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1

�àññìàòðèâàåòñÿ àíàëîã ìåòîäà Ñòå��åíñåíà äëÿ ðåøåíèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé. Ïðåä-

ëîæåííûé ìåòîä ïðåäñòàâëÿåò ñîáîé äâóõøàãîâûé èòåðàöèîííûé ïðîöåññ. Èññëåäóåòñÿ ñõîäèìîñòü ðàñ-

ñìàòðèâàåìîãî ìåòîäà, äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ, à òàêæå îïðåäåëÿåòñÿ ïîðÿäîê ñõîäèìî-

ñòè íîâîãî ìåòîäà. Ïîêàçûâàåòñÿ, ÷òî ïðåäëîæåííàÿ ìîäè�èêàöèÿ ìåòîäà Ñòå��åíñåíà, íå èñïîëü-

çóþùàÿ ïðîèçâîäíûõ îïåðàòîðà, èìååò ïîðÿäîê ñõîäèìîñòè áîëüøå, ÷åì ïîðÿäîê ñõîäèìîñòè ìåòîäà

Íüþòîíà, èçâåñòíûõ îáîáùåíèé ìåòîäà õîðä èëè äðóãèõ èçâåñòíûõ ìîäè�èêàöèé ìåòîäà Ñòå��åíñå-

íà. Ìåòîä ïðèëàãàåòñÿ ê ñèñòåìàì íåëèíåéíûõ óðàâíåíèé. Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ çàäà÷à

î ïåðåñå÷åíèè êðèâûõ. Ïðîâîäÿòñÿ ÷èñëåííûå ýêñïåðèìåíòû íà ÷åòûðåõ òåñòîâûõ ñèñòåìàõ, ðåçóëüòàòû

ñðàâíèâàþòñÿ ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ìåòîäîì Íüþòîíà, ìîäè�èöèðîâàííûì ìåòîäîì Íüþòîíà,

à òàêæå ìîäè�èêàöèÿìè ìåòîäà Âåãñòåéíà è ìåòîäà Ýéòêåíà, ïðåäëîæåííûìè àâòîðîì â ïðåäûäóùèõ

ðàáîòàõ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå îïåðàòîðíûå óðàâíåíèÿ, ìåòîä Ñòå��åíñåíà, ìåòîä Íüþòîíà, çàäà÷à î ïå-

ðåñå÷åíèè êðèâûõ.

DOI: 10.20537/vm160411

Ââåäåíèå

Ñðåäè ý��åêòèâíûõ ìåòîäîâ ïðèáëèæåííîãî ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé èçâåñòåí èòå-

ðàöèîííûé ìåòîä Ýéòêåíà�Ñòå��åíñåíà (èëè ïðîñòî ìåòîä Ñòå��åíñåíà) [1�3℄, ïðåäñòàâëÿþ-

ùèé ñîáîé îñîáóþ ðàçíîâèäíîñòü ìåòîäà õîðä. Åãî îòëè÷èå îò îáû÷íîãî ìåòîäà õîðä ñîñòîèò

â òîì, ÷òî äëÿ îïðåäåëåíèÿ î÷åðåäíîãî ïðèáëèæåíèÿ èñïîëüçóþòñÿ îäíî ïðåäûäóùåå ïðèáëè-

æåíèå è åãî ïåðâàÿ ïðîñòàÿ èòåðàöèÿ.

Â ñðàâíåíèè ñ îáû÷íûì ìåòîäîì õîðä ìåòîä Ñòå��åíñåíà èìååò ðÿä ïðåèìóùåñòâ. Íà-

ïðèìåð, îí íå òðåáóåò ïîäáîðà äâóõ íà÷àëüíûõ ïðèáëèæåíèé, èìååò áîëåå âûñîêèé ïîðÿäîê

ñõîäèìîñòè (âòîðîé, êàê è ó ìåòîäà Íüþòîíà), êðîìå òîãî, â ðÿäå ñëó÷àåâ ñõîäèòñÿ áûñòðåå

ìåòîäà Íüþòîíà.

Èíòåðåñ ê ìåòîäó Ñòå��åíñåíà íå ïðîïàäàåò, ÷òî îáúÿñíÿåòñÿ âîçìîæíîñòüþ îáîáùåíèÿ åãî

íà ðåøåíèå íåëèíåéíûõ �óíêöèîíàëüíûõ óðàâíåíèé â àáñòðàêòíûõ ïðîñòðàíñòâàõ ñ ñîõðàíå-

íèåì óêàçàííûõ âûøå ïðåèìóùåñòâ. Òàêèå îáîáùåíèÿ áûëè ñäåëàíû è èññëåäîâàíû, íàïðèìåð,

â [4�7℄.

Ïóñòü äàíî óðàâíåíèå

F (x) = 0. (0.1)

Çäåñü F � îòîáðàæåíèå èç X â X, ãäå X � áàíàõîâî ïðîñòðàíñòâî. Óðàâíåíèå (0.1) òàêæå

ìîæíî çàïèñàòü â âèäå çàäà÷è î íåïîäâèæíîé òî÷êå:

x = Φ(x),

ãäå Φ(x) � îòîáðàæåíèå èç X â X.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÍÔ (ãðàíò � 14�35�00005), èññëåäîâàíèÿ ïîääåðæàíû

Ïðîãðàììîé ïîâûøåíèÿ êîíêóðåíòîñïîñîáíîñòè âåäóùèõ óíèâåðñèòåòîâ �Ô (Ñîãëàøåíèå ñ Ìèíîáðíàóêè �Ô

02.À03.21.0006 îò 27 àâãóñòà 2013 ã.).
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Àíàëîã ìåòîäà Ñòå��åíñåíà äëÿ ðåøåíèÿ îïåðàòîðíîãî óðàâíåíèÿ (0.1) ñòðîèì ñëåäóþùèì

îáðàçîì:

x̃(k+1) = x(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x(k)

)
,

x(k) = x̃(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k)

)
,

(0.2)

ãäå F (x) � íåïðåðûâíûé íåëèíåéíûé îïåðàòîð, äåéñòâóþùèé â áàíàõîâîì ïðîñòðàíñòâå,

F (x′, x′′) = E − Φ (x′, x′′) � ïåðâàÿ ðàçäåëåííàÿ ðàçíîñòü (ñì. îïðåäåëåíèå 1), k = 0, 1, 2, . . . .

Îïðåäåëåíèå 1 (ñì. [8℄). Ïóñòü F (x) � íåïðåðûâíûé, âîîáùå ãîâîðÿ íåëèíåéíûé îïåðà-

òîð, ïåðåâîäÿùèé áàíàõîâî ïðîñòðàíñòâî X â áàíàõîâî ïðîñòðàíñòâî Y. Îïåðàòîð F (x′, x′′),
äåéñòâóþùèé èç X â Y, íàçûâàåòñÿ ðàçäåëåííîé ðàçíîñòüþ ïåðâîãî ïîðÿäêà îïåðàòîðà F (x),
åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(1) äëÿ êàæäûõ �èêñèðîâàííûõ x′, x′′ ∈ X îïåðàòîð F (x′, x′′) òàêîé, ÷òî

F
(
x′, x′′

) (
x′ − x′′

)
= F

(
x′
)
− F

(
x′′

)
;

(2) åñëè ñóùåñòâóåò ïðîèçâîäíàÿ Ôðåøå F ′(x) [9℄, òî

F (x, x) = F ′ (x).

Îïðåäåëåííûé òàêèì îáðàçîì îïåðàòîð F (x′, x′′) ÿâëÿåòñÿ ëèíåéíûì, òî åñòü äëÿ ëþáûõ

h, k ∈ X è λ, µ ∈ R ñïðàâåäëèâî F (x′, x′′)(λh + µk) = λF (x′, x′′)h + µF (x′, x′′)k. Îòìåòèì,
÷òî îòíîñèòåëüíî x′, x′′ îïåðàòîð F (x′, x′′), î÷åâèäíî, ëèíåéíûì íå ÿâëÿåòñÿ.

Îòìåòèì ñëåäóþùåå ïðåèìóùåñòâî ìåòîäà Ñòå��åíñåíà (ïðîñòîãî è ïðåäëîæåííîãî àíà-

ëîãà) ïåðåä ìåòîäîì Íüþòîíà ïðè ðåøåíèè íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé: ðåàëèçàöèÿ

ìåòîäà òðåáóåò òîëüêî âû÷èñëåíèÿ çíà÷åíèé èñõîäíîãî îïåðàòîðà è íå òðåáóåò âû÷èñëåíèÿ

çíà÷åíèé åãî ïðîèçâîäíîé, ÷òî èìååò ìåñòî ïðè ðåàëèçàöèè ìåòîäà Íüþòîíà. Äàííîå ñâîéñòâî

ïîçâîëÿåò �àêòè÷åñêè ïðèìåíÿòü àíàëîã ìåòîäà Ñòå��åíñåíà è â òåõ ñëó÷àÿõ, êîãäà íå èçâåñò-

íî àíàëèòè÷åñêîå âûðàæåíèå îïåðàòîðà F (x), à èçâåñòåí äèñêðåòíûé àëãîðèòì âû÷èñëåíèÿ åãî

çíà÷åíèé è, ñëåäîâàòåëüíî, ïðèìåíåíèå îáû÷íîãî ìåòîäà Íüþòîíà íåâîçìîæíî.

� 1. Èññëåäîâàíèå ñõîäèìîñòè

Áóäåì ïðåäïîëàãàòü íåïðåðûâíîñòü îïåðàòîðà Φ(x) è ñóùåñòâîâàíèå îáðàòíîãî îïåðàòîðà

ðàçäåëåííîé ðàçíîñòè [F (x′, x′′)]−1 = [E −Φ(x′, x′′)]−1
â èíòåðåñóþùåé íàñ îáëàñòè. Èññëåäóåì

ïðåäëîæåííûé ìåòîä (0.2) íà ñõîäèìîñòü è îïðåäåëèì ïîðÿäîê ñõîäèìîñòè.

Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1)

∥∥F (x̃(0))
∥∥ =

∥∥x̃(0) − Φ
(
x̃(0)

)∥∥ 6 η;

2) ñóùåñòâóåò îòêðûòàÿ îáëàñòü Ω ⊆ X òàêàÿ, ÷òî äëÿ êàæäîãî x′, x′′, x′′′ èç Ω ñïðàâåä-

ëèâû îöåíêè

à)

∥∥[F (x′, x′′)]−1
∥∥ =

∥∥[E − Φ(x′, x′′)]−1
∥∥ 6 B,

á)‖Φ(x′, x′′)‖ 6 M ,

â)‖Φ(x′, x′′)− Φ(x′′, x′′′)‖ 6 K ‖x′ − x′′′‖, ãäå B,M,K � êîíñòàíòû;

3) h := C2B
2KMη < 1, ãäå C2 � ïîëîæèòåëüíàÿ êîíñòàíòà;

4) çàìêíóòûé øàð

∥∥∥x− x̃(0)
∥∥∥ 6 R, (1.1)

ãäå R =
C1S0

C2BKM
, Sk =

∞∑
n=k

h2
n

è C1 � ïîëîæèòåëüíàÿ êîíñòàíòà, öåëèêîì ñîäåðæèòñÿ â Ω.
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Òîãäà âñå ÷ëåíû ïîñëåäîâàòåëüíîñòè

(
x(k)

)
, îïðåäåëÿåìûå ìåòîäîì (0.2), íà÷èíàþùèìñÿ

ñ çàäàííîãî x̃(0), ëåæàò â øàðå (1.1); ïîñëåäîâàòåëüíîñòü

(
x(k)

)
èìååò â øàðå (1.1) ïðåäåë x̃∗,

ñëóæàùèé ðåøåíèåì óðàâíåíèÿ (0.1); ñïðàâåäëèâà îöåíêà

∥∥∥x̃∗ − x̃(k)
∥∥∥ 6

C1

C2BKM
Sk (k = 0, 1, 2, . . . ).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðåïèøåì (0.2) â âèäå

x̃(k+1) = x̃(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F
(
x̃(k)

)
+ F

(
x(k)

))
,

x(k) = x̃(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k)

)
.

(1.2)

Èñïîëüçóÿ (1.2), ïîëó÷àåì

x̃(k+1) − x̃(k) = −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F
(
x̃(k)

)
+ F

(
x(k)

))
; (1.3)

x̃(k+1) − Φ
(
x̃(k)

)
= x̃(k) −

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F
(
x̃(k)

)
+ F

(
x(k)

))
−

− Φ
(
x̃(k)

)
= F

(
x̃(k)

)
−

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F
(
x̃(k)

)
+ F

(
x(k)

))
=

=

[
E −

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

]
F
(
x̃(k)

)
−

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x(k)

)
=

= −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

E − F
(
x̃(k),Φ

(
x̃(k)

)))
F
(
x̃(k)

)
−

−
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x(k)

)
= −

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

×

×
[
Φ
(
x̃(k),Φ

(
x̃(k)

))
F
(
x̃(k)

)
+ F

(
x(k)

)]
;

x(k) −Φ
(
x̃(k)

)
= x̃(k) − Φ

(
x̃(k)

)
−

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k)

)
=

= F
(
x̃(k)

)
−
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k)

)
=

=

(
E −

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

)
F
(
x̃(k)

)
=

=

([
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k),Φ

(
x̃(k)

))
−

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

)
×

× F
(
x̃(k)

)
= −

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

E − F
(
x̃(k),Φ

(
x̃(k)

)))
F
(
x̃(k)

)
=

= −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

Φ
(
x̃(k),Φ

(
x̃(k)

))
F
(
x̃(k)

)
.

Ñîãëàñíî îïðåäåëåíèþ 1 è ðàâåíñòâàì (1.2) ïîëó÷àåì

F
(
x(k)

)
= F

(
x̃(k)

)
+ F

(
x(k), x̃(k)

)(
x(k) − x̃(k)

)
= F

(
x̃(k)

)
− F

(
x(k), x̃(k)

)
×

×
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k)

)
=

(
E − F

(
x(k), x̃(k)

) [
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

)
×

× F
(
x̃(k)

)
=

(
F
(
x̃(k),Φ

(
x̃(k)

)) [
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

−

− F
(
x(k), x̃(k)

) [
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

)
F
(
x̃(k)

)
=

= −
(
F
(
x(k), x̃(k)

)
− F

(
x̃(k),Φ

(
x̃(k)

))) [
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k)

)
;
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F
(
x̃(k+1)

)
= F

(
x̃(k)

)
+ F

(
x̃(k+1), x̃(k)

)(
x̃(k+1) − x̃(k)

)
=

= −F
(
x̃(k),Φ

(
x̃(k)

))(
x(k) − x̃(k)

)
+ F

(
x̃(k+1), x̃(k)

)(
x̃(k+1) − x̃(k)

)
=

= −F
(
x̃(k),Φ

(
x̃(k)

))(
x(k) − x̃(k+1)

)
+

(
F
(
x̃(k+1), x̃(k)

)
− F

(
x̃(k),Φ

(
x̃(k)

)))
×

×
(
x̃(k+1) − x̃(k)

)
= −F

(
x(k)

)
−
(
F
(
x̃(k+1), x̃(k)

)
− F

(
x̃(k),Φ

(
x̃(k)

)))
×

×
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F
(
x̃(k)

)
+ F

(
x(k)

))
.

(1.4)

Ïðèâëåêàÿ ñîäåðæàùèåñÿ â óñëîâèÿõ à�â îöåíêè, èç (1.3)�(1.4) ïîëó÷àåì íåðàâåíñòâà

∥∥∥x(k) −Φ
(
x̃(k)

)∥∥∥ 6

∥∥∥∥
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

∥∥∥∥×

×
∥∥∥Φ

(
x̃(k),Φ

(
x̃(k)

))∥∥∥ ·
∥∥∥F

(
x̃(k)

)∥∥∥ 6 BM
∥∥∥F

(
x̃(k)

)∥∥∥;

∥∥∥F
(
x(k)

)∥∥∥ 6

∥∥∥F
(
x(k), x̃(k)

)
− F

(
x̃(k),Φ

(
x̃(k)

))∥∥∥
∥∥∥∥
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

∥∥∥∥×

×
∥∥∥F

(
x̃(k)

)∥∥∥ 6 KB
∥∥∥x(k) − Φ

(
x̃(k)

)∥∥∥ ·
∥∥∥F

(
x̃(k)

)∥∥∥ 6 B2KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
;

∥∥∥x̃(k+1) − x̃(k)
∥∥∥ 6

∥∥∥∥
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

∥∥∥∥ ·
(∥∥∥F

(
x̃(k)

)∥∥∥+
∥∥∥F

(
x(k)

)∥∥∥
)
6

6 B
∥∥∥F

(
x̃(k)

)∥∥∥+B3KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
;

(1.5)

∥∥∥x̃(k+1) − Φ
(
x̃(k)

)∥∥∥ 6

∥∥∥∥
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

∥∥∥∥×

×
(∥∥∥Φ

(
x̃(k),Φ

(
x̃(k)

))∥∥∥ ·
∥∥∥F

(
x̃(k)

)∥∥∥+
∥∥∥F

(
x(k)

)∥∥∥
)
6

6 B
(
M

∥∥∥F
(
x̃(k)

)∥∥∥+
∥∥∥F

(
x(k)

)∥∥∥
)
6 BM

∥∥∥F
(
x̃(k)

)∥∥∥+B3KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
;

(1.6)

∥∥∥F
(
x̃(k+1)

)∥∥∥ 6

∥∥∥F
(
x(k)

)∥∥∥+
∥∥∥F

(
x̃(k+1), x̃(k)

)
− F

(
x̃(k),Φ

(
x̃(k)

))∥∥∥×

×
∥∥∥∥
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

∥∥∥∥ ·
(∥∥∥F

(
x̃(k)

)∥∥∥+
∥∥∥F

(
x(k)

)∥∥∥
)
6

6 B2KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
+BK

∥∥∥x̃(k+1) − Φ
(
x̃(k)

)∥∥∥ ·
(∥∥∥F

(
x̃(k)

)∥∥∥+
∥∥∥F

(
x(k)

)∥∥∥
)
6

6 B2KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
+BK

(
B
∥∥∥F

(
x̃(k)

)∥∥∥+B3KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
)
×

×
(∥∥∥F

(
x̃(k)

)∥∥∥+B2KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
)

6

6 B2KM
∥∥∥F

(
x̃(k)

)∥∥∥
2
+ 2B4K2M

∥∥∥F
(
x̃(k)

)∥∥∥
3
+B4K2M

∥∥∥F
(
x̃(k)

)∥∥∥
4
.

(1.7)

�àññìîòðèì íåðàâåíñòâà (1.5), (1.6) è (1.7). Ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå êîíñòàíòû C1,
C2 è C3, ÷òî

∥∥∥x̃(k+1) − x̃(k)
∥∥∥ 6 C1B

∥∥∥F
(
x̃(k)

)∥∥∥, (1.8)
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∥∥∥x̃(k+1) − Φ
(
x̃(k)

)∥∥∥ 6 C3BM
∥∥∥F

(
x̃(k)

)∥∥∥ (1.9)

è

∥∥∥F
(
x̃(k+1)

)∥∥∥ 6 C2B
2KM

∥∥∥F
(
x̃(k)

)∥∥∥
2
. (1.10)

Èç îöåíîê (1.8), (1.9) è (1.10), ó÷èòûâàÿ óñëîâèÿ òåîðåìû, ïî èíäóêöèè ïîëó÷èì îöåíêè

∥∥∥x̃(k+1) − x̃(k)
∥∥∥ 6

C1

(
C2B

2KM
)2k

C2BKM

∥∥∥F
(
x̃(0)

)∥∥∥
2k

,

∥∥∥x̃(k+1) − Φ
(
x̃(k)

)∥∥∥ 6
C3

(
C2B

2KM
)2k

C2BK

∥∥∥F
(
x̃(0)

)∥∥∥
2k

è

∥∥∥F
(
x̃(k+1)

)∥∥∥ 6
(
C2B

2KM
)2n+1

−1
∥∥∥F

(
x̃(0)

)∥∥∥
2n+1

,

èëè, ñ ó÷åòîì ââåäåííîãî â óñëîâèè 3 òåîðåìû îáîçíà÷åíèÿ h = C2B
2KM ,

∥∥∥x̃(k+1) − x̃(k)
∥∥∥ 6

C1h
2k

C2BKM
, (1.11)

∥∥∥x̃(k+1) − Φ
(
x̃(k)

)∥∥∥ 6
C3h

2k

C2BK

è

∥∥∥F
(
x̃(k+1)

)∥∥∥ 6 h2
n+1

−1η,

ãäå k = 0, 1, 2, . . . .

Íà îñíîâàíèè (1.11)

∥∥∥x̃(k+p) − x̃(k)
∥∥∥ 6

∥∥∥x̃(k+p) − x̃(k+p−1)
∥∥∥+ · · ·+

∥∥∥x̃(k+1) − x̃(k)
∥∥∥ 6

6
C1

C2BKM

(
h2

k

+ h2
k+1

+ · · ·+ h2
k+p−1

)
;

(1.12)

ïåðåõîäÿ ê ïðåäåëó â (1.12) ïðè p → ∞, ïîëó÷èì

∥∥∥x̃∗ − x̃(k)
∥∥∥ 6

C1

C2BKM

∞∑

n=k

h2
n

=
C1

C2BKM
Sk (k = 0, 1, 2, . . . ) .

Ïåðåõîäÿ ê ïðåäåëó (k → ∞) â �îðìóëàõ (0.2), óáåæäàåìñÿ, ÷òî x̃∗ ÿâëÿåòñÿ ðåøåíèåì

óðàâíåíèÿ (0.1).

Ïîêàæåì ïðèíàäëåæíîñòü ýëåìåíòîâ x̃0, Φ
(
x̃0

)
, x̃1, Φ

(
x̃1

)
, . . . , x̃k, Φ

(
x̃k

)
øàðó (1.1). Ýòî

ñëåäóåò èç èíäóêòèâíî äîêàçóåìûõ íåðàâåíñòâ

∥∥∥x̃(k) − x̃(0)
∥∥∥ 6

∥∥∥x̃(k) − x̃(k−1)
∥∥∥+

∥∥∥x̃(k−1) − x̃(k−2)
∥∥∥+ · · ·+

+
∥∥∥x̃(1) − x̃(0)

∥∥∥ 6
C1h

2k−1

C2BKM
+ · · ·+ C1h

20

C2BKM
6

C1

C2BKM

k−1∑

n=0

h2
n
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è

∥∥∥Φ
(
x̃(k)

)
− x̃(0)

∥∥∥ 6

∥∥∥Φ
(
x̃(k)

)
− x̃(k+1)

∥∥∥+
∥∥∥x̃(k+1) − x̃(0)

∥∥∥ 6

6
C3h

2k

C2BK
+

C1

C2BKM

k∑

n=0

h2
n

.
(1.13)

Èç íåðàâåíñòâà (1.13) ïðè k → ∞ ïîëó÷àåì îöåíêó

∥∥∥Φ
(
x̃(k)

)
− x̃(0)

∥∥∥ 6
C1S0

C2BKM

è óáåæäàåìñÿ, ÷òî x̃∗ ïðèíàäëåæèò øàðó (1.1). �

Òåîðåìà 2. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) óðàâíåíèå (0.1) èìååò ðåøåíèå â øàðå

∥∥∥x− x̃(0)
∥∥∥ 6 ρ; (1.14)

2) äëÿ êàæäîãî x′, x′′, x′′′ èç øàðà

∥∥∥x− x̃(0)
∥∥∥ 6 (1 + α) ρ (1.15)

ñïðàâåäëèâû îöåíêè

à)

∥∥[F (x′, x′′)]−1
∥∥ =

∥∥[E − Φ(x′, x′′)]−1
∥∥ 6 B,

á) ‖Φ(x′, x′′)‖ 6 M,

â)‖Φ(x′, x′′)− Φ(x′′, x′′′)‖ 6 K ‖x′ − x′′′‖, ãäå B,M,K � êîíñòàíòû,

ïðè÷åì α = max{l2ρ2, M}, ãäå l =
√
2CBKM, C � ïîëîæèòåëüíàÿ êîíñòàíòà;

3) lρ < 1.

Òîãäà ðåøåíèå x̃∗ óðàâíåíèÿ (0.1) â øàðå (1.14) åäèíñòâåííî è ïîñëåäîâàòåëüíîñòü

(
x̃(k)

)
,

îïðåäåëÿåìàÿ ìåòîäîì (0.2), ñõîäèòñÿ ê x∗, ïðè÷åì

∥∥∥x̃∗ − x̃(k)
∥∥∥ 6

1

l
(lρ)3

k

(k = 0, 1, 2, . . . ). (1.16)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü k = 0. Òîãäà îöåíêà (1.16) ñïðàâåäëèâà íà îñíîâàíèè óñëî-
âèÿ 1 òåîðåìû. Ýëåìåíòû x̃(0) è Φ

(
x̃(0)

)
ïðèíàäëåæàò øàðó (1.15), òàê êàê

∥∥∥Φ
(
x̃(0)

)
− x̃(0)

∥∥∥ =
∥∥∥Φ

(
x̃(0)

)
− Φ (x̃∗) + x̃∗ − x̃(0)

∥∥∥ 6

6

∥∥∥Φ
(
x̃∗, x̃(0)

)∥∥∥+
∥∥∥x̃∗ − x̃(0)

∥∥∥ 6 (1 +M) ρ 6 (1 + α) ρ.

Ïðîàíàëèçèðóåì ïîâåäåíèå ïîãðåøíîñòè, èñïîëüçóÿ (0.2):

x̃∗ − x̃(k+1) = x̃∗ − x(k) +
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x(k)

)
=

= x̃∗ − x(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F (x̃∗)− F
(
x(k)

))
=

= x̃∗ − x(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃∗, x(k)

)(
x̃∗ − x(k)

)
=

=

(
E −

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃∗, x(k)

))(
x̃∗ − x(k)

)
=

=
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F
(
x̃(k),Φ

(
x̃(k)

))
− F

(
x̃∗, x(k)

))(
x̃∗ − x(k)

)
,
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x̃∗ − x(k) = x̃∗ − x̃(k) +
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃(k)

)
=

= x̃∗ − x̃(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F (x̃∗)− F
(
x̃(k)

))
=

= x̃∗ − x̃(k) −
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃∗, x̃(k)

)(
x̃∗ − x̃(k)

)
=

=

(
E −

[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1

F
(
x̃∗, x̃(k)

))(
x̃∗ − x̃(k)

)
=

=
[
F
(
x̃(k),Φ

(
x̃(k)

))]
−1 (

F
(
x̃(k),Φ

(
x̃(k)

))
− F

(
x̃∗, x̃(k)

))(
x̃∗ − x̃(k)

)

è

x̃∗ −Φ
(
x̃(k)

)
= Φ(x̃∗)− Φ

(
x̃(k)

)
= Φ

(
x̃∗, x̃(k)

)(
x̃∗ − x̃(k)

)
.

Òîãäà

∥∥∥F
(
x̃(k),Φ

(
x̃(k)

))
− F

(
x̃∗, x(k)

)∥∥∥ =

=
∥∥∥F

(
x̃(k),Φ

(
x̃(k)

))
− F

(
Φ
(
x̃(k)

)
, x̃∗

)
+ F

(
Φ
(
x̃(k)

)
, x̃∗

)
− F

(
x̃∗, x(k)

)∥∥∥ 6

6

∥∥∥F
(
x̃(k),Φ

(
x̃(k)

))
− F

(
Φ
(
x̃(k)

)
, x̃∗

)∥∥∥+

+
∥∥∥F

(
Φ
(
x̃(k)

)
, x̃∗

)
− F

(
x̃∗, x(k)

)∥∥∥ 6 K
∥∥∥x̃∗ − Φ

(
x̃(k)

)∥∥∥+

+K
∥∥∥Φ

(
x̃(k)

)
− x(k)

∥∥∥ 6 2K
∥∥∥x̃∗ − Φ

(
x̃(k)

)∥∥∥+K
∥∥∥x̃∗ − x(k)

∥∥∥ 6

6 2KM
∥∥∥x̃∗ − x̃(k)

∥∥∥+K
∥∥∥x̃∗ − x(k)

∥∥∥,

∥∥∥x̃∗ − x(k)
∥∥∥ 6 BK

∥∥∥x̃∗ − Φ
(
x̃(k)

)∥∥∥ ·
∥∥∥x̃∗ − x̃(k)

∥∥∥ 6 BKM
∥∥∥x̃∗ − x̃(k)

∥∥∥
2

è

∥∥∥x̃∗ − x̃(k+1)
∥∥∥ 6 B2KM

(
2KM

∥∥∥x̃∗ − x̃(k)
∥∥∥+BK2M

∥∥∥x̃∗ − x̃(k)
∥∥∥
2
)
×

×
∥∥∥x̃∗ − x̃(k)

∥∥∥
2
6 2B2K2M2

∥∥∥x̃∗ − x̃(k)
∥∥∥
3
+B3K3M2

∥∥∥x̃∗ − x̃(k)
∥∥∥
4
.

Ïóñòü ñóùåñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà C òàêàÿ, ÷òî

∥∥∥x̃∗ − x̃(k+1)
∥∥∥ 6 2CB2K2M2

∥∥∥x̃∗ − x̃(k)
∥∥∥
3
. (1.17)

Èç (1.17) ïî èíäóêöèè ïîëó÷èì îöåíêó (1.16).

Îöåíêà (1.17) ñïðàâåäëèâà â ïðåäïîëîæåíèè, ÷òî ýëåìåíòû x̃(k) è Φ
(
x̃(k)

)
ïðèíàäëåæàò

øàðó (1.15). Ïîêàæåì, ÷òî ýòî äåéñòâèòåëüíî òàê. Èìååì

∥∥∥x̃(k) − x̃(0)
∥∥∥ 6

∥∥∥x̃(k) − x̃∗
∥∥∥+

∥∥∥x̃∗ − x̃(0)
∥∥∥ 6

1

l
(lρ)3

k

+ ρ 6
(
1 + l2ρ2

)
ρ 6 (1 + α) ρ

è

∥∥∥Φ
(
x̃(k)

)
− x̃(0)

∥∥∥ 6

∥∥∥Φ
(
x̃(k)

)
− Φ (x̃∗) + x̃∗ − x̃(0)

∥∥∥ 6

6

∥∥∥Φ
(
x̃∗, x̃(k)

)(
x̃∗ − x̃(k)

)∥∥∥+
∥∥∥x̃∗ − x̃(0)

∥∥∥ 6

6 Ml2ρ3 + ρ < (1 +M) ρ 6 (1 + α) ρ.

Èç (1.17) è ñêàçàííîãî âûøå ñëåäóåò, ÷òî lim x̃(k) = x̃∗ ïðè k → ∞. Åñëè óðàâíåíèå (0.1)

èìåëî áû â øàðå (1.14) ðåøåíèå x̃∗∗, òî ïðè ïîìîùè àíàëîãè÷íûõ ðàññóæäåíèé ìîæíî áûëî áû
ïîêàçàòü, ÷òî lim x̃(k) = x̃∗∗ ïðè k → ∞. Íà îñíîâàíèè åäèíñòâåííîñòè ïðåäåëüíîãî ýëåìåíòà

ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè

(
x̃(k)

)
ðåøåíèå â x̃∗ â øàðå (1.14) åäèíñòâåííî. �
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Çàìå÷àíèå 1. �àññìîòðèì øàð ðàäèóñà R ñ öåíòðîì â òî÷êå x̃(0). Ñóùåñòâóþò òàêèå

K,B,M, ÷òî äëÿ ëþáûõ x′, x′′, x′′′ èç øàðà S
(
x̃(0), R

)
âûïîëíåíû ñëåäóþùèå îöåíêè:

à)

∥∥[F (x′, x′′)]−1
∥∥ =

∥∥[E − Φ(x′, x′′)]−1
∥∥ 6 B;

á) ‖Φ(x′, x′′)‖ 6 M ;

â) ‖Φ(x′, x′′)− Φ(x′′, x′′′)‖ 6 K ‖x′ − x′′′‖.
Òåîðåìà íîñèò äîñòàòî÷íûé õàðàêòåð, è äàííûå îöåíêè, âîîáùå ãîâîðÿ, íå ÿâëÿþòñÿ íåóëó÷-

øàåìûìè, à ïîòîìó îöåíêó M ìîæíî îñëàáèòü. À èìåííî, åñëè M < 1, ïîëîæèì M = 1.

Êîíñòàíòó α ïîëîæèì ðàâíîé M.

Ïîëîæèì ρ = R/(1 + α).

Îïðåäåëèì êîíñòàíòó C òàê, ÷òîáû

√
2CBKMρ < 1, òî åñòü ñ ó÷åòîì ââåäåííûõ â òåîðåìå 2

îáîçíà÷åíèé lρ < 1.

Çàìåòèì, ÷òî α = max{l2ρ2, M} = M, ÷òî ñîîòâåòñòâóåò òîìó, êàê α áûëî îïðåäåëåíî ðàíåå.

� 2. Ïðèìåíåíèå ê ñèñòåìàì íåëèíåéíûõ óðàâíåíèé

�àññìîòðèì ïðèìåíåíèå ìåòîäà (0.2) ê íåëèíåéíûì ñèñòåìàì èç äâóõ óðàâíåíèé

f1(x1, x2) = 0, f2(x1, x2) = 0,

òî åñòü ê óðàâíåíèþ (0.1), ãäå

x = (x1, x2), F (x) = (f1(x1, x2), f2(x1, x2)).

Èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ:

x(k) =
(
x
(k)
1 , x

(k)
2

)
, x̃(k) =

(
x̃
(k)
1 , x̃

(k)
2

)
,

F (x(k)) =
(
f1(x

(k)
1 , x

(k)
2 ), f2(x

(k)
1 , x

(k)
2 )

)
,

F (x̃(k)) =
(
f1(x̃

(k)
1 , x̃

(k)
2 ), f2(x̃

(k)
1 , x̃

(k)
2 )

)
,

∆x(k) =
(
x
(k)
1 − x̃

(k)
1 , x

(k)
2 − x̃

(k)
2

)
=

(
∆x

(k)
1 , ∆x

(k)
2

)
,

∆x̃(k) =
(
x̃
(k+1)
1 − x

(k)
1 , x̃

(k+1)
2 − x

(k)
2

)
=

(
∆x̃

(k)
1 , ∆x̃

(k)
2

)
,

x′ = (x′1, x
′

2), x′′ = (x′′1 , x
′′

2).

Îïðåäåëèì

F
(
x′, x′′

)
=




f1(x
′

1, x
′

2)− f1(x
′′

1 , x
′

2)

x′1 − x′′1

f1(x
′′

1, x
′

2)− f1(x
′′

1, x
′′

2)

x′2 − x′′2
f2(x

′

1, x
′

2)− f2(x
′′

1 , x
′

2)

x′1 − x′′1

f2(x
′′

1, x
′

2)− f2(x
′′

1, x
′′

2)

x′2 − x′′2


.

Òàê êàê ïî (0.1)

F
(
x̃(k),Φ

(
x̃(k)

))
∆x̃(k) = −F

(
x(k)

)
,

F
(
x̃(k),Φ

(
x̃(k)

))
∆x(k) = −F

(
x̃(k)

)
,

òî äëÿ âû÷èñëåíèÿ ∆x̃(k) =
(
∆x̃

(k)
1 , ∆x̃

(k)
2

)
è ∆x(k) =

(
∆x

(k)
1 , ∆x

(k)
2

)
, ãäå k = 0, 1, 2, . . . ,



Îá îäíîì àíàëîãå ìåòîäà Ñòå��åíñåíà 587

ÌÀÒÅÌÀÒÈÊÀ 2016. Ò. 26. Âûï. 4

ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

f1

(
x̃
(k)
1 , x̃

(k)
2

)
− f1

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)

x̃
(k)
1 − ϕ1

(
x̃
(k)
1 , x̃

(k)
2

) ∆x̃
(k)
1 + (2.1)

+
f1

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)
− f1

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, ϕ2

(
x̃
(k)
1 , x̃

(k)
2

))

x̃
(k)
2 − ϕ2

(
x̃
(k)
1 , x̃

(k)
2

) ∆x̃
(k)
2 = −f1

(
x
(k)
1 , x

(k)
2

)
,

f2

(
x̃
(k)
1 , x̃

(k)
2

)
− f2

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)

x̃
(k)
1 − ϕ1

(
x̃
(k)
1 , x̃

(k)
2

) ∆x̃
(k)
1 + (2.2)

+
f2

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)
− f2

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, ϕ2

(
x̃
(k)
1 , x̃

(k)
2

))

x̃
(k)
2 − ϕ2

(
x̃
(k)
1 , x̃

(k)
2

) ∆x̃
(k)
2 = −f2

(
x
(k)
1 , x

(k)
2

)
,

f1

(
x̃
(k)
1 , x̃

(k)
2

)
− f1

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)

x̃
(k)
1 − ϕ1

(
x̃
(k)
1 , x̃

(k)
2

) ∆x
(k)
1 + (2.3)

+
f1

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)
− f1

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, ϕ2

(
x̃
(k)
1 , x̃

(k)
2

))

x̃
(k)
2 − ϕ2

(
x̃
(k)
1 , x̃

(k)
2

) ∆x
(k)
2 = −f1

(
x̃
(k)
1 , x̃

(k)
2

)
,

f2

(
x̃
(k)
1 , x̃

(k)
2

)
− f2

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)

x̃
(k)
1 − ϕ1

(
x̃
(k)
1 , x̃

(k)
2

) ∆x
(k)
1 + (2.4)

+
f2

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, x̃

(k)
2

)
− f2

(
ϕ1

(
x̃
(k)
1 , x̃

(k)
2

)
, ϕ2

(
x̃
(k)
1 , x̃

(k)
2

))

x̃
(k)
2 − ϕ2

(
x̃
(k)
1 , x̃

(k)
2

) ∆x
(k)
2 = −f2

(
x̃
(k)
1 , x̃

(k)
2

)
.

Àíàëîãè÷íûì îáðàçîì ëåãêî ñäåëàòü îáîáùåíèÿ íà íåëèíåéíûå ñèñòåìû èç ëþáîãî ÷èñëà óðàâ-

íåíèé.

�åçóëüòàòû � 1 ìîãóò áûòü ïðèìåíåíû ê ïðîöåññó (2.1)�(2.4), ïðè ýòîì â êà÷åñòâå ïðî-

ñòðàíñòâà 〈X, ·〉 ìîæåò áûòü âçÿòî R
2
ñ ñîîòâåòñòâóþùåé íîðìîé; â îáùåì ñëó÷àå ìîæåò áûòü

âçÿòî R
n.

Ïðèìåð 1. Â êà÷åñòâå òåñòà âîçüìåì 4 ñèñòåìû íåëèíåéíûõ óðàâíåíèé [10℄ ñ èçâåñòíûì

òî÷íûì ðåøåíèåì. Ïðèâåäåíèå óðàâíåíèé âèäà (0.1) ê âèäó çàäà÷è î íåïîäâèæíîé òî÷êå

x = Φ(x) áóäåì îñóùåñòâëÿòü ïî �îðìóëå x = x−
[
F ′

(
x(0)

)]−1
F (x), ëåæàùåé â îñíîâå ìîäè-

�èöèðîâàííîãî (óïðîùåííîãî) ìåòîäà Íüþòîíà � ÷àñòíîãî ñëó÷àÿ ìåòîäà ïðîñòûõ èòåðàöèé.

�åçóëüòàòû ñðàâíèòåëüíîãî òåñòèðîâàíèÿ ðàññìàòðèâàåìûõ ìåòîäîâ ïðåäñòàâëåíû â òàá-

ëèöå 1 (ñðåäà MATLAB). Â òàáëèöå 1 ñèñòåìà óðàâíåíèé èìååò âèä F (x) = 0, x̃(0) � íà÷àëüíîå

ïðèáëèæåíèå èç [10℄, i � êîëè÷åñòâî èòåðàöèé, NOEF � êîëè÷åñòâî âû÷èñëåíèé �óíêöèè,

ÌÌÂ � ìåòîä íà áàçå ìåòîäà Âåãñòåéíà [11℄, ÌÝÌ � ìåòîä íà áàçå ìåòîäà Ýéòêåíà [11℄,

ÌÝÍ � ìåòîä íà áàçå ìåòîäà Ýéòêåíà ñ íîðìàìè [11℄, ÌÍ � ìåòîä Íüþòîíà, ÌÌÍ � ìîäè�è-

öèðîâàííûé ìåòîä Íüþòîíà, ÌÝÑ � ðàññìàòðèâàåìûé ìåòîä (0.2). Âû÷èñëåíèÿ ïðîèçâîäèëèñü

ïðè òî÷íîñòè ε = 10−6.
Êàê âèäíî èç òàáëèöû 1, ìîäè�èöèðîâàííûé ìåòîä Íüþòîíà ïîêàçàë íàèõóäøèå ðåçóëü-

òàòû (ðàñõîäèòñÿ â òðåõ ñëó÷àÿõ èç ÷åòûðåõ), ïî êîëè÷åñòâó âû÷èñëåíèé �óíêöèé íàèëó÷øèå

ðåçóëüòàòû ïîêàçàëè ìåòîä íà áàçå ìåòîäà Âåãñòåéíà è ìåòîä (0.2), ïî êîëè÷åñòâó èòåðàöèé �

ìåòîä (0.2). �åçóëüòàòû, ïîëó÷åííûå ìåòîäîì íà áàçå ìåòîäà Ýéòêåíà, ëó÷øå íüþòîíîâñêèõ

êàê ïî êîëè÷åñòâó èòåðàöèé, òàê è ïî êîëè÷åñòâó âû÷èñëåíèé �óíêöèé (â îäíîì ñëó÷àå ìåòîä

Íüþòîíà ïî êîëè÷åñòâó âû÷èñëåíèé �óíêöèé ïðåâçîøåë ÌÝÌ ïðè óñëîâèè, ÷òî F ′ (x) áûëî
çàðàíåå èçâåñòíî). Ìåòîä íà áàçå ìåòîäà Ýéòêåíà ñ íîðìàìè ïîêàçàë ïëîõèå ðåçóëüòàòû; òåì
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Òàáëèöà 1. �åçóëüòàòû òåñòèðîâàíèÿ ðàññìàòðèâàåìûõ ìåòîäîâ

�

ï/ï

Ñèñòåìà x̃(0)
Êîðåíü Ìåòîä i NOEF

1 f2 = x1x2 − 1 (−1; 2) (1; 1) ÌÌÂ 4 4

ÌÝÌ 2 5

f1 = x1 − 1 ÌÝÍ 62 125

ÌÍ 3 6

ÌÌÍ - -

ÌÝÑ 1 3

2 f2 = x2
1 + x2

2 − 4 (1; 1) (1.5811; 1.2247) ÌÌÂ 7 8

ÌÝÌ 4 9

f1 = x2
1 − x2

2 − 1 ÌÝÍ 6 13

ÌÍ 5 10

ÌÌÍ 34 35

ÌÝÑ 3 9

3 f2 = x2
1 − x2 (0.8; 1.2) (1; 1) ÌÌÂ 11 12

ÌÝÌ 6 13

f1 = 4x3
1 − 3x1 − x2 ÌÝÍ 16 33

ÌÍ 6 12

ÌÌÍ - -

ÌÝÑ 4 12

4 f2 = 10(x2 − x2
1) (−1.2; 1) (1; 1) ÌÌÂ 4 5

ÌÝÌ 4 9

f1 = 1− x1 ÌÝÍ 35 71

ÌÍ - -

ÌÌÍ - -

ÌÝÑ 1 3

íå ìåíåå îí ñõîäèòñÿ, â òî âðåìÿ êàê ðàñõîäÿòñÿ ìåòîä Íüþòîíà è ìîäè�èöèðîâàííûé ìåòîä

Íüþòîíà.

Ïðèìåð 2. �àññìîòðèì çàäà÷ó î ïåðåñå÷åíèè êðèâûõ:

{
f1(x, y) = e1−x2

−y2 − 1 = 0,

f2(x, y) = u(x, y) = 0,
(2.5)

ãäå u(x, y) � �óíêöèÿ, îïðåäåëÿåìàÿ óñëîâèÿìè

∂u

∂x
= −(u+ y2)1/3 − 1.42x2, u(−1.5, y) = 4.5 + y.

Çíà÷åíèÿ u
(
x(k), y(k)

)
, u

(
x̃(k), ỹ(k)

)
áóäåì âû÷èñëÿòü ïðè ïîìîùè ìåòîäà �óíãå�Êóòòû�

Ôåëüáåðãà 4(5)-ãî ïîðÿäêà ñ àäàïòèâíûì øàãîì. Â ðåçóëüòàòå äëÿ íà÷àëüíîãî ïðèáëèæåíèÿ

x̃0 = −1, ỹ0 = −1 ïðè òî÷íîñòè ε = 10−6
ïîëó÷åíà ñõîäèìîñòü ïðèáëèæåíèé (2.1)�(2.4) ê ðåøå-

íèþ x∗ ≈ −0.0234271, y∗ ≈ 0.9997255 ñèñòåìû (2.5) çà 4 èòåðàöèè. Ïðèìåíåíèå äè��åðåíöèàëü-

íûõ ìåòîäîâ òèïà Íüþòîíà ê ñèñòåìå (2.5) çàòðóäíèòåëüíî, ïîñêîëüêó íåèçâåñòíà ïðîèçâîäíàÿ

∂u/∂y; ìåòîä ïðîñòûõ èòåðàöèé ðàñõîäèòñÿ.
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We onsider an analogue of Ste�ensen's method for solving nonlinear operator equations. The proposed

method is a two-step iterative proess. We study the onvergene of the proposed method, prove the unique-

ness of the solution and �nd the order of onvergene. The proposed method uses no derivative operators.

The onvergene order is greater than that in Newton's method and some generalizations of the method of

hords and Aitken�Ste�ensen's method. The method is applied to some test systems of nonlinear equations

and the problem of urves intersetion whih are de�ned impliitly as solutions of di�erential equations. Nu-

merial results are ompared with the results obtained by Newton's method, the modi�ed Newton method,

and modi�ations of Wegstein's and Aitken's methods whih were proposed by the author in previous works.
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