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Introduction

Let M be a smooth connected non-compact Riemannian manifold, ∆ be the Laplace–Beltrami

operator on M . We consider the following semilinear elliptic equation on M :

Lu = ∆u− g(x, u) = 0, (0.1)

where g(x, u) is a Lipschitz function, not identical to zero on M × R with several structural

conditions, which will be stated later.

The origins of the topic relate to the classification theory of two dimensional Riemannian

non-compact surfaces and manifolds. A distinctive property of parabolic type surfaces is the

fulfillment of the Liouville type theorem, which claims that any positive superharmonic function

on these surfaces is constant. This property of surfaces was later taken as a definition of parabolic

type manifolds.

Numerous articles are dedicated to obtaining conditions under which a manifold has parabolic

type in terms of volume of geodesic balls, area section, sectional curvature, Ricci curvature,

capacity and etc. One of the first geometric results in this direction is the famous theorem of

S.Y. Cheng and S.T. Yau [2] which states that a complete Riemannian manifold has the parabolic

type if volume of the geodesic ball with the radius R grows not faster than R2 as R → ∞.

The capacitive technique showed high efficiency in the classification theory of non-compact

Riemannian manifolds (see, for example, [3,9,11]). In particular, in the work [4] A.A. Grigor’yan

proved that parabolicity is equivalent to the fact that the variational capacity of any (some)

compact set is equal to zero. A general overview of this matter can be found in [3, 16].

The problems of the existence of nontrivial harmonic and subharmonic functions naturally lead

to theorems of the Liouville type, which are the most popular part of the topic under consideration.

Dozens of mathematical papers are devoted to these questions. However, quite a few exact results

have been obtained; as a rule, necessary or sufficient conditions for the triviality of various classes

of solutions of differential equations are published.

The classic Liouville theorem claims that any bounded harmonic function in R
n is identically

constant. A more general approach to the theorems of Liouville type has been developed recently.

https://doi.org/10.35634/vm210407
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Namely, let L be an elliptic operator on M , A be some functional class. We say that M possesses

(A,L)-Liouville property if any solution (subsolution) of the equation

Lu = 0

from class A is constant. In the case if L is a linear operator, then there is a point in raising

question about dimension of the solution space of this equation.

Many works are devoted to these questions. They consider different sets A (bounded, positive,

summable, having a finite energy integral, etc.) of solutions of linear and quasilinear elliptic

equations and inequalities [8, 17, 19].

A vast number of works are devoted to the study of solutions of elliptic equations on Rie-

mannian manifolds with a finite number of ends, see [11,12]. Let M be a complete non-compact

Riemannian manifold. We say that an open set E ⊂ M is an end if it is connected, not bounded,

and its boundary ∂E is a compact set. We say that M is a manifold with ends if M can be

represented as a union of a compact set and a finite number of disjoint ends.

In the overwhelming majority of articles, the ends of the parabolic and hyperbolic types are

distinguished. Note that the end E has the hyperbolic type if and only if there is a nontrivial

harmonic function v on E such that 0 ≤ v < 1 and v|∂E = 0. Such a function v is usually called

the equilibrium potential of E.

However, the limitation on the structure of manifolds with ends is rather strict. Developing

the capacitive approach, A. Grigor’yan in [3] introduced the concept of massive (D-massive) set.

Using this concept A. Grigor’yan obtained an exact estimate of dimension of spaces of bounded

harmonic functions (with a finite Dirichlet integral) on arbitrary non-compact Riemannian mani-

folds.

Later, A. Grigor’yan and A. Losev [6] obtained an estimate of the dimension of spaces of

bounded solutions of the stationary Schrödinger equation

∆u− q(x)u = 0 (0.2)

using the concept of q-massive sets, here q(x) ≥ 0 is a smooth function. Namely results of [6,13]

can be joined in the following theorem.

Theorem 1 (see [6, 13]). The dimension of the space of bounded solutions of the stationary

Schródinger equation (with a finite Dirichlet integral) is not less than m ≥ 1 if and only if M

contains m pairwise disjoint q-massive (qD-massive) subsets.

In recent years, a fairly large number of researches have appeared on Liouville type theo-

rems, as well as the solvability of various boundary value problems for semilinear equations and

inequalities on non-compact Riemannian manifolds [1, 7, 14, 18].

For example, E.A. Mazepa [15] proved that a manifold has only trivial bounded solutions of

equation (0.1) if and only if the manifold has only trivial bounded solutions of equation (0.2)

with q(x) = 1. We should note that the last theorem is valid only under the condition that there

is a constant A > 0 such a as Ag(x, ξ) ≥ ξ for all ξ ≥ 0, we do not imply such condition in this

article.

The main aim of this paper is to obtain Liouville type theorems for solutions of equations (0.1)

and (0.2).

§ 1. Massive sets

Let M be a non-compact Riemannian manifold. Let g(x, ξ) from (0.1) be a Lipschitz function

on M × R, not identically zero, which satisfies the following conditions:

• g(x,−ξ) = −g(x, ξ);



A. G. Losev, V. V. Filatov 631

• g(x, ξ1) ≥ g(x, ξ2), ∀ξ1, ξ2 : ξ1 > ξ2.

We need the following definition.

Definition 1. Let Ω ⊂ M be an open set, i.e., Ω 6= M . We will call a continuous function u

on Ω a subsolution of the semilinear equation (0.1) if for any precompact set G ⊂ Ω and any

solution v of (0.1) in G such as v∂G = u∂G inequality u ≤ v holds in G.

We will need the following properties of the solutions and subsolutions of semilinear equa-

tion (0.1).

Lemma 1 (Comparison principle, see [15]). Let Ω ⊂ M be a precompact set. If functions

u, v ∈ C2(Ω) ∩ C(Ω) satisfy the inequalities

∆u ≥ g(x, u), ∆v ≤ g(x, v), u|∂Ω ≤ v∂Ω,

then u ≤ v in Ω.

Corollary 1. Let Ω ⊂ M be a precompact set. If a function u ∈ C2(Ω) ∩ C(Ω) satisfies the

inequality

∆u− g(x, u) ≥ 0

in Ω, then u is a subsolution of the semilinear equation (0.1).

Lemma 2 (Maximum principle, see [15]). Let Ω ⊂ M be a precompact set. If function u ∈
∈ C2(Ω) ∩ C(Ω) satisfies the inequality ∆u− g(x, u) ≥ 0 (∆u− g(x, u) ≤ 0) in Ω then

sup
Ω

u ≤ sup
Ω

u+ (inf
Ω

u ≥ inf
∂Ω

u−).

In case if u is a solution of (0.1), then

sup
Ω

|u| = sup
∂Ω

|u|.

Lemma 3 (see [15, Lemma 1]). Let G ⊂ M be an arbitrary precompact open set and {φk}
∞
k=1

be a uniformly bounded family of solutions of equation (0.1), φk ∈ C2,α(G). Then the functional

family {φk}
∞
k=1 is a compact set as well as families of its first and second derivatives on any

compact subset G′ ⊂ G.

Now we state the definition of L-massive sets.

Definition 2. Let Ω ⊂ M and L be an open proper set. We will call Ω L-massive if there is

a subsolution of (0.1) on M such that u = 0 on M \ Ω and 0 ≤ u ≤ 1. We will refer to such a

function as inner potential of Ω.

It is obliviously from the maximum principle that any L-massive set is non-compact. Also,

L-massive sets have the following property.

Lemma 4 (see [13]). Let Ω1 ⊂ Ω2 are proper open subsets of M . If Ω1 is L-massive then Ω2

is also L-massive. In the case if Ω2 \ Ω1 is a compact set and Ω2 is L-massive, then Ω1 is also

L-massive.

Lemma 5 (see [13]). On the manifold M , there exists a nontrivial bounded solution of (0.1)

if and only if there is an L-massive set on M .

The proofs can be found, for example, in [13].
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§ 2. Liouville type theorem for solutions of semilinear equation on non-compact

Riemannian manifolds

Let Ω be an open subset of M , {Bk}
∞
k=1 be a smooth exhaustion of M , i.e., a sequence of

precompact open subsets of M such that Bk ⊂ Bk+1, M =
∞
⋃

k=1

Bk and uk be a solution to the

following Dirichlet problem in Ω ∩Bk:






∆uk − g(x, uk) = 0, x ∈ Ω ∩ Bk;
u = 0, x ∈ ∂Ω ∩ Bk;
u = 1, x ∈ Ω ∩ ∂Bk.

.

The sequence of functions {uk}
∞
k=1 decreases and is bounded by the maximum principle

(Lemma 2). Let us show that it indeed decreases. Considering uk and uk+1 on Bk, we get

that uk|∂Ω∩Bk
= uk+1|∂Ω∩Bk

= 0 and uk|Ω∩∂Bk
= 1 ≥ uk+1|Ω∩∂Bk

; thus, by the comparison

principle (Lemma 1), we get that uk ≥ uk+1 in Bk.

Definition 3. The limit function uΩ = lim
k→∞

uk will called a L-harmonic measure of the set Ω.

In the case Ω = M , the function LM ≡ uM is called the a Liouville function associated with

equation (0.1) of the manifold M .

We should notice that, from Lemma 3, we get that ∆uΩ − g(x, uΩ) = 0. Obviously, by virtue

of the maximum principle in the case of precompact Ω, we have uΩ ≡ 0. The Liouville function

associated with the stationary Schródinger equation (0.2) was used in [5] and [6].

Theorem 2. The Liouville function associated with (0.1) of the manifold M is identical zero if,

and only if for any Ω ⊂ M , the harmonic measure uΩ ≡ 0.

P r o o f. Let LM ≡ 0 and uk be a solution to the following Dirichlet problem in Bk:
{

∆uk − g(x, uk) = 0, x ∈ Bk,

uk|∂Bk
= 1.

We have that LM = lim
k→∞

uk ≡ 0 by our assumption.

Now let u′
k be a solution to the following Dirichlet problem in Ω ∩ Bk:







∆u′
k − g(x, u′

k) = 0, x ∈ Ω ∩ Bk;
u′
k = 0, x ∈ ∂Ω ∩Bk;

u′
k = 1, x ∈ Ω ∩ ∂Bk.

Taking into account the maximum principle, we get that 0 ≤ uk ≤ 1, x ∈ Bk ∩ Ω. It follows that

0 ≤ u′
k ≤ uk in (∂Ω∩Bk)∪ (∂Bk ∩Ω). It follows from the maximum principle that 0 ≤ u′

k ≤ uk

in Ω ∩ Bk. Passing to the limit as k → ∞, we obtain that 0 ≤ uΩ ≤ LM ≡ 0 in Ω, whence the

required result follows.

Now we prove the other part of the theorem, by supposing the opposite. We get that every

harmonic measure is uΩ ≡ 0, but the Liouville function is not trivial. According to Lemma 5, we

got that there is a massive set Ω, let v be its inner potential. Constructing harmonic measure of Ω






∆uk − g(x, uk) = 0, x ∈ Ω ∩ Bk;
u = 0, x ∈ ∂Ω ∩Bk;
u = 1, x ∈ Ω ∩ ∂Bk.

we got that uk ≥ v in Ω ∩ Bk (according to the comparison principle). Passing to limit k → ∞,

we get that uΩ ≥ v and v is nontrivial, but then uΩ is also non-trivial. We got contradiction,

which proves the theorem. Q.E.D. �
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Theorem 3. If the Liouville function associated with (0.1) of the manifold M is identically

zero, then every bounded solution of the semilinear equation (0.1) is identically zero.

P r o o f. Suppose the opposite, i.e., that, on M , there exists a nontrivial, bounded solution to

the equation ∆u− g(x, u) = 0. Then, according to Lemma 5, there is a L-massive subset of M ;

we denote it by Ω, and v is the inner potential of Ω. Without loss of generality, we can assume

that 0 ≤ v ≤ 1.
Let uk be a solution to the following Dirichlet problem in Ω ∩ Bk:







∆uk − g(x, uk) = 0, x ∈ Ω ∩ Bk;
uk = 0 = v, x ∈ ∂Ω ∩ Bk;
uk = v, x ∈ Ω ∩ ∂Bk.

Taking into account that v is a nontrivial subsolution of the semilinear equation, we obtain

v ≤ uk ≤ 1 in Ω ∩ Bk.

Now let u′
k be a solution to the following Dirichlet problem in Ω ∩ Bk:







∆u′
k − g(x, u′

k) = 0, x ∈ Ω ∩ Bk;
u′
k = 0, x ∈ ∂Ω ∩Bk;

u′
k = 1, x ∈ Ω ∩ ∂Bk.

Using the comparison principle, we get that 0 ≤ uk ≤ u′
k in Ω ∩ Bk. Since LM ≡ 0, then

according the Theorem 1, we conclude that lim
k→∞

u′
k = uΩ ≡ 0, as a consequence lim

k→∞
uk ≡ 0.

However, uk ≥ v, where v is a nontrivial subsolution of the semilinear equation. We got a

contradiction, which proves the theorem. Q.E.D. �

Remark 1. We should note that, obviously, if any bounded solution of (0.1) is zero, then

LM ≡ 0.

Remark 2. These theorems generalize the corresponding results of S. A. Korolkov [10] for the

case of solutions of (0.2).

§ 3. Capacity characteristics and the Liouville type theorems for solutions of stationary

Schrödinger equation

In this part of the article we will consider only solutions of the stationary Schrodinger equa-

tion (0.2). We will remind potential theory of harmonic functions on manifolds (see [3]).

Let Ω ⊂ M be an open set and B be a compact set in Ω. We will call the pair (B,Ω) the

capacitor and define its capacity by

cap(B,Ω) = inf
φ∈L(B,Ω)

∫

Ω\B

|∇φ|2 dx,

where L(B,Ω) is a set of locally Lipschitz functions φ on M with a compact support in Ω, such

that 0 ≤ φ ≤ 1 and φ|B = 1. Let {Bk}
∞
k=1 be a smooth exhaustion of M. The capacity of compact

B will be defined

cap(B) := lim
k→∞

cap(B,Bk).

It is easy to prove using the Dirichlet principle (see [13]) that the infimum in definition of capacity

is reached at function φ = u, which is the solution to the following Dirichlet problem in Ω \B:






∆u = 0,
u|∂B = 1,
u|∂Ω = 0,
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and, as a consequence,

cap(B,Ω) =

∫

Ω\B

|∇u|2dx.

Such a function u is called an equilibrium potential of capacitor (B,Ω).
A. Grigor’yan [3] proved that the capacity of some (any) compact set is equal to zero if and

only if the manifold has the parabolic type. If we use similar approach and define the capacity

associated with equation (0.2) by

cap(B,Ω) = inf
φ∈L(B,Ω)

∫

Ω\B

|∇φ|2 + q(x)φ2dx,

then such a capacity will have properties corresponding to the properties of the capacity associated

with harmonic functions, but it is impossible to obtain the Liouville type theorem for solutions

of (0.1) due to the fact that such a capacity will always be positive. Moreover S.A. Korolkov

and A.G. Losev [11] proved that the dimension of the space of bounded solutions of (0.2) on

manifolds with ends is not less than l, where l is the number of ends of the hyperbolic type.

We obtain such Liouville theorem but with the different approach to the capacity. Let B be

a compact set and {Bk}
∞
k=1 be a smooth exhaustion of M . Without loss of generality, we can

assume that B ⊂ Bk. Let us consider solutions of the following Dirichlet problems in Bk:







∆hk − q(x)hk = 0,
hk|∂B = 1,
hk|∂Bk

= 1.

Sequence hk is monotonically decreasing and, as consequence, there is hB = lim
k→∞

hk; we will

refer to hB as the Liouville function of exterior of the compact set B.

Using the idea, which was introduced in [6], we will consider the following operator:

∆hB
f =

1

h2
B

div(h2
B∇f).

It is simple to obtain that

∆hB
f = ∆f +

2

hB

∇f∇hB.

Definition 4. We will define the capacity of the capacitor (B,Ω) by

cap(B,Ω) = inf
φ∈L(B,Ω)

∫

Ω\B

h2
B|∇φ|2 dx.

Due to the Dirichlet principle (see [13]), the infimum in the definition of the capacity is reached

at the function φ = z which is the solution to the following Dirichlet problem in Ω \B:







∆hB
z = 0,

z|∂B = 1,
z|∂Ω = 0.

It is obvious that cap(B,Ω) is decreasing with enlargment of Ω (and decrease of B); then we can

define the capacity of B by

cap(B) = lim
k→∞

cap(B,Bk).



A. G. Losev, V. V. Filatov 635

Let sk be solutions for the following Dirichlet problems:







∆sk − q(x)sk = 0,
sk|∂B = 1,
sk|∂Bk

= 0.

The sequence sk is monotonically increasing and bounded, we will denote sB = lim
k→∞

sk. From

this point onward, we will use the notation h = hB, s = sB .

Lemma 6. If cap(K) = 0, then s = h.

P r o o f. Let us denote f = s
h
. Now we obtain some equality:

0 = ∆s− q(x)s = ∆(
sh

h
)− q(x)

sh

h
= ∆fh− q(x)(fh) =

= h∆f + 2∇f∇h+ f(∆h− q(x)h) = h∆hf.

Hence, we get that h∆hk
f = 0 and fk is a solution of the equation ∆hfk = 0. Moreover, fk

is the equilibrium potentials of (B,Bk), due to the fact that ∆hK
fk = 0 and f |∂B = 1, f |∂Bk

= 0.
And if cap(K) = 0, then f = 1, which is equal to s = h. Q.E.D. �

Theorem 4. The Liouville function associated with (0.2) LM ≡ 0 if and only for any compact

set K its capacity cap(K) = 0.

P r o o f. Let LM ≡ 0. We will consider tk = hk − sk. It is obvious that tk is the solution

of (0.2) in Bk \ B and tk|∂B = 0, tk|∂Bk
= 1. Thus, we get by definition that t = lim

k→∞
tk is the

harmonic measure of M \ B. Since LM ≡ 0, then, according to Theorem 2, we also get that

t ≡ 0.
Let cap(B) = 0 for any compact set B. Supposing the opposite we get that there is a nontrivial

LM , which according, to Theorem 2, is equal to the existence of Ω ⊂ M with nontrivial harmonic

measure uΩ. As it was shown earlier, we get that uΩ = hΩ− sΩ, and since uΩ 6= 0, then sΩ 6= hΩ,

which equals to cap(Ω) > 0. We got contradiction, which proofs the theorem. Q.E.D. �
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Теоремы типа Лиувилля для решений полулинейных уравнений на некомпактных римановых

многообразиях
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В данной работе доказано, что функция Лиувилля, ассоциированная с полулинейным уравнением

∆u − g(x, u) = 0, тождественна нулю, тогда и только тогда когда существует только тривиальное

ограниченное решение полулинейного уравнения на некомпактных римановых многообразиях. Этот

результат обобщает соответствующий результат С. А. Королькова в случае стационарного уравнения

Шрёдингера ∆u − q(x)u = 0. Так же введено понятие емкости компакта ассоцированого с ста-

ционарным уравнением Шрёдингера и доказано, что если емкость любого компакта равна нулю,

то функция Лиувилля есть тождественный ноль.

Финансирование. Исследование выполнено при финансовой поддержке РФФИ в рамках научного

проекта № 20-31-90110.
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