðîé âñïîìîãàòåëüíîé îáðàòíîé çàäà÷å. Ñ ïîìîùüþ

ñæàòûõ îòîáðàæåíèé äîêàçûâàþòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è.

Çàòåì âíîâü ïðîèçâîäèòñÿ ïåðåõîä ê èñõîäíîé îáðàòíîé çàäà÷å, â ðåçóëüòàòå äåëàåòñÿ âûâîä î ðàçðå-

øèìîñòè èñõîäíîé îáðàòíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, óðàâíåíèÿ Áóññèíåñêà, ñóùåñòâîâàíèå è åäèíñòâåííîñòü êëàññè÷å-

ñêîãî ðåøåíèÿ.

DOI: 10.20537/vm160405

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ çàäà÷è ñ íåëîêàëüíûìè óñëîâèÿìè äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèç-

âîäíûõ âûçûâàþò áîëüøîé èíòåðåñ, êîòîðûé îáóñëîâëåí íåîáõîäèìîñòüþ îáîáùåíèÿ êëàññè-

÷åñêèõ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè â ñâÿçè ñ ìàòåìàòè÷åñêèì ìîäåëèðîâàíèåì ðÿäà �èçè-

÷åñêèõ ïðîöåññîâ, èçó÷àåìûõ ñîâðåìåííûì åñòåñòâîçíàíèåì [1℄. Çàìåòèì, ÷òî â áîëüøèíñòâå

ïóáëèêàöèé, ïîñâÿùåííûõ çàäà÷àì ñ íåëîêàëüíûìè èíòåãðàëüíûìè óñëîâèÿìè äëÿ ãèïåðáîëè-

÷åñêèõ óðàâíåíèé, ðàññìàòðèâàþòñÿ ïðîñòðàíñòâåííî íåëîêàëüíûå óñëîâèÿ [2�4℄. Â ñòàòüå [5℄

ðàññìîòðåíà çàäà÷à ñ íåëîêàëüíûìè ïî âðåìåíè èíòåãðàëüíûìè óñëîâèÿìè äëÿ ãèïåðáîëè÷å-

ñêîãî óðàâíåíèÿ. Â ïîñëåäíåå âðåìÿ óäåëÿåòñÿ áîëüøîå âíèìàíèå èçó÷åíèþ ðàçëè÷íûõ ýâîëþ-

öèîííûõ óðàâíåíèé, îïèñûâàþùèõ âîëíîâûå ïðîöåññû â ñðåäàõ ñ äèñïåðñèåé. Îäíèì èç íèõ

ÿâëÿåòñÿ óðàâíåíèå Áóññèíåñêà. Ýòî óðàâíåíèå èíòåðåñíî êàê ñ �èçè÷åñêîé, òàê è ñ ìàòåìà-

òè÷åñêîé òî÷êè çðåíèÿ.

Èçâåñòíî íåìàëî ñëó÷àåâ, êîãäà ïîòðåáíîñòè ïðàêòèêè ïðèâîäÿò ê çàäà÷àì îïðåäåëåíèÿ

êîý��èöèåíòîâ èëè ïðàâîé ÷àñòè äè��åðåíöèàëüíîãî óðàâíåíèÿ ïî íåêîòîðûì èçâåñòíûì

äàííûì îò åãî ðåøåíèÿ. Òàêèå çàäà÷è ïîëó÷èëè íàçâàíèå îáðàòíûõ çàäà÷ ìàòåìàòè÷åñêîé

�èçèêè. Îáðàòíûå çàäà÷è ïðåäñòàâëÿþò ñîáîé àêòèâíî ðàçâèâàþùèéñÿ ðàçäåë ñîâðåìåííîé

ìàòåìàòèêè.

Â ïðåäëàãàåìîé ñòàòüå ðàññìîòðåíà îáðàòíàÿ êðàåâàÿ çàäà÷à ñ íåëîêàëüíûìè ïî âðåìåíè

èíòåãðàëüíûìè óñëîâèÿìè äëÿ óðàâíåíèÿ Áóññèíåñêà ÷åòâåðòîãî ïîðÿäêà.

� 1.Ïîñòàíîâêà çàäà÷è è åå ñâåäåíèå ê ýêâèâàëåíòíîé çàäà÷å

Ïóñòü DT = {(x, t) : 0 6 x 6 1, 0 6 t 6 T}. Äàëåå, ïóñòü f(x, t), g(x, t), ϕ(x), ψ(x), pi(t), hi(t)
(i = 1, 2) � çàäàííûå �óíêöèè, îïðåäåëåííûå ïðè x ∈ [0, 1], t ∈ [0, T ]. �àññìîòðèì ñëåäóþùóþ

îáðàòíóþ êðàåâóþ çàäà÷ó. Òðåáóåòñÿ íàéòè òðîéêó {u(x, t), a(t), b(t)} �óíêöèé u(x, t), a(t), b(t),
ñâÿçàííûõ óðàâíåíèåì [6, 7℄:

utt(x, t)− 2αutxx(x, t) + βuxxxx(x, t) = a(t)u(x, t) + b(t)g(x, t) + f(x, t), (1)

http://dx.doi.org/10.20537/vm160405
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ïðè âûïîëíåíèè äëÿ �óíêöèè u(x, t) íåëîêàëüíûõ íà÷àëüíûõ óñëîâèé

u(x, 0) =

∫ T

0
p1(t)u(x, t) dt + ϕ(x), ut(x, 0) =

∫ T

0
p2(t)u(x, t) dt + ψ(x) (0 6 x 6 1), (2)

ãðàíè÷íîãî óñëîâèÿ

ux(0, t) = u(1, t) = uxxx(0, t) = uxx(1, t) = 0 (0 6 t 6 T ), (3)

à òàêæå óñëîâèÿ ïåðåîïðåäåëåíèÿ

u(xi, t) = hi(t) (i = 1, 2; 0 < x1, x2 < 1, x1 6= x2, 0 6 t 6 T ), (4)

ãäå α > 0, β > α2
� çàäàííûå ÷èñëà.

Îïðåäåëåíèå 1. Ïîä êëàññè÷åñêèì ðåøåíèåì îáðàòíîé êðàåâîé çàäà÷è (1)�(4) ïîíèìàåì

òðîéêó {u(x, t), a(t), b(t)} �óíêöèé u(x, t), a(t), b(t), îáëàäàþùèõ ñëåäóþùèìè ñâîéñòâàìè:

1) u(x, t), ux(x, t), uxx(x, t), uxxx(x, t), uxxxx(x, t), ut(x, t), utx(x, t), utxx(x, t), utt(x, t) ∈ C(DT );

2) �óíêöèè a(t), b(t) íåïðåðûâíû íà [0, T ];

3) óðàâíåíèå (1) è óñëîâèÿ (2)�(4) óäîâëåòâîðÿþòñÿ â îáû÷íîì ñìûñëå.

Äëÿ èññëåäîâàíèÿ çàäà÷è (1)�(4) ñíà÷àëà ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

y′′(t) = a(t)y(t) (0 6 t 6 T ), (5)

y(0) =

∫ T

0
p1(t)y(t) dt, y′(0) =

∫ T

0
p2(t)y(t) dt, (6)

ãäå p1(t), p2(t), a(t) ∈ C[0, T ] � çàäàííûå �óíêöèè, à y = y(t) � èñêîìàÿ �óíêöèÿ, ïðè÷åì ïîä

ðåøåíèåì çàäà÷è (5), (6) ïîíèìàåì �óíêöèþ y(t), ïðèíàäëåæàùóþ C2[0, T ] è óäîâëåòâîðÿþ-

ùóþ óñëîâèÿì (5), (6) â îáû÷íîì ñìûñëå.

Àíàëîãè÷íî [8℄ äîêàçûâàåòñÿ ñëåäóþùàÿ

Ëåììà 1. Ïóñòü p1(t) ∈ C[0, T ], p2(t) ∈ C[0, T ], a(t) ∈ C[0, T ] è

‖a(t)‖C[0,T ] 6 R = const.

Êðîìå òîãî, ïóñòü âûïîëíåíî íåðàâåíñòâî

(

T ‖p2(t)‖C[0,T ] + ‖p1(t)‖C[0,T ] +
T

2
R

)

T < 1.

Òîãäà çàäà÷à (5), (6) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.

Íàðÿäó ñ îáðàòíîé êðàåâîé çàäà÷åé (1)�(4) ðàññìîòðèì ñëåäóþùóþ âñïîìîãàòåëüíóþ îá-

ðàòíóþ êðàåâóþ çàäà÷ó. Òðåáóåòñÿ îïðåäåëèòü òðîéêó {u(x, t), a(t), b(t)} �óíêöèé u(x, t), a(t)
è b(t), îáëàäàþùèõ ñâîéñòâàìè 1 è 2 îïðåäåëåíèÿ 1 êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (1)�(4), èç

ñîîòíîøåíèé (1)�(3) è ðàâåíñòâà

h′′i (t)− 2αutxx(xi, t) + βuxxxx(xi, t) = a(t)hi(t) + b(t)g(xi, t) + f(xi, t) (i = 1, 2; 0 6 t 6 T ), (7)

ãäå

h(t) ≡ h1(t)g(x2, t)− h2(t)g(x1, t) 6= 0 (0 6 t 6 T ).

Ñïðàâåäëèâà ñëåäóþùàÿ
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Òåîðåìà 1. Ïóñòü ϕ(x), ψ(x) ∈ C[0, 1], pi(t) ∈ C[0, T ], hi(t) ∈ C2[0, T ] (i = 1, 2), h(t) ≡
≡ h1(t)g(x2, t)− h2(t)g(x1, t) 6= 0 (0 6 t 6 T ), f(x, t) ∈ C(DT ) è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñî-

âàíèÿ

hi(0) =

∫ T

0
p1(t)hi(t) dt+ ϕ(xi), h′i(0) =

∫ T

0
p2(t)hi(t) dt+ ψ(xi) (i = 1, 2). (8)

Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) êàæäîå êëàññè÷åñêîå ðåøåíèå {u(x, t), a(t), b(t)} çàäà÷è (1)�(4) ÿâëÿåòñÿ è ðåøåíèåì çà-

äà÷è (1)�(3), (7);

2) êàæäîå ðåøåíèå {u(x, t), a(t), b(t)} çàäà÷è (1)�(3), (7), òàêîå, ÷òî

(

T ‖p2(t)‖C[0,T ] + ‖p1(t)‖C[0,T ] +
T

2
‖a(t)‖C[0,T ]

)

T < 1, (9)

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì (1)�(4).

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 1. Ïóñòü {u(x, t), a(t), b(t)} ÿâëÿåòñÿ êëàññè÷åñêèì

ðåøåíèåì çàäà÷è (1)�(4). Ñ÷èòàÿ hi(t) ∈ C2[0, T ] (i = 1, 2) è äè��åðåíöèðóÿ (4), ïîëó÷àåì

utt(xi, t) = h′′i (t) (i = 1, 2; 0 6 t 6 T ). (10)

Ïîñòàâëÿÿ x = xi â óðàâíåíèå (1), èìååì

utt(xi, t)− 2αutxx(xi, t) + βuxxxx(xi, t) = a(t)u(xi, t) + b(t)g(xi, t) + f(xi, t) (0 6 t 6 T ). (11)

Îòñþäà, ñ ó÷åòîì (4) è (10), ïðèõîäèì ê âûïîëíåíèþ (7).

Òåïåðü ïðåäïîëîæèì, ÷òî {u(x, t), a(t), b(t)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(3), (7), ïðè÷åì

âûïîëíåíî óñëîâèå (9). Òîãäà èç (7) è (11) ïîëó÷àåì

d2

dt2
(u(xi, t)− h(t)) = a(t)(u(xi, t)− h(t)) (i = 1, 2; 0 6 t 6 T ). (12)

Äàëåå, â ñèëó (2) è óñëîâèé ñîãëàñîâàíèÿ (8) èìååì

u(xi, 0)− hi(0)−
∫ T

0
p1(t)(u(xi, t)− hi(t)) dt = ϕ(xi)−

(

hi(0) −
∫ T

0
p1(t)hi(t) dt

)

= 0,

ut(xi, 0)− h′i(0)−
∫ T

0
p2(t) (u(xi, t)− hi(t)) dt = ψ(xi)−

(

h′i(0)−
∫ T

0
p2(t)hi(t) dt

)

= 0.

(13)

Òàê êàê â ñèëó ëåììû 1 çàäà÷à (12), (13) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, òî u(xi, t)−
−hi(t) = 0 (i = 1, 2; 0 6 t 6 T ), ò. å. âûïîëíÿåòñÿ óñëîâèå (4). Òåîðåìà äîêàçàíà. �

� 2. �àçðåøèìîñòü îáðàòíîé êðàåâîé çàäà÷è

Ïåðâóþ êîìïîíåíòó u(x, t) ðåøåíèÿ {u(x, t), a(t), b(t)} çàäà÷è (1)�(3), (7) áóäåì èñêàòü â âèäå

u(x, t) =

∞
∑

k=1

uk(t) cos λkx (λk =
π

2
(2k − 1)), (14)

ãäå

uk(t) = 2

∫ 1

0
u(x, t) cos λkx dx (k = 1, 2, . . .). (15)
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Òîãäà, ïðèìåíÿÿ �îðìàëüíóþ ñõåìó ìåòîäà Ôóðüå, èç (1) è (2) íàõîäèì:

u′′k(t) + 2αλ2ku
′

k(t) + βλ4kuk(t) = Fk(t;u, a, b) (k = 1, 2, . . . ; 0 6 t 6 T ), (16)

uk(0) =

∫ T

0
p1(t)uk(t) dt+ ϕk, u′k(0) =

∫ T

0
p2(t)uk(t) dt + ψk (k = 1, 2, . . .), (17)

ãäå

Fk(t;u, a) = fk(t) + a(t)uk(t) + b(t)gk(t),

fk(t) = 2

∫ 1

0
f(x, t) cos λkx dx, gk(t) = 2

∫ 1

0
g(x, t) cos λkx dx,

ϕk = 2

∫ 1

0
ϕ(x) cos λkx dx, ψk = 2

∫ 1

0
ψ(x) cos λkx dx (k = 1, 2, . . .).

Ïðåäïîëîæèì, ÷òî äàííûå çàäà÷è (1)�(3), (7) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

1) ϕ(x) ∈ C4[0, 1], ϕ(5)(x) ∈ L2(0, 1), ϕ
′(0) = ϕ(1) = ϕ′′′(0) = ϕ′′(1) = ϕ(4)(1) = 0;

2) ψ(x) ∈ C2[0, 1], ψ(3)(x) ∈ L2(0, 1), ψ
′(0) = ψ(1) = ψ′′(1) = 0;

3) f(x, t), fx(x, t), fxx(x, t) ∈ C(DT ), fxxx(x, t) ∈ L2(DT ), fx(0, t) = f(1, t) = fxx(1, t) = 0
(0 6 t 6 T );

4) g(x, t), gx(x, t), gxx(x, t) ∈ C(DT ), gxxx(x, t) ∈ L2(DT ), gx(0, t) = g(1, t) = gxx(1, t) = 0
(0 6 t 6 T );

5) α > 0, β > α2
, pi(t) ∈ C[0, T ], hi(t) ∈ C2[0, T ], (i = 1, 2), h(t) ≡ h1(t)g(x2, t)−h2(t)g(x1, t) 6=

6= 0 (0 6 t 6 T ).
�åøàÿ çàäà÷ó (16), (17), íàõîäèì: uk(t) =

= eαkt

[(

cos βkt−
αk

βk
sinβkt

)(

ϕk +

∫ T

0
p1(t)uk(t) dt

)

+
1

βk

(

ψk +

∫ T

0
p2(t)uk(t) dt

)

sin βkt

]

+

+
1

βk

∫ t

0
Fk(τ ;u, a, b) sin βk (t− τ)eαk(t−τ) dτ (k = 1, 2, . . . ; 0 6 t 6 T ), (18)

ãäå

αk = −αλ2k, βk = λ2k

√

β − α2 (k = 1, 2 . . .).

Ïîñëå ïîäñòàíîâêè âûðàæåíèé èç (18) â (14), äëÿ îïðåäåëåíèÿ êîìïîíåíòû u(x, t) ðåøåíèÿ
çàäà÷è (1)�(3), (7), ïîëó÷àåì

u(x, t) =

∞
∑

k=1

{

eαkt

[(

cos βkt−
αk

βk
sin βkt

)(

ϕk +

∫ T

0
p1(t)uk(t) dt

)

+

+
1

βk

(

ψk +

∫ T

0
p2(t)uk(t) dt

)

sinβkt

]

+ (19)

+
1

βk

∫ t

0
Fk(τ ;u, a, b) sin βk (t− τ)eαk(t−τ) dτ

}

cosλkx.

Òåïåðü èç (7), ñ ó÷åòîì (14), èìååì

a(t) = [h(t)]−1
{

(h′′1(t)− f(x1, t))g(x2, t)− (h′′2(t)− f(x2, t))g(x1, t) +

+
∞
∑

k=1

λ2k
(

2αu′k (t) + βλ2kuk (t)
)

(g(x2, t) cos λkx1 − g(x1, t) cos λkx2)
}

,
(20)

b(t) = [h(t)]−1
{

h1(t)(h
′′

2(t)− f(x2, t)) − h2(t)(h
′′

1(t)−f(x2, t)) +

+
∞
∑

k=1

λ2k
(

2αu′k (t) + βλ2kuk (t)
)

(h1(t) cos λkx2 − h2(t) cos λkx1)
}

.
(21)
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Äè��åðåíöèðóÿ (18), ïîëó÷èì

u′k(t) = eαkt

[

− 1

βk

(

α2
k + β2k

)

(

ϕk +

∫ T

0
p1(t)uk(t) dt

)

sin βkt +

+

(

αk

βk
sin βkt+ cos βkt

)(

ψk +

∫ T

0
p2(t)uk(t) dt

)]

+ (22)

+
1

βk

∫ t

0
Fk(τ ;u, a, b) (αk sin βk (t− τ) + βk cos βk (t− τ))eαk(t−τ) dτ (k = 1, 2, . . . ; 0 6 t 6 T ).

Äàëåå, èç (18) è (22) ïîëó÷àåì, ÷òî 2αu′k(t) + βλ2kuk(t) =

= eαkt

[(

βλ2k cos βkt−
1

βk

(

βλ2kαk + 2α
(

α2
k + β2k

))

sinβkt

)(

ϕk +

∫ T

0
p1(t)uk(t) dt

)

+

+

(

1

βk

(

βλ2k + 2ααk

)

sin βkt+ 2α cos βkt

)(

ψk +

∫ T

0
p2(t)uk(t) dt

)]

+ (23)

+
1

βk

∫ t

0
Fk(τ ;u, a, b)

((

2ααk + βλ2k
)

sinβk (t− τ) + 2αβk cosβk (t− τ)
)

eαk(t−τ ) dτ.

Òîãäà èç (20) è (21), ñ ó÷åòîì (23), ñîîòâåòñòâåííî íàõîäèì

a(t) = [h(t)]−1
{

(h′′1(t)− f(x1, t))g(x2, t)− (h′′2(t)− f(x2, t))g(x1, t) +

+

∞
∑

k=1

λ2k

{

eαkt

[(

βλ2k cos βkt−
1

βk

(

βλ2kαk + 2α
(

α2
k + β2k

))

sin βkt

)(

ϕk +

∫ T

0
p1(t)uk(t) dt

)

+

+

(

1

βk

(

βλ2k + 2ααk

)

sin βkt+ 2α cos βkt

)(

ψk +

∫ T

0
p2(t)uk(t) dt

)]

+ (24)

+
1

βk

∫ t

0
Fk(τ ;u, a, b)

((

2ααk + βλ2k
)

sinβk (t− τ) + 2αβk cos βk (t− τ)
)

eαk(t−τ ) dτ

}

×

× (g(x2, t) cos λkx1 − g(x1, t) cos λkx2)},

b(t) = [h(t)]−1
{

h1(t)(h
′′

2(t)− f(x2, t))− h2(t)(h
′′

1(t)− f(x2, t))+

+

∞
∑

k=1

λ2k

{

eαkt

[(

βλ2k cos βkt−
1

βk

(

βλ2kαk + 2α
(

α2
k + β2k

))

sin βkt

)(

ϕk +

∫ T

0
p1(t)uk(t) dt

)

+

+

(

1

βk

(

βλ2k + 2ααk

)

sin βkt+ 2α cos βkt

)(

ψk +

∫ T

0
p2(t)uk(t) dt

)]

+ (25)

+
1

βk

∫ t

0
Fk(τ ;u, a, b)

((

2ααk + βλ2k
)

sin βk (t− τ) + 2αβk cos βk (t− τ)
)

eαk(t−τ) dτ

}

×

× (h1(t) cos λkx2 − h2(t) cos λkx1)} .

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (1)�(3), (7) ñâåëîñü ê ðåøåíèþ ñèñòåìû (19), (24), (25)

îòíîñèòåëüíî íåèçâåñòíûõ �óíêöèé u(x, t), a(t) è b(t).
Ñïðàâåäëèâà ñëåäóþùàÿ

Ëåììà 2. Åñëè {u(x, t), a(t)} � ëþáîå ðåøåíèå çàäà÷è (1)�(3), (7), òî �óíêöèè

uk(t) = 2

∫ 1

0
u(x, t) cos λkx dx (k = 1, 2, . . .)

óäîâëåòâîðÿþò íà [0, T ] ñèñòåìå (18).

Èç ëåììû 2 ñëåäóåò, ÷òî èìååò ìåñòî ñëåäóþùåå
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Çàìå÷àíèå 1. Èç ëåììû 2 ñëåäóåò, ÷òî äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è

(1)�(3), (7) äîñòàòî÷íî äîêàçàòü åäèíñòâåííîñòü ðåøåíèÿ ñèñòåìû (19), (24), (25).

Ñ öåëüþ èññëåäîâàíèÿ çàäà÷è (1)�(3), (7) ðàññìîòðèì ñëåäóþùèå ïðîñòðàíñòâà.

1. Îáîçíà÷èì ÷åðåç B5
2,T [9℄ ñîâîêóïíîñòü âñåõ �óíêöèé u(x, t) âèäà

u(x, t) =

∞
∑

k=1

uk(t) cos λkx (λk =
π

2
(2k − 1)),

ðàññìàòðèâàåìûõ â DT , ãäå êàæäàÿ èç �óíêöèé uk(t) íåïðåðûâíà íà [0, T ] è

JT (u) ≡
{

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

}1/2

< +∞.

Íîðìó â ýòîì ìíîæåñòâå îïðåäåëèì òàê: ‖u(x, t)‖B5

2,T
= JT (u).

2. ×åðåç E5
T îáîçíà÷èì ïðîñòðàíñòâî, ñîñòîÿùåå èç òîïîëîãè÷åñêîãî ïðîèçâåäåíèÿ

B5
2,T × C[0, T ]× C[0, T ].

Íîðìà ýëåìåíòà z = {u, a, b} îïðåäåëÿåòñÿ �îðìóëîé

‖z‖E5

T
= ‖u(x, t)‖B5

2,T
+ ‖a(t)‖C[0,T ] + ‖b(t)‖C[0,T ] .

Èçâåñòíî, ÷òî B5
2,T è E5

T ÿâëÿþòñÿ áàíàõîâûìè ïðîñòðàíñòâàìè.

Òåïåðü ðàññìîòðèì â ïðîñòðàíñòâå E5
T îïåðàòîð

Φ(u, a, b) = {Φ1(u, a, b), Φ2(u, a, b), Φ3(u, a, b)},

ãäå

Φ1(u, a, b) = ũ(x, t) =
∞
∑

k=1

ũk(t) cos λkx, Φ2(u, a, b) = ã(t), Φ3(u, a, b) = b̃(t),

à ũk(t) (k = 1, 2, . . .), ã(t) è b̃(t) ðàâíû ñîîòâåòñòâåííî ïðàâûì ÷àñòÿì (18), (24) è (25).

Î÷åâèäíî, ÷òî

∣

∣

∣

∣

cos βkt−
αk

βk
sin βkt

∣

∣

∣

∣

6 1 +
α

√

β − α2
=: ε1,

∣

∣

∣

∣

1

βk
sin βkt

∣

∣

∣

∣

6
1

√

β − α2

1

λ2k
=: ε2

1

λ2k
,

∣

∣

∣

∣

βλ2k cosβkt−
1

βk

(

βλ2kαk + 2α
(

α2
k + β2k

))

sin βkt

∣

∣

∣

∣

6

(

3α
√

β − α2
+ 1

)

βλ2k =: ε3λ
2
k,

∣

∣

∣

∣

1

βk

(

βλ2k + 2ααk

)

sin βkt+ 2α cos βkt

∣

∣

∣

∣

6
β + 2α2

√

β − α2
+ 2α =: ε4.

Ó÷èòûâàÿ ýòè ñîîòíîøåíèÿ, èìååì

(

∞
∑

k=1

(λ5k ‖ũk(t)‖C[0,T ])
2

)1/2

6
√
7ε1

(

∞
∑

k=1

(λ5k |ϕk|)2
)1/2

+
√
7ε2

(

∞
∑

k=1

(λ3k |ψk|)2
)1/2

+

+
√
7
(

ε1 ‖p1(t)‖C[0,T ] + ε2 ‖p2(t)‖C[0,T ]

)

T

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

+

+ ε2
√
7T

(

∫ T

0

∞
∑

k=1

(λ3k |fk(τ)|)2 dτ
)1/2

+
√
7ε2T ‖a(t)‖C[0,T ]

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

+
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+
√
7Tε2 ‖b(t)‖C[0,T ]

(

∫ T

0

∞
∑

k=1

(λ3k |gk(τ)|)2 dτ
)1/2

,

‖ã(t)‖C[0,T ] 6

∥

∥

∥
[h(t)]−1

∥

∥

∥

C[0,T ]

{

∥

∥(h′′1(t)− f(x1, t))g(x2, t)− (h′′2(t)− f(x2, t))g(x1, t)
∥

∥

C[0,T ]
+

+

(

∞
∑

k=1

λ−2
k

)1/2 [

ε3

(

∞
∑

k=1

(λ5k |ϕk|)2
)1/2

+

+ ε4

(

∞
∑

k=1

(λ3k |ψk|)2
)1/2

+ ε4
√
T

(

∫ T

0

∞
∑

k=1

(λ3k |fk(τ)|)2 dτ
)1/2

+

+ T
(

ε3 ‖p1(t)‖C[0,T ] + ε4 ‖p1(t)‖C[0,T ] + ε4 ‖a(t)‖C[0,T ]

)

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

+

+ ε4
√
T ‖b(t)‖C[0,T ]

(

∫ T

0

∞
∑

k=1

(λ3k |gk(τ)|)2 dτ
)1/2]

(

‖g(x2, t)‖C[0,T ] + ‖g(x1, t)‖C[0,T ]

)

}

,

∥

∥

∥
b̃(t)
∥

∥

∥

C[0,T ]
6

∥

∥

∥
[h(t)]−1

∥

∥

∥

C[0,T ]

{

∥

∥(h1(t)(h
′′

2(t)− f(x2, t))− h2(t)(h
′′

1(t)− f(x2, t))g(x1, t))
∥

∥

C[0,T ]
+

+

(

∞
∑

k=1

λ−2
k

)1/2 [

ε3

(

∞
∑

k=1

(λ5k |ϕk|)2
)1/2

+

+ ε4

(

∞
∑

k=1

(λ3k |ψk|)2
)1/2

+ ε4
√
T

(

∫ T

0

∞
∑

k=1

(λ3k |fk(τ)|)2 dτ
)1/2

+

+ T
(

ε3 ‖p1(t)‖C[0,T ] + ε4 ‖p1(t)‖C[0,T ] + ε4 ‖a(t)‖C[0,T ]

)

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

+

+ ε4
√
T ‖b(t)‖C[0,T ]

(

∫ T

0

∞
∑

k=1

(λ3k |gk(τ)|)2 dτ
)1/2]

(

‖h1(t)‖C[0,T ] + ‖h2(t)‖C[0,T ]

)

}

,

èëè

(

∞
∑

k=1

(λ5k ‖ũk(t)‖C[0,T ])
2

)1/2

6
√
7ε1

∥

∥

∥
ϕ(5)(x)

∥

∥

∥

L2(0,1)
+

√
7ε2

∥

∥

∥
ψ(3)(x)

∥

∥

∥

L2(0,1)
+

+ ε2
√
7T ‖fxxx(x, t)‖L2(DT ) +

√
7Tε4 ‖gxxx(x, t)‖L2(DT ) ‖b(t)‖C[0,T ]+ (26)

+
√
7
(

ε1 ‖p1(t)‖C[0,T ] + ε2 ‖p2(t)‖C[0,T ] + ε2 ‖a(t)‖C[0,T ]

)

T

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

,

‖ã(t)‖C[0,T ] 6
∥

∥h−1(t)
∥

∥

C[0,T ]

{

∥

∥(h′′1(t)− f(x1, t))g(x2, t)− (h′′2(t)− f(x2, t))g(x1, t)
∥

∥

C[0,T ]
+

+

(

∞
∑

k=1

λ−2
k

)1/2 [

ε3

∥

∥

∥
ϕ(5)(x)

∥

∥

∥

L2(0,1)
+ ε4

∥

∥

∥
ψ(3)(x)

∥

∥

∥

L2(0,1)
+ ε4

√
T ‖fxxx(x, t)‖L2(DT )+

+ T
(

ε3 ‖p1(t)‖C[0,T ] + ε4 ‖p1(t)‖C[0,T ] + ε4 ‖a(t)‖C[0,T ]

)

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

+

+ε4
√
T ‖gxxx(x, t)‖L2(DT ) ‖b(t)‖C[0,T ]

]

(

‖g(x2, t)‖C[0,T ] + ‖g(x1, t)‖C[0,T ]

)

}

,

(27)
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∥

∥

∥
b̃(t)
∥

∥

∥

C[0,T ]
6

∥

∥

∥
[h(t)]−1

∥

∥

∥

C[0,T ]

{

∥

∥(h1(t)(h
′′

2(t)− f(x2, t))− h2(t)(h
′′

1(t)− f(x2, t))g(x1, t))
∥

∥

C[0,T ]
+

+

(

∞
∑

k=1

λ−2
k

)1/2 [

ε3

∥

∥

∥
ϕ(5)(x)

∥

∥

∥

L2(0,1)
+ ε4

∥

∥

∥
ψ(3)(x)

∥

∥

∥

L2(0,1)
+ ε4

√
T ‖fxxx(x, t)‖L2(DT )+

+ T
(

ε3 ‖p1(t)‖C[0,T ] + ε4 ‖p1(t)‖C[0,T ] + ε4 ‖a(t)‖C[0,T ]

)

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

+

(28)

+ ε4
√
T ‖gxxx(x, t)‖L2(DT ) ‖b(t)‖C[0,T ]

]

(

‖h1(t)‖C[0,T ] + ‖h2(t)‖C[0,T ]

)

}

.

Äàëåå, èç (26), (27) è (28) ñîîòâåòñòâåííî èìååì

‖ũ(x, t)‖B5

2,T
6 A1(T ) +B1(T )

(

1 + ‖a(t)‖C[0,T ]

)

‖u(x, t)‖B5

2,T
+D1(T ) ‖b(t)‖C[0,T ] , (29)

‖ã(t)‖C[0,T ] 6 A2(T ) +B2(T )
(

1 + ‖a(t)‖C[0,T ]

)

‖u(x, t)‖B5

2,T
+D2(T ) ‖b(t)‖C[0,T ] , (30)

∥

∥

∥
b̃(t)
∥

∥

∥

C[0,T ]
6 A3(T ) +B3(T )

(

1 + ‖a(t)‖C[0,T ]

)

‖u(x, t)‖B5

2,T
+D3(T ) ‖b(t)‖C[0,T ] , (31)

ãäå

A1(T ) =
√
7ε1

∥

∥

∥
ϕ(5)(x)

∥

∥

∥

L2(0,1)
+

√
7ε2

∥

∥

∥
ψ(3)(x)

∥

∥

∥

L2(0,1)
+ ε2

√
7T ‖fxxx(x, t)‖L2(DT ) ,

B1(T ) =
√
6
(

ε1 ‖p1(t)‖C[0,T ] + ε2 ‖p2(t)‖C[0,T ] + ε2

)

T, D1(T ) =
√
7Tε4 ‖gxxx(x, t)‖L2(DT ) ,

A2 (T ) =
∥

∥

∥
[h(t)]−1

∥

∥

∥

C[0,T ]

{

∥

∥(h′′1(t)− f(x1, t))g(x2, t)− (h′′2(t)− f(x2, t))g(x1, t)
∥

∥

C[0,T ]
+

+

(

∞
∑

k=1

λ−2
k

)1/2 [

ε3

∥

∥

∥
ϕ(5)(x)

∥

∥

∥

L2(0,1)
+ε4

∥

∥

∥
ψ(3)(x)

∥

∥

∥

L2(0,1)
+

+
√
Tε4 ‖fxxx(x, t)‖L2(DT )

]

(

‖g(x2, t)‖C[0,T ] + ‖g(x1, t)‖C[0,T ]

)

}

,

B2(T ) =
∥

∥

∥
[h(t)]−1

∥

∥

∥

C[0,T ]

(

∞
∑

k=1

λ−2
k

)1/2

T
(

ε3 ‖p1(t)‖C[0,T ] + ε4 ‖p2(t)‖C[0,T ] + ε4

)

×

×
(

‖g(x2, t)‖C[0,T ] + ‖g(x1, t)‖C[0,T ]

)

,

D2(T ) =
∥

∥h−1(t)
∥

∥

C[0,T ]

(

∞
∑

k=1

λ−2
k

)1/2

ε4
√
T ‖gxxx(x, t)‖L2(DT )

(

‖g(x2, t)‖C[0,T ] + ‖g(x1, t)‖C[0,T ]

)

,

A3(T ) =
∥

∥

∥
[h(t)]−1

∥

∥

∥

C[0,T ]

{

∥

∥(h1(t)(h
′′

2(t)− f(x2, t)) − h2(t)(h
′′

1(t)− f(x2, t))g(x1, t))
∥

∥

C[0,T ]
+

+

(

∞
∑

k=1

λ−2
k

)1/2 [

ε3

∥

∥

∥
ϕ(5)(x)

∥

∥

∥

L2(0,1)
+ε4

∥

∥

∥
ψ(3)(x)

∥

∥

∥

L2(0,1)
+

+
√
Tε4 ‖fxxx(x, t)‖L2(DT )

]

(

‖h1(t)‖C[0,T ] + ‖h2(t)‖C[0,T ]

)

}

,
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B3(T ) =
∥

∥

∥
[h(t)]−1

∥

∥

∥

C[0,T ]

(

∞
∑

k=1

λ−2
k

)1/2

T
(

ε3 ‖p1(t)‖C[0,T ] + ε4 ‖p2(t)‖C[0,T ] + ε4

)

×

×
(

‖h1(t)‖C[0,T ] + ‖h2(t)‖C[0,T ]

)

,

D3(T ) =
∥

∥h−1(t)
∥

∥

C[0,T ]

(

∞
∑

k=1

λ−2
k

)1/2

ε4
√
T ‖gxxx(x, t)‖L2(DT )

(

‖h1(t)‖C[0,T ] + ‖h2(t)‖C[0,T ]

)

.

Èç íåðàâåíñòâ (29)�(31) çàêëþ÷àåì:

‖ũ(x, t)‖B5

2,T
+ ‖ã(t)‖C[0,T ] +

∥

∥

∥
b̃(t)
∥

∥

∥

C[0,T ]
6

6 A(T ) +B(T )
(

1 + ‖a(t)‖C[0,T ]

)

‖u(x, t)‖B5

2,T
+D(T ) ‖b(t)‖C[0,T ] ,

(32)

ãäå

A(T ) = A1(T ) +A2(T ) +A3(T ), B(T ) = B1(T ) +B2(T ) +B3(T ),

D(T ) = D1(T ) +D2(T ) +D3(T ).

Èòàê, ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 1�5 è

(B(T )(A(T ) + 3) +D(T )) (A(T ) + 2) < 1. (33)

Òîãäà çàäà÷à (1)�(3), (7) èìååò â øàðå K = KR(‖z‖E5

T
6 R = A(T ) + 2) ïðîñòðàíñòâà E5

T

åäèíñòâåííîå ðåøåíèå.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2. Â ïðîñòðàíñòâå E5
T ðàññìîòðèì óðàâíåíèå

z = Φz, (34)

ãäå z = {u, a, b}, êîìïîíåíòû Φi(u, a, b) (i = 1, 2, 3) îïåðàòîðà Φ(u, a) îïðåäåëåíû ïðàâûìè

÷àñòÿìè óðàâíåíèé (19), (24) è (25).

�àññìîòðèì îïåðàòîð Φ(u, a, b) â øàðå K = KR èç E5
T . Àíàëîãè÷íî (32) ïîëó÷àåì, ÷òî äëÿ

ëþáûõ z, z1, z2 ∈ KR ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

‖Φz‖E5

T
6 A(T ) +B(T )

(

1 + ‖a(t)‖C[0,T ]

)

‖u(x, t)‖B5

2,T
+D(T ) ‖b(t)‖C[0,T ] 6

6 A(T ) + (B(T )(A(T ) + 3) +D(T )) (A(T ) + 2) < A(T ) + 2,
(35)

‖Φz1 − Φz2‖E5

T
6

6 (B(T )(R + 1) +D(T ))
(

‖a1(t)− a2(t)‖C[0,T ] + ‖u1(x, t)− u2(x, t)‖B5

2,T

)

.
(36)

Òîãäà èç îöåíîê (35) è (36), ñ ó÷åòîì (33), ñëåäóåò, ÷òî îïåðàòîð Φ äåéñòâóåò â øàðåK = KR

è ÿâëÿåòñÿ ñæèìàþùèì. Ïîýòîìó â øàðå K = KR îïåðàòîð Φ èìååò åäèíñòâåííóþ íåïîäâèæ-

íóþ òî÷êó {u, a, b}, êîòîðàÿ ÿâëÿåòñÿ åäèíñòâåííûì â øàðå K = KR ðåøåíèåì óðàâíåíèÿ (34),

òî åñòü ÿâëÿåòñÿ åäèíñòâåííûì â øàðå K = KR ðåøåíèåì ñèñòåìû (19), (24), (25).

Ôóíêöèÿ u(x, t), êàê ýëåìåíò ïðîñòðàíñòâà B5
2,T , èìååò íåïðåðûâíûå ïðîèçâîäíûå u(x, t),

ux(x, t), uxx(x, t), uxxx(x, t) è uxxxx(x, t) â DT .

Èç (22) íåòðóäíî âèäåòü, ÷òî

(

∞
∑

k=1

(λ3k
∥

∥ũ′k(t)
∥

∥

C[0,T ]
)2

)1/2

6
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6

√
6β

√

β − α2





∥

∥

∥
ϕ(5) (x)

∥

∥

∥

L2(0,1)
+ T ‖p1(t)‖C[0,T ]

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2


+

+
√
7

(

α
√

β − α2
+ 1

)





∥

∥

∥
ψ(3) (x)

∥

∥

∥

L2(0,1)
+ T ‖p1(t)‖C[0,T ]

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2


+

+
√
7

(

α
√

β − α2
+ 1

)

[√
T ‖fxxx(x, t)‖

L2[0,T ]
+

√
T ‖gxxx(x, t)‖L2[0,T ] ‖b(t)‖C[0,T ]+

+ T ‖a(t)‖C[0,T ]

(

∞
∑

k=1

(λ5k ‖uik(t)‖C[0,T ])
2

)1/2


 .

Îòñþäà ñëåäóåò, ÷òî ut(x, t), utx(x, t), utxx(x, t) íåïðåðûâíû â DT . Äàëåå, èç (16), èìååì

(

∞
∑

k=1

(λk
∥

∥u′′k(t)
∥

∥

C[0,T ]
)2

)1/2

6 4α

(

∞
∑

k=1

(λ3k
∥

∥u′k(t)
∥

∥

C[0,T ]
)2

)1/2

+

+ 2β

(

∞
∑

k=1

(λ5k ‖uk(t)‖C[0,T ])
2

)1/2

+ 2
∥

∥

∥
‖fx (x, t) + a (t)ux (x, t)‖C[0,T ]

∥

∥

∥

L2(0,1)
.

Îòñþäà ÿñíî, ÷òî utt(x, t) íåïðåðûâíà â DT .

Ëåãêî ïðîâåðèòü, ÷òî óðàâíåíèå (1) è óñëîâèÿ (2), (3) è (7) óäîâëåòâîðÿþòñÿ â îáû÷íîì

ñìûñëå. Ñëåäîâàòåëüíî, {u(x, t), a(t), b(t)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(3), (7), ïðè÷åì â ñèëó

ëåììû 2 îíî åäèíñòâåííîå. Òåîðåìà äîêàçàíà. �

Ñ ïîìîùüþ òåîðåìû 1 äîêàçûâàåòñÿ ñëåäóþùàÿ

Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 2,

(

T ‖p2(t)‖C[0,T ] + ‖p1(t)‖C[0,T ] +
T

2
(A(T ) + 2)

)

T < 1

è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ

hi(0) =

∫ T

0
p1(t)hi(t)dt+ ϕ(xi), h′i(0) =

∫ T

0
p2(t)hi(t) dt+ ψ(xi) (i = 1, 2).

Òîãäà çàäà÷à (1)�(4) èìååò â øàðå K = KR(‖z‖E5

T,T
6 A(T ) + 2) èç E5

T åäèíñòâåííîå

êëàññè÷åñêîå ðåøåíèå.
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This paper is onerned with an inverse boundary value problem for a Boussinesq type equation of fourth order

with nonloal time integral onditions. The de�nition of a lassial solution of the problem is introdued. The

goal of this paper is to determine the unknown oe�ient and to solve the problem of interest. The problem

is onsidered in a retangular domain. To investigate the solvability of the inverse problem, we perform a

onversion from the original problem to some auxiliary inverse problem with trivial boundary onditions.

By the ontration mapping priniple we prove the existene and uniqueness of solutions of the auxiliary

problem. Then we make a onversion to the stated problem again and, as a result, we obtain the solvability

of the inverse problem.
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