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The motion of a circular cylinder in an ideal fluid in the field of a fixed source is considered. It is
shown that, when the source has constant strength, the system possesses a momentum integral and an
energy integral. Conditions are found under which the equations of motion reduced to the level set of the
momentum integral admit an unstable fixed point. This fixed point corresponds to circular motion of the
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Introduction
The problem of controlling the motion of a rigid body in a fluid is a classical hydrodynamics
problem and has been actively discussed recently in relation to problems of mobile robotics.
Screw propellers [31,54] and water jet thrusters [41,45] are conventional and well-studied devices
used for propulsion in a fluid. Other propulsion methods considered in the literature include
motion control by means of internal mechanisms [7, 8, 17, 42, 52, 59] and by deforming the body
[26, 28, 40]. A detailed review of the literature devoted to the analysis of the dynamics of aquatic
mobile robots is presented in [60].
The simplest model which makes it possible to obtain qualitative conclusions on the inertial
and controlled dynamics of a rigid body is the model of an ideal fluid. Based on this model, the
authors of [36, 37] showed the possibility of self-propulsion of a hydrodynamically asymmetric
body in a fluid by displacing the internal moving mass along a self-intersecting contour. Further
development of the ideas of [36, 37] was carried out in [30] and experimental evidence of them
was provided in [33]. This model was also used to study the control of body motion by rotating
internal rotors [15,61], moving the internal mass and rotating the rotor in the presence of constant
circulation [59], by rotating the gyrostat and changing circulation using the Flettner rotor [29,53].
In addition to control by changing circulation, we also consider control using sources and
sinks. We recall that a source/sink is a singular point of the fluid in the punctured neighborhood
of which the flow remains potential and the streamlines are radially divergent straight lines [34].
The model of a point source was applied in calculating the characteristics of airfoils with systems
for the control of the boundary layer [21, 48, 57]. In particular, the problem of stabilizing the
position of a vortex arising above the Kasper wing [27] was addressed in [48]. In mathematical
models constructed in [21, 48, 57], the point source was located on the wing surface.
We note that the analysis of the motion of point singularities (sources, vortices, vortex sources,
dipoles) in a fluid and of their interaction with rigid bodies is interesting in its own right. In
particular, the motion of N sources was examined in [5, 18]. Special attention was also given
to models describing the motion of point vortices on a plane [6, 11, 39], in general domains of a
plane [19], on a sphere [10], curvilinear surfaces [9, 35] and under the action of external periodic
perturbation [20, 62, 63]. More complex models describing the motion of vortex sources and
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dipoles were treated in [3, 4, 13, 49, 58]. An analysis of the joint motion of point vortices and
a smooth rigid body was made in [14, 51, 56]. In [28, 43, 46], based on the Kutta – Chaplygin
condition [16, 38], the separation of point vortices from the sharp edges of a rigid body was
modeled.
In this paper, we consider the problem of controlling the motion of a circular foil in an ideal
fluid by changing the strength of the point source. In contrast to [21, 48, 57], the source is located
at some distance from the boundary of the foil and is not connected to it. In Section 1 we
derive equations of motion of a balanced circular foil in the field of a source whose strength and
position are given functions of time. In Section 2 we show that, in the case of a fixed source of
constant strength, the system admits a Lyapunov unstable solution corresponding to motion of the
geometric center of the foil in a circle at whose center the source is located. It turns out that this
motion of the foil can be stabilized by changing the strength of the source.
We implement the control of the strength of the source by means of feedback. For synthesis
of feedback, we use an approach based on the linearization of equations of motion which was applied, in particular, in the problems of stabilizing an inverted pendulum as applied to stabilization
of a gyroscooter (Segway) [2,44]. In this paper, feedback is given in the form of a linear function
of phase variables. Such a form of control is applied in [12, 23, 24, 32]. We note that feedback
can be nonlinear as well [22].
§ 1. Equations of motion
Consider the plane-parallel motion of a balanced circular foil of radius R in an ideal incompressible fluid in the presence of a source of strength q. For this system we make the following
assumptions:
1◦ The motion of the fluid is potential.
2◦ The circulation around any closed contour enclosing the foil is zero.
3◦ The motion of the source is given by some function of time.

Figure 1: A circular foil and a source in a fluid
To describe the motion of the system, we introduce a fixed (inertial) coordinate system Oxy
in which the fluid is at rest at infinity (see Fig. 1). With the coordinates (x, y) we associate
a complex variable z = x + iy. We specify the position of the center of mass of the foil as
zc = xc + iyc and the position of the source as zq = xq + iyq .
By virtue of assumption 1◦ the motion of the fluid is completely defined by the complex
potential


vR2
q
q
R2
W =−
(1.1)
ln(z − zq ) +
ln
+
− zq − zc .
z − zc 2π
2π
z − zc
Here, z = x + iy is the complex variable and v = żc = vx + ivy is the velocity of the center of
mass of the foil.
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We note that the first and second terms in (1.1) are the classical potentials of a circular cylinder
moving with velocity v and of a source of intensity q, respectively [34]. The third term is due to
the Milne – Thomson theorem [47] and ensures the fulfillment of the impermeability condition on
the boundary of the foil.
The force acting acting on the foil. To derive equations of motion of a circular foil, it is
necessary to determine the force acting on it from the fluid. For the system treated here this force
can be calculated using the formula proposed by Sedov in [55]
iρ
Fx + iFy =
2

I 
L

dW
dz

2



I
dSzc
d
dW
ρ
dz +
+ iρ z
dz ,
dt
dt
dt
L

(1.2)

where ρ is the density of the fluid, S = πR2 is the area of the foil, and Fx and Fy are the
projections of the force onto the axes Ox and Oy, respectively. By virtue of assumption 2◦ , the
terms in (1.2) related to circulation are ignored.
To calculate the force acting on the foil, we assume that the positions of the source zq and of
the geometric center of the foil zc depend on time t and that the strength q depends on time t,
coordinates zq , zc and velocities żq , żc . Then the projections Fx and Fy of the force onto the axes
of the fixed coordinate system Oxy take the form


 2
ρR2
2
2
2
2
2
2πqh Re z˙q zs − 2h |zs | q̇πxs − q |zs | xs − ρR2 π v̇x ,
Fx =
2
4
2πh |zs |


(1.3)
 2
ρR2
2
2
2
2
2
2
˙
2πqh Im zq zs − 2h |zs | q̇πys − q |zs | ys − ρR π v̇y ,
Fy =
2πh2 |zs |4
where zs = zq − zc = xs + iys , h2 = R2 − |zs |2 , and the dot denotes the total time derivative. The
last terms in the expressions (1.3) are due to the effect of added masses.
In the general case where the strength q depends on the coordinates zq , zc and the velocities
żq , żc , the force acting on the foil is not potential. In this case, the system may exhibit attracting
regimes. This effect will be shown in Section 2.

Remark 1. The torque acting on the foil and calculated relative to its geometric center is zero.
This is due to the fact that at each point of the contour the normal is directed to the center of the
foil.
Remark 2. In the case of a fixed foil (żc = 0) and a fixed source with constant strength
(żq = 0, q̇ = 0) the force acting on the foil is always directed to the source and does not depend
on the sign of q. This paradox of the model of an ideal fluid was first discovered in the classical
work [47].
Equations of motion. In the case where the strength q is a given function of time only, the
force acting on the foil will be potential. In this case, the equations of motion of the center of
mass of the foil can be represented in the canonical Hamiltonian form
ẋc =

∂H
,
∂px

ṗx = −

∂H
,
∂x

ẏc =

∂H
,
∂py

ṗy = −

∂H
,
∂y

(1.4)

with the Hamiltonian explicitly depending on time



A(p2x + p2y ) ρR2 q
ρq 2
R2
2
H=
xs ẋq + ys ẏq − ρR q̇ ln |zs | +
.
−
ln 1 −
2
|zs |2
4π
|zs |2

(1.5)
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Here, m is the mass of the unit of length of the cylinder, A−1 = m + ρπR2 is the sum of the
inertial and added masses of the foil, and px = A−1 vx and py = A−1 vy are the projections of the
linear momentum of the foil + fluid system onto the axes Ox and Oy, respectively. The equations
of motion (1.4) can be explicitly written as


 2
ρR2
2
2
2
2
2
˙
2πqh Re zq zs − 2h |zs | q̇πxs − q |zs | xs ,
ẋc = Apx , ṗx =
2πh2 |zs |4


(1.6)
 2
ρR2
2
2
2
2
2
˙
2πqh Im zq zs − 2h |zs | q̇πys − q |zs | ys .
ẏc = Apy , ṗy =
2πh2 |zs |4
Below we consider the motion of a circular foil in the field of a fixed source with constant
and variable strength.
§ 2. Stability of the circular motion of the foil
Fixed source of constant strength. Consider the motion of a cylinder in the field of a fixed
source of constant strength (żq = 0, q̇ = 0). Due to the arbitrariness of the choice of the origin of
the coordinate system Oxy we can assume that the source is located at the point zq = 0. In this
case, it is more convenient to describe the position of the foil relative to the source by the polar
coordinates
p
s = |zc | = x2c + yc2 , ϑ = arg zc , s ∈ (R, +∞), ϑ ∈ [−π, π).
(2.1)
We define the generalized momenta corresponding to the coordinates s, ϑ as
ps = A−1 ṡ,

pϑ = A−1 s2 ϑ̇.

(2.2)

The Poisson bracket of the new variables (2.1), (2.2) remains canonical and the Hamiltonian (1.5)
takes the form




A 2 p2ϑ
ρq 2
R2
H=
p +
+
(2.3)
ln 1 − 2 .
2 s s2
4π
s
Since the Hamiltonian (2.3) does not depend on the variable ϑ, the generalized (angular)
momentum pϑ is preserved along the trajectories of the system [1, 50]. Thus, the system under
consideration admits the angular momentum integral
F = pϑ .

(2.4)

On the fixed level set F = f of the integral (2.4) the equations of motion reduce to a system with
one degree of freedom
ṡ =

∂H
∂ps

= Aps ,
pϑ =f

ṗs = −

∂H
∂s

=
pϑ =f

ρR2 q 2
Af 2
.
−
s3
2πs(s2 − R2 )

(2.5)

We note that, to reconstruct the motion of the foil on the plane (x, y), we need to supplement
equations (2.5) with the quadrature
ϑ(t) = ϑ(0) + Af

Z

t
0

dτ
s2 (τ )

.
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It is easy to show that, when |f | > |q|R
s = R|f |

s

r

ρ
, equations (2.5) possess the saddle fixed point
2πA

2πA
,
2πAf 2 − ρq 2 R2

ps = 0.

(2.6)

The trajectory of the geometric center of the foil on the plane (x, y), which corresponds to the
fixed point (2.6), is the circle




Af
Af
(2.7)
x(t) = xq + s0 cos ϑ(0) + 2 t , y(t) = yq + s0 sin ϑ(0) + 2 t .
s0
s0
We shall call this motion circular. Next, we address the question of its stabilization.
Fixed source of variable strength. It turns out that the unstable circular motion described
above can be stabilized by controlling the intensity of the source via feedback.
As in the previous case, we will specify the position of the foil relative to the source by the
polar coordinates (2.1), which correspond to the generalized momenta (2.2). In this case, the
Hamiltonian (1.5) becomes




A 2 p2ϑ
ρq 2
R2
H=
ps + 2 +
ln 1 − 2 − ρR2 q̇ ln s.
2
s
4π
s
It is easy to see that, when q̇ 6= 0, the system also admits the angular momentum integral (2.4).
The equations of motion on the fixed level set F = f of the integral (2.4) take the form
ṡ = Aps ,

ṗs =

ρR2 q 2
ρR2 q̇
Af 2
−
+
.
s3
2πs(s2 − R2 )
s

(2.8)

As control it is convenient to choose the derivative q̇ since this quantity appears in equation
(2.8) linearly. To prove the controllability and synthesis of feedback, it is convenient to make the
following change of variables:
s = s,

ps =

P
.
s

(2.9)

Taking the change of variables (2.9) into account, equations (2.8) take the form
ṡ =

AP
,
s

Ṗ =

A(P 2 + f 2 )
ρR2 q 2
−
+ ρR2 u,
s2
2π(s2 − R2 )

q̇ = u,

(2.10)

where u is the control action. The phase space of the controlled system (2.10) is threedimensional. We denote it by Q = {(s, P, q) | s > R}.
In the absence of control (u = 0) the system (2.10) admits a one-parameter family of fixed
points
s
2πA
s = s0 = R|f |
, P = 0, q = q0 ,
(2.11)
2πAf 2 − ρq02 R2
where q0 is the parameter that satisfies the following inequality:
s
|f | 2πA
.
0 < |q0 | <
R
ρ
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We carry out an analysis of the controllability and a synthesis of feedback by analogy with
[44]. For this we fix the quantity q0 and linearize equations (2.10) in a neighborhood of the
corresponding fixed point of the family (2.11):
ẇ = Jw + bu,


0 α 0
δs
w = δP  , J = β 0 γ  ,
0 0 0
δq
A
2Af 2
ρR2 s0 q02
α= , β=− 3 +
,
s0
s0
π(s20 − R2 )2








(2.12)

0

b = ρR2  ,
1
ρR2 q0
γ=−
.
π(s20 − R2 )

Here, the components of the vector w define the deviation from the fixed point (s0 , 0, q0 ).
The Jacobian J possesses the following set of eigenvalues and right-handed eigenvectors:
p
p
λ1 = 0, λ2 = αβ, λ3 = − αβ,


 


α
α
−γ
√
√
(2.13)
e1 =  0  , e2 =  αβ  , e3 = − αβ  .
β
0
0

We note that the eigenvalues λ2 and λ3 are real and the zero eigenvalue λ1 corresponds to a shift
in the parameter q0 of the family of fixed points (2.11).
Since the system (2.12) is a linear system with constant coefficients, its controllability can be
investigated on the basis of the Kalman criterion [25]. According to this criterion, the system
(2.12) will be completely controllable if the following condition is satisfied:
det kb, Jb, J2 bk =

2ρ2 q02 A2 f 2 R4 (2mAf 2 + ρ2 R4 q02 )
6= 0.
s50 (s20 − R2 )2 (2πAf 2 − ρR2 q02 )2

(2.14)

It can be seen from the expression (2.14) that the linearized system is completely controllable.
Thus, it turns out to be possible to construct a control that leads the system (2.12) to a zero
solution.
We will construct a control via feedback in the form of a linear combination of deviations δs,
δP, δq:
u = f T · w,

f = (f1 , f2 , f3 )T = const .

(2.15)

Substituting the expression (2.15) into equation (2.12), we obtain
ẇ = Jf w,

Jf = J + b · f T .

(2.16)

It can be seen from equations (2.16) that, to stabilize the zero solution, it is necesary to choose the
coefficients fi (i = 1, 2, 3) in such a way that all eigenvalues of the matrix Jf have a negative
real part. In this case, the zero solution to the system (2.12) becomes asymptotically stable and
the solution (2.7) to the initial system (1.6) becomes a limit cycle.
In the general case, the eigenvalues of the matrix Jf are given by cumbersome expressions.
Nevertheless, their analysis can be performed in some special cases. For this, it is convenient to
pass to the basis of the eigenvectors of the matrix J by making the following change of variables:
y = K−1 w,
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where K is the matrix whose columns are the eigenvectors (2.13). Then equations (2.16) take the
form
Ω = Λ+e
b · gT ,
Λ = diag (λ1 , λ2 , λ3 ), e
b = K−1 b, g T = f T K.
ẏ = Ωy,

Remark 3. It is easy to show that the following inequalities hold for the components of the
vector e
b:
eb1 > 0,

eb2 (−q0 ) = −eb3 (q0 ),

eb2 (q0 )q0 < 0,

eb3 (q0 )q0 < 0,

eb2 > eb3 .

(2.17)

Let us consider special cases where one of the coefficients gi (i = 1, 2, 3) is zero.
1. When g1 = 0, the matrix Jf possesses the following set of eigenvalues:


q
1 e
µ1 = 0, µ2,3 =
b2 g2 + eb3 g3 ± (eb2 g2 + eb3 g3 )2 + 4λ2 (eb2 g2 − eb3 g3 + λ2 ) .
2

Thus, when g1 = 0, the eigenvalue µ1 of the matrix Jf is zero, i.e., feedback does not
ensure the asymptotic stabilization of the zero solution to equations (2.16).

2. When g2 = 0, the matrix Jf possesses the following set of eigenvalues:


q
1 e
b1 g1 + eb3 g3 − λ2 ± (eb1 g1 + eb3 g3 )2 + λ2 (2eb1 g1 − 2eb3 g3 + λ2 ) .
µ1 = λ2 , µ2,3 =
2

It is obvious that, when g2 = 0, the eigenvalue µ1 of the matrix Jf is positive. Thus,
feedback does not ensure the asymptotic stabilization of the zero solution to equations (2.16)
either.

3. When g3 = 0, the matrix Jf possesses the following set of eigenvalues:


q
1 e
eb1 g1 + eb2 g2 + λ2 )2 − 4eb1 g1 λ2 .
b1 g1 + eb2 g2 + λ2 ±
µ1 = λ3 , µ2,3 =
2

(2.18)

It follows from (2.18) that the eigenvalue µ1 is always negative. According to the expressions for µ2,3 and to inequalities (2.17), the real part of the eigenvalues µ2,3 will be negative
if the coefficients g1 , g2 satisfy the following inequality:
eb1 g1 + eb2 g2 + λ2 < 0.

Coming back to the initial basis and to the initial variables, we obtain the following feedback:


g2
g2 γ
g2
g1
(s − s0 ) + √ sps +
+
u=
(q − q0 ).
(2.19)
2α
β
2αβ
2 αβ
The control (2.19) was constructed using linearized equations and, with q0 given, guarantees the
stabilization of the fixed point (2.6) only for small deviations from it. Nonetheless, numerical
experiments show that the feedback (2.19) makes it possible to stabilize the circular motion of
the foil even with large deviations.
We investigate numerically the behavior of the system with the feedback (2.19) depending on
the initial conditions with the following parameter values:
m = 1,

R = 1,

ρ = 1,

q0 = 1,

f = 1,

g1 = 0.8,

g2 = 3.

(2.20)
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Figure 2: Sections of the domain of attraction for different values of q(0) and the parameter
values (2.20). The black marker in panel (b) denotes a fixed point.
Figure 2 shows the domains of attraction to the fixed point (white), domains of attraction to the
source (gray) and the domains of realization of noncompact trajectories (black) for different initial
intensity values of the source q(0) on the plane of initial conditions (s(0), ps (0)).
For the parameter values (2.20) the eigenmatrices Jf have the following eigenvalues:
µ1 ≈ −0.0837,

µ2,3 ≈ −0.5708 ± 1.0108i.

Since two eigenvalues have a nonzero imaginary part, the process of stabilization can be accompanied by oscillations of the values of the phase variables (see Fig. 3).

Figure 3: Change in the phase variables s, ps , q for the parameter values (2.20) and the initial
conditions s(0) = 2, ps (0) = −1.2, q(0) = −1
We note that, by a suitable choice of the coefficients g1 , g2 , one can achieve an oscillation-free
process of stabilization (see Fig. 4).
§ 3. Conclusion
To conclude, we point out a number of open problems:
1. Bifurcation analysis of dynamics in the case of a fixed source of constant strength.
2. Construction of feedback which ensures expansion of the domain of attraction to a fixed
point.
3. Generalization of the model to the case of an arbitrary number of sources and vortex
sources.
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Figure 4: Change in the phase variables s, ps , q for the parameter values m = 1, R = 1, ρ = 1,
q0 = 1, f = 1, g1 = 0.7, g2 = 3 and the initial conditions s(0) = 2, ps (0) = −1.2, q(0) = −1.
The matrix Jf possesses the following set of eigenvalues µ1 ≈ −0.0837, µ2 ≈ −2.7208,
µ3 ≈ −0.4333
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Рассмотрено движение кругового цилиндра в идеальной жидкости в поле неподвижного источника.
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