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Â ÏÎËÎÑÅ

Â ïîñëåäíåå äåñÿòèëåòèå â �èçè÷åñêîé ëèòåðàòóðå àêòèâíî èçó÷àþòñÿ òîïîëîãè÷åñêèå èçîëÿòîðû. Òî-

ïîëîãè÷åñêèé èçîëÿòîð � îñîáûé òèï ìàòåðèàëà, êîòîðûé âíóòðè îáúåìà ïðåäñòàâëÿåò ñîáîé èçîëÿ-

òîð, à íà ïîâåðõíîñòè ïðîâîäèò ýëåêòðè÷åñêèé òîê. Òîïîëîãè÷åñêèå èçîëÿòîðû îáëàäàþò èíòåðåñíûìè

�èçè÷åñêèìè ñâîéñòâàìè. Íàïðèìåð, òîïîëîãè÷åñêèå ñâîéñòâà ýòîãî ìàòåðèàëà ìîãóò óñòîé÷èâî ñîõðà-

íÿòüñÿ âïëîòü äî âûñîêèõ òåìïåðàòóð. Òîïîëîãè÷åñêèå èçîëÿòîðû ìîãóò íàéòè ïðèìåíåíèå â ñàìûõ

ðàçíîîáðàçíûõ óñòðîéñòâàõ ìèêðîýëåêòðîíèêè: îò î÷åíü áûñòðûõ è ýêîíîìè÷íûõ ïðîöåññîðîâ äî òîïî-

ëîãè÷åñêèõ êâàíòîâûõ êîìïüþòåðîâ. Ýëåêòðîí â òîïîëîãè÷åñêîì èçîëÿòîðå îïèñûâàåòñÿ áåçìàññîâûì

îïåðàòîðîì Äèðàêà. Òàêèå îïåðàòîðû â êâàçèîäíîìåðíûõ ñòðóêòóðàõ (íàïðèìåð, â ïîëîñêàõ ñ ðàçëè÷-

íûìè ãðàíè÷íûìè óñëîâèÿìè) âåñüìà èíòåðåñíû íå òîëüêî ñ �èçè÷åñêîé, íî è ñ ìàòåìàòè÷åñêîé òî÷êè

çðåíèÿ, îäíàêî äî ñèõ ïîð íåäîñòàòî÷íî èçó÷åíû ìàòåìàòèêàìè. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ðàç-

íîñòíûé îïåðàòîð Äèðàêà äëÿ ïîòåíöèàëà âèäà V0δn0. Îïèñàí ñïåêòð è íàéäåíû ñîáñòâåííûå çíà÷åíèÿ

òàêîãî îïåðàòîðà. Êðîìå òîãî, èññëåäîâàíû êâàçèóðîâíè (ñîáñòâåííûå çíà÷åíèÿ è ðåçîíàíñû) â ñëó÷àå

ìàëûõ ïîòåíöèàëîâ.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûé îïåðàòîð Äèðàêà, ðåçîëüâåíòà, ñïåêòð, êâàçèóðîâåíü, ñîáñòâåííîå çíà÷å-

íèå, ðåçîíàíñ.

DOI: 10.20537/vm160408

Â ïîñëåäíåå äåñÿòèëåòèå â �èçè÷åñêîé ëèòåðàòóðå àêòèâíî èçó÷àåòñÿ íîâûé êëàññ ìàòåðè-

àëîâ � òîïîëîãè÷åñêèå èçîëÿòîðû [1,2℄. �àìèëüòîíèàí ýëåêòðîíà íà ïîâåðõíîñòè òðåõìåðíîãî

òîïîëîãè÷åñêîãî èçîëÿòîðà èìååò âèä äâóìåðíîãî áåçìàññîâîãî îïåðàòîðà Äèðàêà H0 = (σ, p),

ãäå p =
(
−i ∂
∂x
,−i ∂

∂y
, 0
)
� îïåðàòîð èìïóëüñà, σ = (σx, σy, σz) � íàáîð ìàòðèö Ïàóëè (ñì. [3,4℄).

�àññìàòðèâàåòñÿ ðàçíîñòíûé àíàëîã H0 îïåðàòîðà H0 â ïîëîñå Ω = Z × {1, . . . , N} ñ ïå-

ðèîäè÷åñêèì ãðàíè÷íûì óñëîâèåì, êîòîðûé äåéñòâóåò íà �óíêöèþ ψ(n,m) =

(
ψ1(n,m)
ψ2(n,m)

)
,

ψj ∈ l2(Ω), j = 1, 2, ñëåäóþùèì îáðàçîì:

H0ψ(n,m) =

(
0 H01 − iH02

H01 + iH02 0

)(
ψ1(n,m)
ψ2(n,m)

)
, (1)

ãäå îïåðàòîð H01 äåéñòâóåò ïî �îðìóëå

H01ψ(n) = − i

2
(ψ(n + 1)− ψ(n− 1)),

à äåéñòâèå îïåðàòîðà H02 îïðåäåëÿåòñÿ ðàâåíñòâàìè

(H02ψ)(m) = − i

2
(ψ(m+ 1)− ψ(m− 1)), m = 2, . . . , N − 1,

(H02ψ)(1) = − i

2
(ψ(2) − ψ(N)), (2)

(H02ψ)(N) = − i

2
(ψ(1) − ψ(N − 1))

(ñì. â [5℄ èññëåäîâàíèå ¾íåïðåðûâíîãî¿ àíàëîãà îïåðàòîðà H0).

http://dx.doi.org/10.20537/vm160408
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Ôóíêöèè

1√
N
eim

2πl

N
, l = 1, . . . , N, ÿâëÿþòñÿ ñîáñòâåííûìè �óíêöèÿìè îïåðàòîðà H02 ñ ñî-

îòâåòñòâóþùèìè ñîáñòâåííûìè çíà÷åíèÿìè λl = sin 2πl
N è îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ

ïðîñòðàíñòâà l2({1, . . . , N}) ∼= C
n
(ñì. [6℄). Ïîñëå ðàçëîæåíèÿ ψ(n,m) â ðÿä Ôóðüå ïî l, ò. å. ïî

ïîäçîíàì, îïåðàòîð H0, êàê è ðåçîëüâåíòà R0(λ) = (H0−λI)−1, ¾ðàññëàèâàåòñÿ¿ íà îïåðàòîðû

(ðåçîëüâåíòû) â ïîäçîíàõ.

Ñïåêòð îïåðàòîðà H0 áóäåì îáîçíà÷àòü ÷åðåç σ(A).

Ëåììà 1. Äëÿ ðåçîëüâåíòû îïåðàòîðà H0 ñïðàâåäëèâû �îðìóëû

(R0(λ)ϕ)1(n) = − 1

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λϕ1l(n
′) +

(
sin p− i sin 2πl

N

)
ϕ2l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp,

(R0(λ)ϕ)2(n) = − 1

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λϕ2l(n
′) +

(
sin p+ i sin 2πl

N

)
ϕ1l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óðàâíåíèÿ äëÿ íàõîæäåíèÿ ðåçîëüâåíòû îïåðàòîðà H0

(H0 − λ)ψ = ϕ

èìååì (ñì. [6℄)

ψ̂1l(p) =
−λϕ̂1l(p)−

(
sin p− i sin 2πl

N

)
ϕ̂2l(p)

λ2 −
(
sin2 2πl

N + sin2 p
) , ψ̂2l(p) =

−λϕ̂2l(p)−
(
sin p+ i sin 2πl

N

)
ϕ̂1l(p)

λ2 −
(
sin2 2πl

N + sin2 p
) ,

ãäå ψjl(n) =
1√
N

N∑
m=1

ψj(n,m)e−im 2πl

N , ψ̂jl(p) =
1√
2π

∑
n∈Z

e−inpψjl(n), j = 1, 2. Òîãäà

ψ1l(n) =
1√
2π

∫ π

−π
einpψ̂1l(p) dp =

1√
2π

∫ π

−π
einp

(
−λϕ̂1l(p)−

(
sin p− i sin 2πl

N

)
ϕ̂2l(p)

λ2 −
(
sin2 2πl

N + sin2 p
)

)
dp =

= − 1

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λϕ1l(n
′) +

(
sin p− i sin 2πl

N

)
ϕ2l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp,

ψ2l(n) =
1√
2π

∫ π

−π
einpψ̂2l(p) dp = − 1

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λϕ2l(n
′) +

(
sin p+ i sin 2πl

N

)
ϕ1l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp.

�

Ëåììà 2. Ñïåêòð îïåðàòîðà H0 èìååò âèä σ(H0) = [−m,m], ãäå

m = max

{√
sin2

(
2π

N
[N/4]

)
+ 1,

√
sin2

(
2π

N
([N/4] + 1)

)
+ 1

}
.

Ñïðàâåäëèâîñòü óòâåðæäåíèÿ ëåììû 2, î÷åâèäíî, ñëåäóåò èç óñëîâèÿ ñóùåñòâîâàíèÿ òî÷åê

ñïåêòðà ïðè ðàâåíñòâå íóëþ çíàìåíàòåëÿ �óíêöèè �ðèíà ðåçîëüâåíòû (ñì. ëåììó 1).

�àññìîòðèì âíà÷àëå îïåðàòîð H = H0 + V ñ ïðîñòûì ïîòåíöèàëîì âèäà V = V0δn0, ãäå
δn0 � ñèìâîë Êðîíåêåðà.

Â äàëüíåéøåì áóäåò óäîáíî ïåðåéòè îò ñïåêòðàëüíîãî ïàðàìåòðà λ ê ïàðàìåòðó kl, ãäå kl �

ýòî êâàçèèìïóëüñ â l-é ïîäçîíå (ñì. [5℄), êîòîðûé îïðåäåëÿåòñÿ �îðìóëàìè al =

√
λ2 − sin2

2πl

N
,

cos kl = al, l = 1, . . . , N.

Íàçîâåì êâàçèóðîâíåì ñîáñòâåííîå çíà÷åíèå èëè ðåçîíàíñ (ñì. [10℄).
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Òåîðåìà 1. Â l-òîé ïîäçîíå ñîáñòâåííûå çíà÷åíèÿ λ îïåðàòîðà H èìåþò âèä

λ = ±
√
V 2
0 + sin2

2πl

N
+ 1, l ∈ {1, . . . , N}.

Ä î ê à ç à ò å ë ü ñ ò â î. Óðàâíåíèå (H0 + V )ψ = λψ íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòî-

ðà H, â ñèëó ðåçóëüòàòîâ ëåììû 1 è [6℄, ïåðåïèøåì â âèäå

ψ1l(n) =
1

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λ(V ψ1l)(n
′) +

(
sin p− i sin 2πl

N

)
(V ψ2l)(n

′))

λ2 − sin2 2πl
N − sin2 p

dp =

=
λV0ψ1l(0)

2π

∫ π

−π

eipn

λ2 − sin2 2πl
N − sin2 p

dp+
V0ψ2l(0)

2π

∫ π

−π

eipn
(
sin p− i sin 2πl

N

)

λ2 − sin2 2πl
N − sin2 p

dp =

=
πin

al

√
a2l − 1

(
eikl|n| + (−1)n+1e−ikl|n|

)(λV0ψ1l(0)

2π
− i sin

2πl

N
· V0ψ2l(0)

2π

)
+

+
V0ψ2l(0)

2π
· πin√

a2l − 1

(
eikl|n| + (−1)ne−ikl|n|

)
,

ψ2l(n) =
1

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λ(V ψ2l)(n
′) +

(
sin p+ i sin 2πl

N

)
(V ψ1l)(n

′))

λ2 − sin2 2πl
N − sin2 p

dp =

=
λV0ψ2l(0)

2π

∫ π

−π

eipn

λ2 − sin2 2πl
N − sin2 p

dp+
V0ψ1l(0)

2π

∫ π

−π

eipn
(
sin p+ i sin 2πl

N

)

λ2 − sin2 2πl
N − sin2 p

dp =

=
πin

al

√
a2l − 1

(
eikl|n| + (−1)n+1e−ikl|n|

)(λV0ψ2l(0)

2π
+ i sin

2πl

N
· V0ψ1l(0)

2π

)
+

+
V0ψ1l(0)

2π
· πin√

a2l − 1

(
eikl|n| + (−1)ne−ikl|n|

)
.

(3)

Òàêèì îáðàçîì, ñóùåñòâîâàíèå íåíóëåâîãî ðåøåíèÿ óðàâíåíèÿ (3) ýêâèâàëåíòíî ñóùåñòâîâà-

íèþ íåíóëåâîãî ðåøåíèÿ ñèñòåìû





ψ1l(0) =
V0ψ2l(0)√
a2l − 1

,

ψ2l(0) =
V0ψ1l(0)√
a2l − 1

.

Äàííàÿ ñèñòåìà èìååò íåíóëåâîå ðåøåíèå, åñëè ñïðàâåäëèâî ðàâåíñòâî

λ2 = V 2
0 + sin2

2πl

N
+ 1.

�

�àññìîòðèì òåïåðü îïåðàòîð ñ ýêñïîíåíöèàëüíî óáûâàþùèì ïîòåíöèàëîì Hε = H0+εV (n),
ãäå |V (n)| 6 Ce−α|n|, ε > 0, α > 0. Çàïèøåì óðàâíåíèÿ, îïðåäåëÿþùèå êâàçèóðîâíè îïåðàòîðà

Hε, ñ ó÷åòîì âèäà ðåçîëüâåíòû îïåðàòîðà H0 (ñì. ëåììó 1):

ψ1l(n) =
ε

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λV (n′)ψ1l(n
′) +

(
sin p− i sin 2πl

N

)
V (n′)ψ2l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp,

ψ2l(n) =
ε

2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λV (n′)ψ2l(n
′) +

(
sin p+ i sin 2πl

N

)
V (n′)ψ1l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp.
(4)
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Îáîçíà÷èì ϕ1l(n) =
√

|V (n)|ψ1l(n), ϕ2l(n) =
√

|V (n)|ψ2l(n). Ïîëó÷èì óðàâíåíèå íà êâàçèóðîâ-

íè:

ϕ1l(n) =
ε
√

|V (n)|
2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λ
√
V (n′)ϕ1l(n

′) +
(
sin p− i sin 2πl

N

)√
V (n′)ϕ2l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp,

ψ2l(n) =
ε
√

|V (n)|
2π

∫ π

−π

∑

n′∈Z

eip(n−n′) (λ
√
V (n′)ϕ2l(n

′) +
(
sin p+ i sin 2πl

N

)√
V (n′)ϕ1l(n

′))

λ2 − sin2 2πl
N − sin2 p

dp.

Ïóñòü

al =

√
λ2 − sin2

2πl

N
, cos kl = al, sin kl = i

√
a2l − 1.

Òîãäà (ñì. [6℄)

ϕ1l(n) =
ε
√

|V (n)|
2π

∑

n′∈Z

(
λ
√
V (n′)ϕ1l(n

′)

∫ π

−π

eip(n−n′)

a2l − sin2 p
dp +

+
√
V (n′)ϕ2l(n

′)

∫ π

−π

sin p · eip(n−n′)

a2l − sin2 p
dp− i sin

2πl

N

√
V (n′)ϕ2l(n

′)

∫ π

−π

eip(n−n′)

a2l − sin2 p
dp
)
=

=
εi
√

|V (n)|
sin(2kl)

∑

n′∈Z

√
V (n′)in−n′

(
λϕ1l(n

′)
(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)
+

+ ϕ2l(n
′) cos kl

(
eikl|n−n′| + (−1)n−n′

e−ikl|n−n′|
)
−

− i sin
2πl

N
ϕ2l(n

′)
(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

))
,

ϕ2l(n) =
εi
√

|V (n)|
sin(2kl)

∑

n′∈Z

√
V (n′)in−n′

(
λϕ2l(n

′)
(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)
+

+ ϕ1l(n
′) cos kl

(
eikl|n−n′| + (−1)n−n′

e−ikl|n−n′|
)
+

+ i sin
2πl

N
ϕ1l(n

′)
(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

))
,

èëè

ϕ1l(n) =
εi
√

|V (n)|
2kl

∑

n′∈Z

√
V (n′)in−n′

(
λϕ1l(n

′)
(
1 + (−1)n−n′+1

)
+ϕ2l(n

′)
(
1 + (−1)n−n′)−

− i sin
2πl

N
ϕ2l(n

′)
(
1 + (−1)n−n′+1

))
+εK1(1)(ϕ1l, ϕ2l),

ϕ2l(n) =
εi
√

|V (n)|
2kl

∑

n′∈Z

√
V (n′)in−n′

(
λϕ2l(n

′)
(
1 + (−1)n−n′+1

)
+ϕ1l(n

′)
(
1 + (−1)n−n′)

+

+ i sin
2πl

N
ϕ1l(n

′)
(
1 + (−1)n−n′+1

))
+εK2(1)(ϕ1l, ϕ2l),

ãäå K1 è K2 àíàëèòè÷åñêè çàâèñÿò îò kl.

Ïîëîæèì ϕ =

(
ϕ1l

ϕ2l

)
, K =

(
K1

K2

)
, ξ =

(
ξ1
ξ2

)
= (ϕ − εKϕ)(n). Çàìåòèì, ÷òî

ξi = ξi(ϕ1l, ϕ2l) è ϕil = ξi +O(ε), i = 1, 2.

ξ1(n) =
εi
√

|V (n)|
2kl

(
λin

∑

n′∈Z

√
V (n′)ϕ1l(n

′)i−n′

+ λin(−1)n+1
∑

n′∈Z

√
V (n′)ϕ1l(n

′)i−n′

(−1)−n′

+

+ in
∑

n′∈Z

√
V (n′)ϕ2l(n

′)i−n′

+ in(−1)n
∑

n′∈Z

√
V (n′)ϕ2l(n

′)i−n′

(−1)−n′−
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− i sin
2πl

N
in
∑

n′∈Z

√
V (n′)ϕ2l(n

′)i−n′ − i sin
2πl

N
in(−1)n+1

∑

n′∈Z

√
V (n′)ϕ2l(n

′)i−n′

(−1)−n′

)
=

=
εi
√

|V (n)|
2kl

(
λin(a, ϕ1l) + λin(−1)n+1(b, ϕ1l) + in(a, ϕ2l) + in(−1)n(b, ϕ2l)−

− i sin
2πl

N
in(a, ϕ2l)− i sin

2πl

N
in(−1)n+1(b, ϕ2l)

)
=

=
εi
√

|V (n)|
2kl

(
λin(a, ξ1) + λin(−1)n+1(b, ξ1) + in(a, ξ2) + in(−1)n(b, ξ2)−

− i sin
2πl

N
in(a, ξ2)− i sin

2πl

N
in(−1)n+1(b, ξ2)

)
+O(ε2), (5)

ãäå a(n) =
√
V (n)i−n, b(n) =

√
V (n)i−n(−1)−n. Àíàëîãè÷íî:

ξ2(n) =
εi
√

|V (n)|
2kl

(
λin(a, ξ2) + λin(−1)n+1(b, ξ2) + in(a, ξ1) + in(−1)n(b, ξ1) +

+ i sin
2πl

N
in(a, ξ1) + i sin

2πl

N
in(−1)n+1(b, ξ1)

)
+O(ε2). (6)

Ââåäåì îáîçíà÷åíèÿ c(n) =
√

|V (n)|in, d(n) =
√

|V (n)|in(−1)n. Äîìíîæèâ (5) ñêàëÿðíî íà a(n),
ïîëó÷èì

(a, ξ1) =
εiλ

2kl
(a, c)(a, ξ1)−

εiλ

2kl
(a, d)(b, ξ1) +

εi

2kl
(a, c)(a, ξ2) +

+
εi

2kl
(a, d)(b, ξ2)−

εi

2kl
i sin

2πl

N
(a, c)(a, ξ2) +

εi

2kl
i sin

2πl

N
(a, d)(b, ξ2) +O(ε2) =

=
εiλ

2kl
(a, c)(a, ξ1)−

εiλ

2kl
(a, d)(b, ξ1) +

εi

2kl

(
1− i sin

2πl

N

)
(a, c)(a, ξ2) +

+
εi

2kl

(
1 + i sin

2πl

N

)
(a, d)(b, ξ2) +O(ε2).

Àíàëîãè÷íî ïîëó÷èì ðàâåíñòâà

(b, ξ1) =
εiλ

2kl
(b, c)(a, ξ1)−

εiλ

2kl
(b, d)(b, ξ1) +

εi

2kl

(
1− i sin

2πl

N

)
(b, c)(a, ξ2) +

+
εi

2kl

(
1 + i sin

2πl

N

)
(b, d)(b, ξ2) +O(ε2),

(a, ξ2) =
εiλ

2kl
(a, c)(a, ξ2)−

εiλ

2kl
(a, d)(b, ξ2) +

εi

2kl

(
1 + i sin

2πl

N

)
(a, c)(a, ξ1) +

+
εi

2kl

(
1− i sin

2πl

N

)
(a, d)(b, ξ1) +O(ε2),

(b, ξ2) =
εiλ

2kl
(b, c)(a, ξ2)−

εiλ

2kl
(b, d)(b, ξ2) +

εiλ

2kl

(
1 + i sin

2πl

N

)
(b, c)(a, ξ1) +

+
εiλ

2kl

(
1− i sin

2πl

N

)
(b, d)(b, ξ1) +O(ε2).

Èòàê, ïîëó÷åíà îäíîðîäíàÿ ñèñòåìà îòíîñèòåëüíî íåèçâåñòíûõ ñêàëÿðíûõ ïðîèçâåäåíèé (a, ξ1),
(b, ξ1), (a, ξ2), (b, ξ2):

(
A+O(ε2)

)



(a, ξ1)
(b, ξ1)
(a, ξ2)
(b, ξ2)


 = 0, (7)
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ãäå ìàòðèöà A èìååò âèä




1− εiλ(a,c)
2kl

εiλ(a,d)
2kl

− εi(a,c)
2kl

(
1− i sin 2πl

N

)
− εi(a,d)

2kl

(
1 + i sin 2πl

N

)

− εiλ(b,c)
2kl

1 + εiλ(b,d)
2kl

− εi(b,c)
2kl

(
1− i sin 2πl

N

)
− εi(b,d)

2kl

(
1 + i sin 2πl

N

)

− εi(a,c)
2kl

(
1 + i sin 2πl

N

)
− εi(a,d)

2kl

(
1− i sin 2πl

N

)
1− εiλ(a,c)

2kl

εiλ(a,d)
2kl

− εi(b,c)
2kl

(
1 + i sin 2πl

N

)
− εi(b,d)

2kl

(
1− i sin 2πl

N

)
− εiλ(b,c)

2kl
1 + εiλ(b,d)

2kl



.

Ñèñòåìà (7) èìååò ðåøåíèå, åñëè detA = 0, ò. å.

k4l +A3(ε, kl)k
3
l +A2(ε, kl)k

2
l +A1(ε, kl)kl +A0(ε, kl) = 0, (8)

ãäå Ai(ε, kl), i = 0, 1, 2, 3, � àíàëèòè÷åñêèå ïî ε �óíêöèè. Îáîçíà÷èì

F (ε, kl) = k4l +A3(ε, kl)k
3
l +A2(ε, kl)k

2
l +A1(ε, kl)kl +A0(ε, kl).

Ôóíêöèÿ F (ε, kl) àíàëèòè÷åñêàÿ â îêðåñòíîñòè íóëÿ è F (0, 0) = 0, íî F (0, kl) íå îáðàùàåòñÿ
òîæäåñòâåííî â íóëü. Î÷åâèäíî, ÷òî kl = 0 � êîðåíü F (0, kl) êðàòíîñòè 4. Òîãäà (ñì. [7, ñ. 113℄)
â íåêîòîðîé îêðåñòíîñòè íóëÿ

F (ε, kl) =
(
k4l +A′

3(ε)k
3
l +A′

2(ε)k
2
l +A′

1(ε)kl +A′
0(ε)

)
ϕ(ε, kl),

ãäå A′
j(ε), j = 0, . . . , 3, � àíàëèòè÷åñêèå â îêðåñòíîñòè íóëÿ �óíêöèè è A′

j(0) = 0, j = 0, . . . , 3;
ϕ(ε, kl) íå îáðàùàåòñÿ â íóëü â íåêîòîðîé îêðåñòíîñòè íóëÿ è àíàëèòè÷åñêàÿ â ýòîé îêðåñòíîñòè.

Òîãäà (8) ýêâèâàëåíòíî ðàâåíñòâó

k4l +A′
3(ε)k

3
l +A′

2(ε)k
2
l +A′

1(ε)kl +A′
0(ε) = 0

è ñïðàâåäëèâà (ñì. [8℄)

Òåîðåìà 2. Äëÿ ìàëûõ ε ñóùåñòâóåò ðîâíî 4 êâàçèóðîâíÿ λi â îêðåñòíîñòÿõ òî÷åê

±
√
1 + sin2

2πl

N
. Ïðè ýòîì λ = ±

√
cos2 kl + sin2 2πl

N , ãäå ìíîãîçíà÷íàÿ �óíêöèÿ kl = kl(ε) ðàç-

ëàãàåòñÿ â ñõîäÿùèéñÿ ðÿä Ïþèçî:

kil(ε) =
∞∑

j=1

αi
jε

j/pi ,

òàê ÷òî

q∑
i=1

pi = 4 è λi çàäàþòñÿ p1 çíà÷åíèÿìè k1l , p2 çíà÷åíèÿìè k2l è ò. ä.
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In the last deade, topologial insulators have been atively studied in the physis literature. Topologial

insulator is a speial type of material that is within the sope of an insulator and onduts eletriity on the

surfae. Topologial insulators have interesting physial properties, for example, the topologial properties

of this material an be stably maintained up to high temperatures. Topologial insulators an be used

in a wide variety of miroeletroni devies ranging from very fast and e�ient proessors to topologial

quantum omputers. The eletron in topologial insulators is desribed by the massless Dira operator. Suh

operators in quasi-one-dimensional strutures (for example, strips with di�erent boundary onditions) are

very interesting not only from a physial, but also from a mathematial point of view, but they are still

poorly understood by mathematiians. In this artile, we have found the eigenvalues of the Dira di�erene

operator for a potential of the form V0δn0. We have studied the quasi-levels (eigenvalues and resonanes) of

the operator in the ase of small potentials.
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