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ÊÐÓÃ

Â ñòàòüå ðàçðàáîòàíî ïðèáëèæåííî-àíàëèòè÷åñêîå ðåøåíèå çàäà÷è êîíôîðìíîãî îòîáðàæåíèÿ âíóò-
ðåííèõ òî÷åê ïðîèçâîëüíîãî ìíîãîóãîëüíèêà íà åäèíè÷íûé êðó ã. Íà ïðåäâàðèòåëüíîì ýòàïå çàäà-
÷à êîíôîðìíîãî îòîáðàæåíèÿ ñôîðìóëèðîâàíà â âèäå êðàåâîé çàäà ÷è (çàäà÷à Øâàðöà). Ïîñëåäíÿÿ
ñâåäåíà ê ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ñ ÿäðîì òèïà Êîøè îòíî-
ñèòåëüíî íåèçâåñòíîé êîìïëåêñíîé ôóíêöèè ïëîòíîñòè íà ãðàí èöå îáëàñòè ñ ïîñëåäóþùèì âû÷èñ-
ëåíèåì èíòåãðàëà Êîøè. Ðàçðàáîòàííîå ïðèáëèæåííî-àíàëèòè÷ åñêîå ðåøåíèå îñíîâàíî íà ðàçëî-
æåíèè ÿäðà Êîøè â ñèñòåìå ìíîãî÷ëåíîâ Ëåæàíäðà ïåðâîãî è âòîðî ãî ðîäà. Âûïîëíåíà àïðèîðíàÿ
è àïîñòåðèîðíàÿ îöåíêè ñõîäèìîñòè è òî÷íîñòè çàäàííîãî ðåøåí èÿ. Îïðåäåëåíû ýêñïîíåíöèàëüíàÿ
ñõîäèìîñòü ðåøåíèÿ â L 2 ([0; 1]) è ïîëèíîìèàëüíàÿ â C ([0; 1]). Äëÿ íàãëÿäíîãî ñðàâíåíèÿ ðåçóëüòà-
òèâíîñòè ðàçðàáîòàííîãî ðåøåíèÿ ïðèâåäåíû ðàñ÷åòû íà òåñòîâûõ ïðèìåðàõ.

Êëþ÷åâûå ñëîâà: êîíôîðìíîå îòîáðàæåíèå, ïðîèçâîëüíûé ìíîãîóãîëüíèê, çàäà ÷à Øâàðöà, ëîãàðèô-
ìè÷åñêèé ïîòåíöèàë äâîéíîãî ñëîÿ, êîìïëåêñíàÿ ôóíêöèÿ ïëîò íîñòè, óðàâíåíèå Ôðåäãîëüìà, ìíî-
ãî÷ëåíû Ëåæàíäðà.
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Ââåäåíèå

Ñâîéñòâà êîíôîðìíîãî îòîáðàæåíèÿ [ 1] îáóñëàâëèâàþò åãî øèðîêîå ïðèìåíåíèå â ðå-
øåíèè êðàåâûõ è íà÷àëüíî-êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè [2� 10]. Â ñâÿçè ñ òåì, ÷òî
ëþáóþ îáëàñòü íà ïëîñêîñòè ìîæíî àïïðîêñèìèðîâàòü ìíîãîóã îëüíîé îáëàñòüþ, â òåîðèè
ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî â îòäåëüíûé êëàññ âûäåëÿþò çàäà÷è ïðÿìîãî è îá-
ðàòíîãî êîíôîðìíîãî îòîáðàæåíèÿ ìíîãîóãîëüíèêà íà êàíîíè ÷åñêóþ îáëàñòü [7, 11]. Ðå-
øåíèå çàäà÷è ïðÿìîãî êîíôîðìíîãî îòîáðàæåíèÿ ìíîãîóãîëüíè êà èçâåñòíî è îñóùåñòâëÿ-
åòñÿ ïóòåì âû÷èñëåíèÿ èíòåãðàëà Êðèñòîôôåëÿ�Øâàðöà [1, 10]. Îñîáåííîñòü ïîäîáíîãî
ðåøåíèÿ ñîñòîèò â íåîáõîäèìîñòè îïðåäåëåíèÿ íåèçâåñòíûõ à êöåññîðíûõ ïàðàìåòðîâ, äëÿ
íàõîæäåíèÿ êîòîðûõ Ôèëü÷àêîâûì Ï. Ô., Trefethen L. N., Drisc oll T. A., Êóôàðåâûì Ï. Ï.,
Õàðîì È. Ñ., Êîïïåíôåëüñåì Â. è äð. [ 1, 11] ðàçðàáîòàí ðÿä ýôôåêòèâíûõ ìåòîäîâ. Îá-
ðàòíàÿ çàäà÷à êîíôîðìíîãî îòîáðàæåíèÿ ìíîãîóãîëüíèêà ðåø àåòñÿ ñ ïðèìåíåíèåì ÷èñëåí-
íûõ [ 1,9,12,13] è ÷èñëåííî-àíàëèòè÷åñêèõ [7,14] ìåòîäîâ. Îáùèå íåäîñòàòêè äàííûõ ìåòî-
äîâ çàêëþ÷àþòñÿ: â îãðàíè÷åíèè íà ïðèìåíåíèå îòíîñèòåëüíî ï ðîèçâîëüíûõ ìíîãîóãîëü-
íèêîâ; ñíèæåíèè âû÷èñëèòåëüíîé óñòîé÷èâîñòè è ñõîäèìîñòè ïð è ðåøåíèè çàäà÷è êîí-
ôîðìíîãî îòîáðàæåíèÿ âîãíóòûõ ìíîãîóãîëüíèêîâ ñëîæíîé ãå îìåòðè÷åñêîé ôîðìû íà êà-
íîíè÷åñêóþ îáëàñòü; ïðèâÿçêè ê ïðÿìîìó ðåøåíèþ çàäà÷è êîíôîð ìíîãî îòîáðàæåíèÿ. Íàè-
áîëüøèé èíòåðåñ èç ñóùåñòâóþùèõ ìåòîäîâ ïðåäñòàâëÿþò ðåçóëüòàòû ðàáîòû [15], â êîòî-
ðîé îáðàòíàÿ çàäà÷à êîíôîðìíîãî îòîáðàæåíèÿ îäíîñâÿçíîé îá ëàñòè ñ êóñî÷íî-ãëàäêîé ãðà-
íèöåé ñâîäèòñÿ ê ÷èñëåííîìó ðåøåíèþ èíòåãðàëüíîãî óðàâíåíè ÿ îòíîñèòåëüíî íåèçâåñò-
íîé êîìïëåêñíîé ôóíêöèè ïëîòíîñòè ñ ïîñëåäóþùèì âû÷èñëåíèå ì èíòåãðàëà òèïà Êîøè.
Íåäîñòàòîê [ 15] ñîñòîèò â íåâûñîêîé (ïîëèíîìèàëüíîé) ñõîäèìîñòè ÷èñëåííî ãî ðåøåíèÿ
â L2 ([0; 1]) â îòíîøåíèè îáðàòíîé çàäà÷è êîíôîðìíîãî îòîáðàæåíèÿ ìíîãî óãîëüíèêà.
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Öåëü íàñòîÿùåé ñòàòüè ñîñòîèò â ôîðìèðîâàíèè îòíîñèòåëüíî ï ðîñòîãî ïðèáëèæåííî-
àíàëèòè÷åñêîãî ñîîòíîøåíèÿ, ïîçâîëÿþùåãî ýôôåêòèâíî ðåøàòü îáðàòíóþ çàäà÷ó êîí-
ôîðìíîãî îòîáðàæåíèÿ ïðîèçâîëüíîãî ìíîãîóãîëüíèêà íà åäè íè÷íûé êðóã ïðè óñòðàíåíèè
óêàçàííîãî íåäîñòàòêà [15]. Â îñíîâó ôîðìèðóåìîãî ðåøåíèÿ ïîëîæèì ðåçóëüòàòû [ 15,16].

Ÿ 1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì îäíîñâÿçíóþ îáëàñòü 
 � C: 0 2 
 , îãðàíè÷åííóþ êðèâîé � áåç ñàìîïåðå-
ñå÷åíèé ïðè:

� =
N � 1[

j =0

� j ;

ãäå� j � ïðÿìîëèíåéíûé îòðåçîê, ñîåäèíÿþùèé òî÷êè Pj è Pj +1 � âåðøèíû îáëàñòè 
 ïðè
j = 0; N � 1, PN = P0, è äîïóñêàþùèé ñëåäóþùåå ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå [16]

� j = f � j = � j (t) = ej t + Pj ; t 2 [0; 1]g; ej = Pj +1 � Pj :

Îáîçíà÷èì B1 = f w 2 C: jwj < 1g � åäèíè÷íûé êðóã.
Äëÿ îïðåäåëåíèÿ ôóíêöèè w = f (z) = u (z) + iv (z), êîíôîðìíî îòîáðàæàþùåé âíóò-

ðåííèå òî÷êè z = ( x + iy ) 2 
 íà B1 [12,13,15], ñôîðìóëèðóåì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

@u
@x

=
@v
@y

;
@u
@y

= �
@v
@x

; z 2 
;

Re ln
f (z)

z
= � ln j� j (t)j ; z = � j (t) 2 � j ;

(1.1)

ñ ó÷åòîì óñëîâèé íîðìèðîâêè f (0) = 0 , f 0(0) = 
 > 0, ãäå
 2 R.
Îïèðàÿñü íà ðåçóëüòàòû [15], çàäà÷ó Øâàðöà (1.1) ñâåäåì ê ñëåäóþùåìó âèäó.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî äëÿ 
 � C ôóíêöèÿ f (z) = u (z) + iv (z) óäîâëåòâîðÿåò
óñëîâèÿì (1.1), òîãäà f ìîæíî ïðåäñòàâèòü â âèäå

f (z) =
~C0

2�i

N � 1X

j =0

1Z

0

ej � j (t)
� j (t) � z

dt + ~C1; (1.2)

ãäå ~C0; ~C1 � íåêîòîðûå êîìïëåêñíûå ïîñòîÿííûå; � j (t) 2 C óäîâëåòâîðÿåò èíòåãðàëüíî-
ìó óðàâíåíèþ

� � 1
j (t) = � j (t) +

N � 1X

k=0

1Z

0

� k (s) K j;k (t; s) ds: (1.3)

Â âûðàæåíèè (1.3) ÿäðî K j;k (t; s) èíòåãðàëüíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ñîîòíîøåíè-
åì [ 16]:

K j;k (t; s) =

8
<

:
�

1
�

Im
�

ek

ej t + Pj � eks � Pk

�
; j 6= k;

0; j = k:
(1.4)
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Ä î ê à ç à ò å ë ü ñ ò â î. Èç èíòåãðàëüíîé ôîðìóëû Êîøè ñ ó÷åòîì çàäàííîé ïàðàìåò-
ðèçàöèè� ñëåäóåò, ÷òî

f (z) =
1

2�i

N � 1X

j =0

1Z

0

ej � j (t)
� j (t) � z

dt; (1.5)

ãäå� j (t) îïðåäåëÿåò çíà÷åíèÿ f (z) íà � j .
Èçâåñòíî [17], ÷òî åñëè f (x + iy ) = u (x; y) + iv (x; y) � ãîëîìîðôíàÿ ôóíêöèÿ, òî

u è v � ãàðìîíè÷åñêèå ôóíêöèè:

� u = 0; � v = 0: (1.6)

Ñ ó÷åòîì ( 1.1), (1.6) ïðè ïðåäñòàâëåíèè u, v äåéñòâèòåëüíûìè ÷àñòÿìè íåêîòîðûõ êîì-
ïëåêñíûõ ÷èñåë" = u+ i ~u, � = v+ i ~v 2 C, èñïîëüçóÿ òåîðèþ ëîãàðèôìè÷åñêîãî ïîòåíöèàëà
äâîéíîãî ñëîÿ [ 18], îïðåäåëèì ' ,  � çíà÷åíèÿ u, v íà � :

2� j (t) = ' j (t) +
N � 1X

k=0

1Z

0

' k (s) K j;k (t; s) ds;

2	 j (t) =  j (t) +
N � 1X

k=0

1Z

0

 k (s) K j;k (t; s) ds;

(1.7)

ãäå K j;k (t; s) îïðåäåëÿåòñÿ ñîîòíîøåíèåì ( 1.4); � j (t) è 	 j (t) â îáîçíà÷åíèÿõ òåîðåìû
Ñîõîöêîãî�Ïëåìåëÿ [ 19] çàäàþò çíà÷åíèÿ ôóíêöèé u (z) è v (z) âáëèçè� j ïðè z 2 
 .

Ïåðåõîäÿ ê f = u+ iv è ó÷èòûâàÿ îáîçíà÷åíèÿ (1.5), ïåðåïèøåì ( 1.7) â ñëåäóþùåì âèäå

2Fj (t) = � j (t) +
N � 1X

k=0

1Z

0

� k (s) K j;k (t; s) ds; (1.8)

ãäåFj (t) = � j (t) + i 	 j (t); � j (t) = ' j (t) + i j (t).
Äëÿ îïðåäåëåíèÿ Fj (t) (çíà÷åíèå ôóíêöèé f (z) âáëèçè� j ïðè z 2 
 ) èñïîëüçóåì ðå-

çóëüòàòû, ïîëó÷åííûå â [15].
Çàäàâ ðàçëîæåíèå â ðÿä Ëîðàíà ôóíêöèèG (z) = 1 =f (z) â îêðåñòíîñòè òî÷êèz = 0:

G (z) = a� 1z� 1 + a0 + a1z + a2z2 + : : : ;

ñ ó÷åòîì îïðåäåëåíèÿ ìíîãî÷ëåíîâ Ôàáåðà è èçâåñòíîé èç [ 20] âçàèìîñâÿçè ìåæäó ôóíê-
öèÿìè f̂ (z) = 1 =f (1=z) ¾âíåøíåãî¿ f̂ è ¾âíóòðåííåãî¿ f êîíôîðìíîãî îòîáðàæåíèÿ ( f̂ �
ôóíêöèÿ îòîáðàæåíèÿ òî÷åê Cn
 íà âíåøíîñòü B1 ñ óñëîâèÿìè íîðìèðîâêè f̂ (1 ) = 1 ,
f̂ 0(1 ) = 
 > 0), ââåäåì â ðàññìîòðåíèå ôóíêöèþ

(G (z))n = qn (z) + G0
n (z) ; (1.9)

ãäån 2 N; qn (z) =
nP

m=1

am
zm ; G0

n (z) � àíàëèòè÷åñêàÿ â
 ôóíêöèÿ ïðè 1
2�i

R

�

G0
n (� )

� � z d� = 0 äëÿ

z 2 Cn
 .
Äëÿ ââåäåííûõ ïðåäñòàâëåíèé (1.9) èç ëåììû 3.2 â [ 15, ñ. A3720] èçâåñòíî, ÷òî äëÿ

z 2 Cn
 è ôóíêöèè f (z), óäîâëåòâîðÿþùåé ãðàíè÷íîìó óñëîâèþ çàäà÷è ( 1.1) (jf (� )j = 1,
� 2 � ), ñïðàâåäëèâî:

qn (z) = �
1
�

Z

�

(f (� ))n Im
�

d�
� � z

�
; a� 1z� 1 = �

1
�

Z

�

f (� ) Im
�

d�
� � z

�
: (1.10)
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Ïðèíèìàÿ âî âíèìàíèå ( 1.9), (1.10), ââåäåííóþ ïàðàìåòðèçàöèþ � ïðè îáîçíà÷åíèè
~� j (t) = f (� j (t)) è ïðèáëèæåíèè z 2 Cn
 ê ãðàíè÷íîé òî÷êå � 2 � , ïîëó÷èì èíòåãðàëüíîå
óðàâíåíèå:

a� 1� � 1
j (t) = ~� j (t) + 2

N � 1X

k=0

1Z

0

~� k (s) K j;k (t; s) ds: (1.11)

Èç ðåçóëüòàòîâ òåîðåìû 6.24 [21, ñ. 93] èçâåñòíî, ÷òî ôóíêöèÿ � j (t) ÿâëÿåòñÿ ðåøåíèåì
âíåøíåé z 2 Cn
 êðàåâîé çàäà÷è â òåîðèè ëîãàðèôìè÷åñêîãî ïîòåíöèàëà äâîéíîãî ñëîÿ,
åñëè îíà óäîâëåòâîðÿåò èíòåãðàëüíîìó óðàâíåíèþ

a� 1� � 1
j (t) = � j (t) + 2

N � 1X

k=0

1Z

0

� k (s) K j;k (t; s) ds+ 2
N � 1X

k=0

1Z

0

� k (s) ds: (1.12)

Ñîîòíîøåíèÿ ( 1.11), (1.12) îïðåäåëÿþò ñïðàâåäëèâîñòü òîæäåñòâà� j (t) = ~� j (t)+const,
êîòîðîå ïðè èñïîëüçîâàíèè ðåçóëüòàòîâ [ 15, ñ. 9] äëÿ óñëîâèé íîðìèðîâêè f (0) = 0 , f 0(0) =
= 
 > 0 è ââåäåíèè îáîçíà÷åíèÿ � j (t) = 0 :5a� 1

� 1� j (t) � const
4a� 1

ïîçâîëÿþò îïðåäåëèòü Fj (t) =

= a� 1� � 1
j (t) + const è ñâåñòè (1.8) ê âèäó

� � 1
j (t) = � j (t) +

N � 1X

k=0

1Z

0

� k (s) K j;k (t; s) ds; (1.13)

Ïîëó÷åííîå ñîîòíîøåíèå ( 1.13) ñ ó÷åòîì (1.5) ïðè îáîçíà÷åíèè ~C0 = 0:5a� 1
� 1, ~C1 =

= � const
4a� 1

îïðåäåëÿþò ñïðàâåäëèâîñòü (1.2), (1.3), ÷òî è òðåáîâàëîñü äîêàçàòü. �

Êîíñòàíòû ~C0, ~C1 â çàäàííîì ñîîòíîøåíèè ( 1.2) ÿâëÿþòñÿ àêöåññîðíûìè ïàðàìåòðàìè,
îïðåäåëÿþùèìè ïîâîðîò, ðàñòÿæåíèå è ñäâèã îòîáðàæåíèÿ w = f (z), è ìîãóò áûòü îïðå-
äåëåíû àíàëîãè÷íî êîíñòàíòàì â èíòåãðàëå Êðèñòîôôåëÿ�Øâàðö à [7] ïðè óäîâëåòâîðåíèè
óñëîâèÿì íîðìèðîâêè è ãðàíè÷íîìó óñëîâèþ çàäà÷è ( 1.1).

Òàêèì îáðàçîì, çàäà÷à Øâàðöà (1.1) ñâîäèòñÿ ê ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ
Ôðåäãîëüìà âòîðîãî ðîäà ( 1.3) îòíîñèòåëüíî íåèçâåñòíîé êîìïëåêñíîé ôóíêöèè ïëîòíî-
ñòè� j (t) ñ ïîñëåäóþùèì âû÷èñëåíèåì èíòåãðàëà ( 1.2).

Ÿ 2. Ïðåäñòàâëåíèå ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ íåèçâåñòíî é êîìïëåêñíîé ôóíêöèè
ïëîòíîñòè â çàäà÷å Øâàðöà

Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1.3) ñ ó÷åòîì ïîëîæèòåëüíûõ ñâîéñòâ ýêñïîíåíöè-
àëüíî ñõîäÿùåãîñÿ ìåòîäà [ 16] ïðåäïîëàãàåòñÿ âûïîëíèòü ïðè ðàçëîæåíèè ÿäðà K j;k (t; s)
â âèäå:

K j;k (t; s) =
1X

n=0

(2n + 1) � j;k
n (t) Ln (2s � 1) ;

� j;k
n (t) =

8
<

:
�

2
�

Im
�
Qn

�
2

ej t + Rj;k

ek
� 1

� �
; j 6= k;

0; j = k;

(2.1)
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ãäåRj;k = Pj � Pk ; Ln (� ) è Qn (z) � ìíîãî÷ëåíû Ëåæàíäðà ïåðâîãî è âòîðîãî ðîäà ñîîò-
âåòñòâåííî, çàäàâàåìûå ñ ó÷åòîì ñëåäóþùèõ ðåêóððåíòíûõ ñîîòíîøåíèé [ 22]:

L0 (� ) = 1; L0 (� ) = � ; Ln (� ) =
2n � 1

n
�L n� 1 (� ) �

n � 1
n

Ln� 2 (� ) ;

Q0 (z) = arcth(z) ; Q1 (z) = z arcth(z) � 1;

Qn (z) =
2n � 1

n
zQn� 1 (z) �

n � 1
n

Qn� 2 (z) ; � 2 [� 1; 1] ; z 2 C:

(2.2)

Ó÷èòûâàÿ ðàçëîæåíèå (2.1) ÿäðà (1.4), îñíîâíóþ ÷àñòü ïðîåêöèîííîãî ðåøåíèÿ èíòå-
ãðàëüíîãî óðàâíåíèÿ (1.3) ñîñòàâëÿåò çàäà÷à âû÷èñëåíèÿ èíòåãðàëà

1Z

0

� j;k
m (t) Ln (2t � 1) dt = �

1
�

1Z

� 1

Im
�
Qm

�
ej

ek
� +

ej + 2Rj;k

ek
� 1

� �
Ln (� ) d�:

Â [16] ðåøåíèå ýòîé çàäà÷è âûïîëíåíî àíàëèòè÷åñêè ïðè çàäàíèè Ln (� ), Qm (z) ÷åðåç
êîíå÷íûå ñóììû è ãèïåðãåîìåòðè÷åñêèå ôóíêöèè. Ïðèìåíåíèå ïîäîáíîãî ñïîñîáà âû÷èñ-
ëåíèé [16] ïðèâîäèò ê ñíèæåíèþ âû÷èñëèòåëüíîé óñòîé÷èâîñòè ïîñëåäóþ ùåãî ðåøåíèÿ
èíòåãðàëüíîãî óðàâíåíèÿ (1.3). Óêàçàííûé íåäîñòàòîê ïðåäëàãàåòñÿ óñòðàíèòü ñ ïðèìå-
íåíèåì ðåêóððåíòíûõ ñîîòíîøåíèé â çàäà÷è àíàëèòè÷åñêîãî âû ÷èñëåíèÿ èíòåãðàëà âèäà

1R

� 1
Qm (z1� + z2) Ln (� ) d� ïðè z1; z2 2 C. Âûïîëíèì ýòî ðåøåíèå ïðè çàäàíèè ñëåäóþùèõ

ïðåäñòàâëåíèé.
Ó÷èòûâàÿ ðåçóëüòàòû [24] è ïðåäëîæåííûå â [ 23] ïðàâèëà îïðåäåëåíèÿ ïðèñîåäèíåííûõ

ôóíêöèé Ëåæàíäðà L � �
n (� ), Q� �

m (z) ïðè n; m 2 N0, � 2 N, � 2 [� 1; 1], z 2 C, ââåäåì
ñëåäóþùèå ðåêóððåíòíûå îáîçíà÷åíèÿ:

L (0)
n (� ) = Ln (� ) ; L (� )

n (� ) =
dL(� � 1)

n (� )
d�

; L (� � )
n (� ) =

�Z

1

L (� � +1)
n (� ) d� ;

Q(0)
m (z) = Qm (z) ; Q(� )

m (z) =
dQ(� � 1)

m (z)
dz

; Q(� � )
m (z) = ( � 1)�

1Z

z

Q(� � +1)
m (z) dz:

(2.3)

Ïðàâèëî îïðåäåëåíèÿ L (� )
n (� ) ÿâëÿåòñÿ îáùåèçâåñòíûì [22,23] è ñâîäèòñÿ ê ðåêóððåíò-

íîìó âû÷èñëåíèþ

L (� )
0 (� ) =

1
2�

(2� )!
� !

; L (� )
1 (� ) =

�
2� +1

(2� + 2)!
(� + 1)!

;

L (� )
n (� ) =

(2n � 1) �L (� )
n� 1 (� ) � (n � 1 + � ) L (� )

n� 2 (� )
n � �

:

(2.4)

Íåïîñðåäñòâåííûì èíòåãðèðîâàíèåì è èíäóêöèåé ïî � àíàëîãè÷íî [ 24] îïðåäåëèì, ÷òî:

L (� � )
0 (� ) =

(� � 1)�

� !
: (2.5)

Èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ [ 23] �
h
n (n + 1) � � 2

1� � 2

i
L �

n (� ) = d
d�

h
(1 � � 2) dL �

n (� )
d�

i

äëÿ ïðèñîåäèíåííûõ ìíîãî÷ëåíîâ Ëåæàíäðà ïåðâîãî ðîäà L �
n (� ) = ( � 1)� (1 � � 2)

1
2 � L (� )

n (� )
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è òîæäåñòâà [22] L �
n� 1 (� ) � L �

n+1 (� ) = � (2n + 1)
p

1 � � 2L � � 1
n (� ) ñ ó÷åòîì (2.5) ñëåäóåò

ïðàâèëî îïðåäåëåíèÿ L (� � )
n (� ) ïðè n 6= 0:

L (� � )
n (� ) =

8
<

:

(� 1)� (1� � 2) �

(n+ � )! L (� )
n (� ) ; n = � ;

1
2n+1

�
L (� � +1)

n+1 (� ) � L (� � +2)
n� 1 (� )

�
; n 6= �:

(2.6)

Íåïîñðåäñòâåííûì äèôôåðåíöèðîâàíèåì è èíäóêöèåé ïî � çàäàäèì ñëåäóþùèå ñîîò-
íîøåíèÿ:

Q(� )
0 (z) =

(� 1)� � !
2�

�
1

(z � 1)� �
1

(z + 1) �

�
;

Q(� )
1 (z) =

(
z

1� z2 + arcth(z) ; � = 1;
(� 1)� � !
2� (� � 1)

h
� + z

(z+1) � + � � z
(z� 1) �

i
; � > 1;

(2.7)

îòêóäà

Q(� )
m (z) =

(2m � 1) zQ(� )
m� 1 (z) � (m � 1 + � ) Q(� )

m� 2 (z)
m � �

: (2.8)

Äëÿ îïðåäåëåíèÿ ôóíêöèé Q(� � )
m (z) ñ ó÷åòîì îñîáåííîñòåé êîìïëåêñíîãî ëîãàðèô-

ìà [ 22] âû÷èñëèì ñëåäóþùèå íåîïðåäåëåííûå èíòåãðàëû:

Z
Q0 (z) dz =

1
2

�
ln

�
1 � z2

�
+ 2z arcth(z)

�
+ c1

1 =
1
2

�
ln

�
z2 � 1

�
+ 2z arcth(z)

�
+ c1

2;
ZZ

Q0 (z) dz dz=
1
2

�
z ln

�
1 � z2

�
+

�
z2 + 1

�
arcth(z) � z

�
+ zc1

1 + c2
1 =

=
1
2

�
z ln

�
z2 � 1

�
+

�
z2 + 1

�
arcth(z) � z

�
+ zc1

2 + c2
2;

Q(� 1)
1 (z) =

� (1 � z2)
2

Q(1)
1 =

(z2 � 1)
2

�
arcth(z) �

z
z2 � 1

�
;

ZZ
Q1 (z) dz dz=

Z
Q(� 1)

1 (z) dz =
1
6

��
z3 � 3z

�
arcth(z) � ln

�
1 � z2

�
� z2

�
+ c3

1 =

=
Z

Q(� 1)
1 (z) dz =

1
6

��
z3 � 3z

�
arcth(z) � ln

�
z2 � 1

�
� z2

�
+ c3

2;

(2.9)

ãäåc1
1, c1

2, c2
1, c2

2, c3
1, c3

2 � íåêîòîðûå ïîñòîÿííûå.

Ó÷èòûâàÿ (2.9), ââåäåì â ðàññìîòðåíèå ôóíêöèè Q0(� )
m (z) è Q00(� )

m (z), êîòîðûå ñîãëàñ-
íî ( 2.2) óäîâëåòâîðÿþò äèôôåðåíöèàëüíîìó óðàâíåíèþ [ 23]

d
dz

�
�
1 � z2

� dQ�
m (z)
dz

�
= �

�
m (m + 1) �

� 2

1 � z2

�
Q�

m (z)

äëÿ ïðèñîåäèíåííûõ ìíîãî÷ëåíîâ Ëåæàíäðà âòîðîãî ðîäà Q�
m (z) = ( z2 � 1)

1
2 � Q(� )

m (z) ïðè
îïðåäåëåíèè ÷åðåç ðåêóððåíòíûå ñîîòíîøåíèÿ Q0(� )

m (z):
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Q0(� 1)
0 (z) =

1
2

�
ln

�
1 � z2

�
+ 2z arcth(z)

�
;

Q0(� 2)
0 (z) =

1
2

�
z ln

�
1 � z2

�
+

�
z2 + 1

�
arcth(z) � z

�
;

Q0(� � )
0 (z) =

2z (1 � � ) Q0(� � +1)
0 (z) � (1 � z2) Q0(� � +2)

0 (z)
� (1 � � )

�
z� � 1

� ! (� � 1)
;

Q0(� 2)
1 (z) =

1
6

�
�
z3 � 3z

�
arcth(z) � ln

�
1 � z2

�
� z2 +

2
3

�
;

Q0(� � )
m (z) =

8
<

:

(� 1)� (1� z2) �

(m+ � )! Q(� )
m (z) ; m = � ;

1
2m+1

�
Q0(� � +1)

m+1 (z) � Q0(� � +2)
m� 1 (z)

�
; m 6= �;

(2.10)

è Q00(m)
n (z):

Q00(� 1)
0 (z) =

1
2

�
ln

�
z2 � 1

�
+ 2z arcth(z)

�
;

Q00(� 2)
0 (z) =

1
2

�
z ln

�
z2 � 1

�
+

�
z2 + 1

�
arcth(z) � z

�
;

Q00(� � )
0 (z) =

2z (1 � � ) Q00(� � +1)
0 (z) � (1 � z2) Q00(� � +2)

0 (z)
� (1 � � )

�
z� � 1

� ! (� � 1)
;

Q00(� 2)
1 (z) =

1
6

�
�
z3 � 3z

�
arcth(z) � ln

�
z2 � 1

�
� z2 +

2
3

�
;

Q00(� � )
m (z) =

8
<

:

(� 1)� (1� z2) �

(m+ � )! Q(� )
m (z) ; m = � ;

1
2m+1

�
Q00(� � +1)

m+1 (z) � Q00(� � +2)
n� 1 (z)

�
; m 6= �:

(2.11)

Ëåììà 1. Èíòåãðàë
bR

a
Qm (z1� + z2) Ln (� ) d� , ñîäåðæàùèé ïðîèçâåäåíèå ôóíêöèé Ëåæàíä-

ðà ïåðâîãî Ln è âòîðîãî Qm ðîäîâ ïðè z1; z2 2 C, z1a + z2; z1b+ z2 6= [ � 1; 1], n; m 2 N0,
ìîæíî âû÷èñëèòü ñîîòíîøåíèåì

bZ

a

Qm (z1� + z2) Ln (� ) d� =
n+1X

� =1

(� 1)� +1

z�
1

"
L (� � 1)

n (b) Q(� � )
m (z1b+ z2) �

� L (� � 1)
n (a) Q(� � )

m (z1a + z2)

#

; (2.12)

ãäåL (� � 1)
n (� ) çàäàåòñÿ âûðàæåíèåì (2.4); Q(� � )

m (z1� + z2) îïðåäåëÿåòñÿ ïî ïðàâèëó

Q(� � )
m (z1� + z2) =

(
Q00(� � )

m (z1� + z2) ; � 1 > � 2;

Q0(� � )
m (z1� + z2) ; � 1 < � 2;

� 1 =

�
�
�
�arg

�
(z1b+ z2 + 1) ( z1a + z2 � 1)
(z1b+ z2 � 1) (z1a + z2 + 1)

� �
�
�
� ; � 2 =

�
�
�
�arg

�
(z1b+ z2 + 1) ( z1a + z2 + 1)
(z1b+ z2 � 1) (z1a + z2 � 1)

� �
�
�
� :

(2.13)

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, òîæäåñòâî [22]
R

Qm (� ) d� =
� (1� � 2)
m(m+1)

dQm (� )
d� , îïðåäåëèì èíòåãðàë îò ïðîèçâåäåíèÿ ìíîãî÷ëåíîâ Ëåæàíäðà
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ïåðâîãî è âòîðîãî ðîäà â âèäå

Z
Qm (z1� + z2) Ln (� ) d� = Ln (� )

�
�
1 � (z1� + z2)2�

z1m (m + 1)
Q(1)

m (z1� + z2) +

+
1

z1m (m + 1)

Z
Q(1)

m (z1� + z2) L (1)
n (� )

�
1 � (z1� + z2)2�

d� + c;
(2.14)

ãäåc � íåêîòîðàÿ ïîñòîÿííàÿ.

Ó÷èòûâàÿ òîæäåñòâî [22]
R

Q(� � 1)
m (� ) (1 � � 2)� � 1 d� =

� (1� � 2) �

(m� � +1)( m+ � ) Q
(� )
m (� ), çàäàäèì âû-

ðàæåíèå

Z
Q(� � 1)

m (z1� + z2) L (� � 1)
n (� ) d� = L (� � 1)

n (� )
�

�
1 � (z1� + z2)2� �

z1 (m � � + 1) ( m + � )
Q(� )

m (z1� + z2) +

+
1

z1 (m � � + 1) ( m + � )

Z
Q(� )

m (z1� + z2) L (� )
n (� )

�
1 � (z1� + z2)2� �

d� + c:

(2.15)

Èíäóêöèåé ïî � äëÿ çàäàííûõ ñîîòíîøåíèé ( 2.14), (2.15) ñ ó÷åòîì L (n+1)
n (� ) = 0 ïðè

m > n ïîëó÷èì

Z
Qm (z1� + z2) Ln (� ) d� = �

n+1X

� =1

L (� � 1)
n (� )

�
1 � (z1� + z2)2� �

Q(� )
m (z1� + z2)

z�
1

�Q

� =1
[(m + � ) (m � � + 1)]

+ c =

= �
n+1X

� =1

" �
1 � (z1� + z2)2� �

(m � � )!L (� � 1)
n (� ) Q(� )

m (z1� + z2)
z�

1 (m + � )!

#

+ c:

(2.16)

Ó÷èòûâàÿ òîæäåñòâî èç [23] Q�
m (z) = (m+ � )!

(m� � )! Q
� �
m (z) äëÿ ïðèñîåäèíåííûõ ìíîãî÷ëåíîâ

Ëåæàíäðà âòîðîãî ðîäà, ïðèâåäåì (2.16) ê âèäó

Z
Qm (z1� + z2) Ln (� ) d� =

n+1X

� =1

(� 1)� +1

z�
1

�
L (� � 1)

n (� ) Q(� � )
m (z1� + z2)

�
+ c; (2.17)

ãäån; m 2 N0.
Èç ôîðìóëó Íüþòîíà�Ëåéáíèöà, âûðàæåíèé ( 2.10), (2.11), (2.17) ñëåäóåò ñïðàâåäëè-

âîñòü (2.12) ïðè çàäàíèè Q(� � )
m (z1� + z2) ïî ïðàâèëó ( 2.13), êîòîðîå ó÷èòûâàåò óñëîâèå

âûáîðà îäèíàêîâûõ âåòâåé â îïðåäåëåíèè êîìïëåêñíîãî ëîãàðèô ìà, ÷òî è òðåáîâàëîñü äî-
êàçàòü. �

Ëåììà 2. Èíòåãðàë
bR

a
(Qn (z))2dz, ñîäåðæàùèé ôóíêöèþ Ëåæàíäðà âòîðîãî ðîäà Qn (z),

ìîæíî âû÷èñëèòü ñîîòíîøåíèåì

bZ

a

(Qn (z))2 dz =
1

2n + 1

"

(Q0 (z))2 (�z � 1) +
�

ln
�

�z + 1
4

�
+ 2i�

�
�

�
ln (�z + 1)

2
+ Li2

�
�z + 1

2

�
+

n� 1X

h=0

Tn� h (z)

#b

a

;

(2.18)
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ãäå

Tn (z) =
1
n2

�
z

�
(Qn (z))2 �

(2n + 1) 2 z2 � n (3n + 2)
�

+ ( Qn+1 (z))2 (n + 1) 2�
�

� 2 (n + 1)
�
(2n + 1) z2 � n

�
Qn (z) Qn+1 (z)

�
:

(2.19)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðèìåì âî âíèìàíèå ðåêóððåíòíîå ñîîòíîøåí èå [23] Qn (z) =
= 2n� 1

n zQn� 1 (z) � n� 1
n Qn� 2 (z) è ïðèâåäåì èíòåãðàë â ëåâîé ÷àñòè (2.18) ê âèäó

bZ

a

(Qn (z))2 dz =

bZ

a

�
2n � 1

n
zQn� 1 (z) Qn (z) �

n � 1
n

Qn� 2 (z) Qn (z)
�

dz: (2.20)

Ó÷èòûâàÿ îïðåäåëåíèå Q1
n (z) =

p
1 � z2Q(1)

n (z) è òîæäåñòâî
bR

a
Qn (z) Qm (z) dz =

=

� p
1 � z2 (Qm (z) Q1

n (z) � Qn (z) Q1
m (z))

� b

a

(n � m) (n + m + 1)
[22] ïðè n 6= m, ñâåäåì (2.20) ê ðàâåíñòâó

bZ

a

(Qn (z))2 dz =
2n � 1

n

bZ

a

zQn� 1 (z) Qn (z) dz �

�
n � 1

n (4n � 2)

h�
Qn (z) Q(1)

n� 2 (z) � Qn� 2 (z) Q(1)
n (z)

� �
1 � z2

� i b

a
:

(2.21)

Èñïîëüçóÿ âûðàæåíèåzQn (z) = n+1
2n+1 Qn+1 (z)+ n

2n+1 Qn� 1 (z) [23] è âûøåóêàçàííîå òîæ-
äåñòâî èç [22], ïðåäñòàâèì ïåðâûé èíòåãðàë ïðàâîé ÷àñòè (2.21) â âèäå

bZ

a

zQn� 1 (z) Qn (z) dz =
n

2n + 1

bZ

a

(Qn� 1 (z))2 dz +

+
n + 1

2 (2n + 1) 2

h�
Qn+1 (z) Q(1)

n� 1 (z) � Qn� 1 (z) Q(1)
n+1 (z)

� �
1 � z2

� i b

a
:

(2.22)

Ïîäñòàâëÿÿ (2.22) â (2.21) è îáîçíà÷èâ Qn (z) = (1 � z2)
h

(2n� 1)(n+1)
2n(2n+1) 2

�
Qn+1 (z)� Q(1)

n� 1 (z)�

� Qn� 1 (z) Q(1)
n+1 (z)

�
� n� 1

n(4n� 2)

�
Qn (z) Q(1)

n� 2 (z) � Qn� 2 (z) Q(1)
n (z)

� i
, ïðèâåäåì ( 2.20) ê âèäó

bZ

a

(Qn (z))2 dz =
2n � 1
2n + 1

bZ

a

(Qn� 1 (z))2 dz + [ Qn (z)]b
a : (2.23)

Ïðîâåäÿ àíàëîãè÷íûå ( 2.20)�( 2.23) ïðåîáðàçîâàíèÿ îòíîñèòåëüíî âû÷èñëåíèÿ èíòåãðàëà
bR

a
(Qn� 1 (z))2 dz, ïðåäñòàâèì âûðàæåíèå (2.23) â âèäå

bZ

a

(Qn (z))2 dz = [ Qn (z)]b
a +

2n � 1
2n + 1

2

4[Qn� 1 (z)]b
a +

2n � 3
2n � 1

bZ

a

(Qn� 2 (z))2 dz

3

5: (2.24)
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Ïðèíÿâ îáîçíà÷åíèå A n;h = 2(n� h+1) � 1
2n+1 ïðè ðåêóððåíòíîì ïðîäîëæåíèè ( 2.24), îïðåäå-

ëèì èíòåãðàë
bR

a
(Qn (z))2 dz ñîîòíîøåíèåì

bZ

a

(Qn (z))2 dz =
n� 2X

h=0

A n;h [Qn� h (z)]b
a + A n;n � 1

bZ

a

(Q1 (z))2 dz: (2.25)

Ïðèìåíÿÿ èçâåñòíûå èç [ 22] ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ ìíîãî÷ëåíîâ Ëåæàíäðà è
âûðàæåíèåQ(1)

n (z) = n
1� z2 [Qn� 1 (z) � zQn (z)] ïðè ïåðåîïðåäåëåíèè Qn (z) â âèäå

Qn (z) =
1

2n

�
(2n � 1) (n + 1)

(2n + 1) n

h�
z2 (2n + 1) + 1

�
Qn+1 (z) Qn (z) � (n + 1) z �

�
�
(Qn+1 (z))2 + ( Qn (z))2� i

�
�
z2 (2n + 1) + 1

�
Qn (z) Qn� 1 (z) � nz

�
(Qn (z))2 +

+ ( Qn� 1 (z))2 � i
�

;

äëÿ (2.19) çàìåòèì ñïðàâåäëèâîñòü òîæäåñòâà

(2n + 1) Tn� h (z) = A n;h Qn� h (z) ; h = 0; n � 1: (2.26)

Ó÷èòûâàÿ (2.2), (2.26), ñâåäåì (2.25) ê âèäó

bZ

a

(Qn (z))2 dz =
1

2n + 1

2

4
n� 1X

h=0

[Tn� h (z)]b
a +

bZ

a

(arcth(z))2 dz

3

5: (2.27)

Ñâîéñòâà äèëîãàðèôìàLi 2 (z) [22] ïðè âû÷èñëåíèè èíòåãðàëà
bR

a
(arcth(z))2 dz è âûðà-

æåíèå (2.27) îïðåäåëÿþò ñïðàâåäëèâîñòü (2.18), ÷òî è òðåáîâàëîñü äîêàçàòü. �

Ÿ 3. Ðåøåíèå çàäà÷è êîíôîðìíîãî îòîáðàæåíèÿ òî÷åê ìíîãîóãîë üíèêà íà åäèíè÷íûé
êðóã

Ðàçëîæåíèå (2.1) ÿäðà (1.4) èíòåãðàëüíîãî óðàâíåíèÿ (1.3) è ðåçóëüòàòû ëåìì1, 2 ïîçâî-
ëÿþò çàäàòü ïðèáëèæåííî-àíàëèòè÷åñêîå ðåøåíèå çàäà÷è Øâàðöà (1.1) ïðè ââåäåíèè ñëå-
äóþùèõ ïðåäñòàâëåíèé. Ïóñòü íåèçâåñòíàÿ êîìïëåêñíàÿ ôóíê öèÿ ïëîòíîñòè � j (t) â èíòå-
ãðàëüíîì óðàâíåíèè ( 1.3) îïðåäåëÿåòñÿ âûðàæåíèåì

� j (t) = � � 1
j (t) �

N � 1X

k=0

1X

n=0

Sk;n

p
2n + 1� j;k

n (t) ; (3.1)

ãäå

Sk;n =
p

2n + 1

1Z

0

� k (s) Ln (2s � 1) ds: (3.2)

Òîãäà ñ ó÷åòîì çàäàííîãî ðàçëîæåíèÿ (2.1) ÿäðàK j;k (t; s) ïðè ïîäñòàíîâêå ( 3.1) â (1.3)
â ñèëó îðòîãîíàëüíîñòè ôóíêöèé Ln (2s � 1) íà s 2 [0; 1], íåçàâèñèìîñòè � j (t), � j +1 (t) äëÿ
j 2

�
0; N � 1

	
è èõ ãëàäêîñòè âñþäó íà� j , � j +1 ñîîòâåòñòâåííî, êðîìå óãëîâûõ òî÷åê [ 16],
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ñâåäåì (1.3) ê ñèñòåìå ëèíåéíûõ óðàâíåíèé (E + T ) ~S = ~U. Ðåøåíèå ~S = ( E + T )� 1 ~U
ïîñëåäíåãî ïîçâîëÿåò îïðåäåëèòü íåèçâåñòíóþ êîìïëåêñíóþ ô óíêöèþ ïëîòíîñòè � j (t) ïî
ïðàâèëó (3.1). Â çàäàííûõ îáîçíà÷åíèÿõ ~S � áëî÷íûé âåêòîð ðàçìåðà ~N = N � M , ñî-
ñòàâëåííûé èç ýëåìåíòîâ Sj;n ; E � åäèíè÷íàÿ ìàòðèöà ~N � ~N ; ~U � áëî÷íûé âåêòîð,

ñîñòàâëåííûé èç ýëåìåíòîâ Uj;n =
p

2n + 1
1R

0
� � 1

j (t) Ln (2t � 1) dt, êîòîðûå ó÷èòûâàÿ ïà-

ðàìåòðèçàöèþ � è òîæäåñòâî [22] Qn (z) = 1
2

1R

� 1

L n (t )
z� t dt ïðè çàìåíå ïåðåìåííûõ ìîãóò áûòü

âû÷èñëåíû ïî ïðàâèëó Uj;n = � 2
p

2n+1
ej

Qn

�
� 2Pj

ej
� 1

�
; T � áëî÷íàÿ ìàòðèöà, ñîñòàâëåííàÿ

èç ýëåìåíòîâ ~T j;k
m;n =

p
2n + 1

p
2m + 1T j;k

m;n , êîòîðûå ïðè îòñóòñòâèè îñîáåííîñòåé âû÷èñ-

ëåíèÿ
1R

0
� j;k

m (t) Ln (2t � 1) dt (óñëîâèÿ j 6= k, j + 1 6= k è j 6= k + 1) ñ ó÷åòîì (2.12) ìîãóò

áûòü îïðåäåëåíû ïî ïðàâèëó:

T j;k
m;n =

8
>><

>>:

0; j = k;

1
�

n+1P

� =1
(� 1)�

0

@
L (� � 1)

n (1) Im
h�

ek
ej

� �
Q(� � )

m

�
2ej + R j;k

ek
� 1

�i
�

� L (� � 1)
n (� 1) Im

h�
ek
ej

� �
Q(� � )

m

�
2R j;k

ek
� 1

�i

1

A ; j 6= k:

Äëÿ ñëó÷àåâ íàëè÷èÿ îñîáåííîñòåé âû÷èñëåíèÿ
1R

0
� j;k

m (t) Ln (t) dt:

1) j 6= k, j + 1 6= k è j = k + 1

T j;k
m;n =

8
>><

>>:

0; j = k;

1
�

n+1P

� =1
(� 1)�

0

@
L (� � 1)

n (1) Im
h�

ek
ej

� �
Q(� � )

m

�
2ej + R j;k

ek
� 1

�i
�

� L (� � 1)
n (� 1) Im

h�
ek
ej

� �
A (� � )

m

i

1

A ; j 6= k;

2) j 6= k, j + 1 = k è j 6= k + 1

T j;k
m;n =

8
>><

>>:

0; j = k;

1
�

n+1P

� =1
(� 1)�

0

@
L (� � 1)

n (1) Im
h�

ek
ej

� �
A (� � )

m

i
� L (� � 1)

n (� 1) �

� Im
h�

ek
ej

� �
Q(� � )

m

�
2R j;k

ek
� 1

�i

1

A ; j 6= k;

ãäåA (� � )
m çàäàåòñÿ ñ ó÷åòîì (2.10)�( 2.12) è ïðàâèëà (2.13) ïî ñëåäóþùåìó ðåêóððåíòíîìó

ïðàâèëó:

A (0)
0 = 2 ln (2) � i

�
2

; A(0)
1 = 2 ln (2) � i

�
2

� 1; A(0)
m =

2m � 1
m

A (0)
m� 1 �

m � 1
m

A (0)
m� 2;

A (� 1)
0 = ln (2) ; A(� 2)

0 = ln (2) �
1
2

; A(� � )
0 =

2 (1 � � ) A (� � +1)
0

� (1 � � )
�

1
� ! (� � 1)

;

A (� 1)
1 = �

1
2

; A(� 2)
1 = �

ln (2)
3

�
1
18

; A(� � )
m =

1
2m + 1

�
A (� � +1)

m+1 � A (� � +1)
m� 1

�
:

Ïåðåïèøåì óðàâíåíèå ( 1.3) â îïåðàòîðíîé ôîðìå:

~� + K~� = ~�; (3.3)
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ãäå~� = ( � j )N ; ~� =
�

� � 1
j

�

N
; K = ( K j;k )N � N � ìàòðè÷íûé îïåðàòîð; K~� =

�
N � 1P

k=0
K0;k � k ; : : : ;

: : : ;
N � 1P

k=0
KN � 1;k � k

�
; (K j;k � k) ( t) �

1R

0
K j;k (t; s) � k (s) ds � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð

íà ïðîñòðàíñòâå ôóíêöèé èç C ([0; 1]) [16].
Ïðè ââåäåíèè â ðàññìîòðåíèå ëèíåéíîãî îãðàíè÷åííîãî îïåðàò îðà

�
KM

j;k � k
�

(t) �
MX

n=0

(2n + 1) � j;k
n (t)

1Z

0

Ln (s) � k (2s � 1) ds

ïî àíàëîãèè ñ ( 3.3) è ó÷åòîì ( 3.1), (3.2) îïðåäåëèì óðàâíåíèå

~� M + KM ~� M = ~�; (3.4)

ãäå~� M = ( � j;M )N îáîçíà÷àåò ïðèáëèæåíèå êîìïëåêñíîé ôóíêöèè ïëîòíîñòè ~� ñîîòíîøå-
íèåì ( 3.1) ïðè çàìåíå áåñêîíå÷íîé ñóììû ïî èíäåêñó n êîíå÷íîé ñ îãðàíè÷åíèåì ÷èñëà
ñëàãàåìûõ äî M .

Òàêæå äëÿ (1.2), (3.5) è ñ ó÷åòîì îáîçíà÷åíèé èç ( 3.8) ââåäåì â ðàññìîòðåíèå îïåðàòîðû

(H~� ) (z) �
N � 1X

j =0

1Z

0

� j (t) H j (t; z) dt;

�
H M ~� M

�
(z) � � 2

N � 1X

j =0

MX

n=0

(2n + 1) Qn

�
2

z � Pj

ej
� 1

�
�

1Z

0

Ln (2t � 1) � j;M (t) dt:

Ïðè îïðåäåëåíèè îöåíîê ïðèáëèæåíèÿ âåêòîðíîé ôóíêöèè ~' áóäåì èñïîëüçîâàòü íîðìû
â ïðîñòðàíñòâàõC ([0; 1]) è L2 ([0; 1]) [25]:

k~' kC = max
t 2 [0 ;1]

j 2 f 0;N � 1g

j' j (t)j; k~' kL 2
=

vu
u
u
t

N � 1X

j =0

1Z

0

(' j (t))2 dt:

Òåîðåìà 2. 9 ~M 2 N: 8M > ~M ðåøåíèå

~f M (z) = ~C1 �
~C0

�i

N � 1X

j =0

MX

n=0

p
2n + 1Qn

�
2

z � Pj

ej
� 1

�
Sj;n (3.5)

çàäà÷è Øâàðöà(1.1) ñóùåñòâóåò è åäèíñòâåííî, ïðè ýòîì ñïðàâåäëèâû îöåíêè






 f � ~f M








C
6 const max

j = 0;N � 1

(
2$ � 1

j jej j
2 (4� � � j )

�
�Pj jej j

2 � ej Re
�
ej Pj

� �
�

) �
1

M + 0:5
+

1
M + 1:5

�
; (3.6)






 f � ~f M








L 2

6

const

s
N � 1P

j =0
#j M 2� M

(2M + 1)
p

2M + 3
; (3.7)

ãäåconst� ïîëîæèòåëüíà è íå çàâèñèò îò M .
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Â âûðàæåíèÿõ (3.5)�( 3.7) ïðèíÿòû îáîçíà÷åíèÿ: $ j = min
�

� j ; � (� + j� � � j j)
� 1	

;

� j =

(
jsin� j j ; � j 2 (0; �= 2) [ (3�= 2; 2� ) ;

1; � j 2 [�= 2; � ) [ (�; 3�= 2];
[26]; � j � âíóòðåííèé óãîë 
 ïðè âåðøèíå Pj ;

#j =
arctg

�
jej j2+ Re(ej Pj )

q
jej j2 jPj j2 � Re(ej Pj )2

�
� arctg

�
Re(ej Pj )

q
jej j2 jPj j2 � Re(ej Pj )2

�

q
jej j

2 jPj j
2 � Re

�
ej Pj

� 2
;

~C1 = ~C0C1;

C1 =
1
�i

N � 1X

j =0

MX

n=0

hp
2n + 1 � Sj;n Qn

�
� 2

Pj

ej
� 1

� i
;

~C0 =

�
�
�
�C1 �

1
�i

N � 1X

j =0

MX

n=0

p
2n + 1Qn

�
2

� k (0; 5) � Pj

ej
� 1

�
Sj;n

�
�
�
�

� 1

ïðè k 2
�

0; N � 1
	

:

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóÿ ðåçóëüòàòû [16], àíàëîãè÷íî ( 2.1) îïðåäåëèì ðàçëî-
æåíèå ïîäûíòåãðàëüíîãî âûðàæåíèÿ ej

� j (t )� z èç (1.2) â âèäå:

H j (t; z) =
ej

� j (t) � z
= � 2

1X

n=0

(2n + 1) Qn

�
2

z � Pj

ej
� 1

�
Ln (2t � 1) : (3.8)

Ïîäñòàâèâ (3.8) â (1.2), ïîëó÷èì

f (z) = �
~C0

�i

N � 1X

j =0

1X

n=0

(2n + 1) Qn

�
2

z � Pj

ej
� 1

� 1Z

0

Ln (2t � 1) � j (t) dt + ~C1: (3.9)

Äàëåå, ïîäñòàâèâ (3.2) â (3.9), îïðåäåëèì ñïðàâåäëèâîñòü (3.5) äëÿ ñëó÷àÿM ! 1 .
Èç ôîðì ïðåäñòàâëåíèÿ îïåðàòîðîâ H , K ñëåäóåò íàëè÷èå îáðàòíîãî îïåðàòîðà (I + K)� 1,
îáåñïå÷èâàþùåãî ðàçðåøèìîñòü óðàâíåíèÿ ( 3.3) â âèäå~� = ( I + K)� 1 ~�. Äëÿ ôîðìèðî-
âàíèÿ îöåíîê ïðèáëèæåííî-àíàëèòè÷åñêîãî ðåøåíèÿ ( 3.5) çàäà÷è Øâàðöà (1.1) â C ([0; 1])
è L2 ([0; 1]) ïî àíàëîãèè ñ [ 16] ôóíêöèþ ~� ïðåäñòàâèì â âèäå~� = �~&, ãäå~&� íîâàÿ èñêî-
ìàÿ ôóíêöèÿ â ( 3.3), à � = � (t) = 2

p
t � t2 � âåñîâàÿ ôóíêöèÿ [ 16]. Èñïîëüçóÿ ââåäåííûå

ïðåäñòàâëåíèÿ è íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî [ 25] îïðåäåëèì îöåíêó â C ([0; 1]):





 f � ~f M








C
6




 H~� � H ~� M + H~� M � H M ~� M






C
6

6 k� Hk C k~&� ~&M kC + k~&M kC




 �

�
H � H M

� 




C
:

(3.10)

Ïðèíèìàÿ âî âíèìàíèå ( 2.1), (2.10)�( 2.12), (3.5), (3.1), ðåçóëüòàòû [16] è ïàðàìåòðèçà-
öèþ � , îïðåäåëèì ñîîòíîøåíèÿ

k� Hk C 6 max
z2 


N � 1P

j =0

1R

0

�
�
� ej 2

p
t � t2

� j (t )� z

�
�
� dt 6 4� � min

j = 0;N � 1
f � j g; (3.11)

k~&M kC =






�
�

�
I + KM

�� � 1
~�








C
6







�
�

�
I + KM

�� � 1







C
max
t 2 [0 ;1]

j = 0;N � 1

n�
�
� � � 1

j (t)
�
�
�
o

=

=






�
�

�
I + KM

�� � 1







C
max

j = 0;N � 1

�
2jej j2

jPj jej j2 � ej Re(ej Pj )j

�
=

= const max
j = 0;N � 1

�
2$ � 1

j jej j2

jPj jej j2 � ej Re(ej Pj )j

�
;

(3.12)
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 �

�
H � H M

� 




C
6 max

z2 


N � 1X

j =0

�
�
�
�

1Z

0

� (t) �

�
�
2

MX

n=0

(2n + 1) Qn

�
2

z � Pj

ej
� 1

�
Ln (2t � 1) +

ej

� j (t) � z

�
dt

�
�
�
� :

(3.13)

Èñïîëüçóÿ çàìåíó ïåðåìåííûõ t = � +1
2 , � j = 2 z� Pj

ej
� 1 ïðè îáîçíà÷åíèè ~� (� ) = �

�
� +1

2

�
=

=
p

1 � � 2 ñ ó÷åòîì ôîðìóëû Êðèñòîôôåëÿ [ 23], ïðèâåäåì ( 3.13) ê âèäó




 �

�
H � H M

� 




C
6 max

z2 


N � 1P

j =0

�
�
�
�

1R

� 1
~� (� )

�
1

� j � � �
MP

n=0
(2n + 1) Qn (� j ) Ln (� )

�
d�

�
�
�
� =

= ( M + 1) max
z2 


N � 1P

j =0

�
�
�
�

1R

� 1

~� (� )
� j � � [QM (� j ) LM +1 (� ) � QM +1 (� j ) LM (� )] d�

�
�
�
� 6

6 (M + 1)
N � 1X

j =0

�
�
�
�
�
�
�
�
�

lim
� !� 1

QM (� )
1R

� 1

q
1� �
1+ � LM +1 (� ) d� �

� lim
� !� 1

QM +1 (� )
1R

� 1

q
1� �
1+ � LM (� ) d�

�
�
�
�
�
�
�
�
�

:

(3.14)

Ó÷èòûâàÿ ïðàâèëî âûðàæåíèÿ ñäâèíóòîãî íà èíòåðâàë îðòîãîíàëüíîñòè [0; 1] ìíîãî÷ëå-

íà Ëåæàíäðà ïåðâîãî ðîäà ~LM (t) ÷åðåç ñóììó [22] ~LM (t) = ( � 1)M
MP

n=0

� M
n

�� M + n
n

�
(� t)n

(� = 2t � 1), ñâîéñòâà ãàììà-ôóíêöèè è îáîáùåííîé ãèïåðãåîìåòðè÷åñêî é ôóíêöèè [ 22],
âû÷èñëèì èíòåãðàë èç (3.14) ñîîòíîøåíèåì

1Z

� 1

r
1 � �
1 + �

LM (� ) d� =
p

�
MX

n=0

(� 1)M + n (M + n)!� ( n + 1=2)

(n + 1)! ( n!)2 (M � n)!
=

= ( � 1)M � 3F2

�
1
2

; � M; M + 1; 1; 2; 1
�

:

(3.15)

Èç (3.14), (3.15), òîæäåñòâà [22]

lim
� !� 1

QM (� ) =
�1

�
cos

�
M�

2

�
�

�
� M

2

�
�

�
2+ M

2

�
+ sin

�
M�

2

�
�

�
1� M

2

�
�

�
1+ M

2

��

�
�

1� M
2

�
�

�
� M

2

�
�

�
1+ M

2

�
�

�
2+ M

2

� ;

ñâîéñòâ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé ñ ó÷åòîì òåîðåìû Çààëüøþòöà [22] è ñâîéñòâà ñèì-
âîëà Ïîõãàììåðà (� x)n = ( � 1)n (x � n +1) n îêîí÷àòåëüíî ñôîðìèðóåì îöåíêó ( 3.13) â âèäå




 �

�
H � H M

� 




C
6 const(M + 1)

"
3F2

�
1
2; � M; M + 1; 1; 2; 1

�
�

� 3F2
�

1
2 ; � M � 1; M + 2; 1; 2; 1

�

#

=

= const(M + 1) 2
3F2

�
3
2

; � M; M + 2; 3; 2; 1
�

6

6 const(M + 1) 2
3F2

�
3
2

; � M; M + 2; 2;
5
2

; 1
�

=

= const(M + 1) 2 (0:5)M (� M )M

(2)M (� M � 1:5)M

= const(M + 1)
� ( M + 0:5)
� ( M + 2:5)

=

=
const

2

�
1

M + 0:5
+

1
M + 1:5

�
:

(3.16)
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Ñëåäóÿ [16,25] ïðè âûïîëíåíèè íåðàâåíñòâà



 [� (I + K)]� 1







 �

�
K � K M

� 




C
< 1 (çäåñü



 [� (I + K)]� 1


 6 max

j 2 f 0;N � 1g

�
const$ � 1

j

	
[16]) ñ ó÷åòîì íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî

è âûðàæåíèÿ (3.12), îïðåäåëèì îöåíêó:

k~&� ~&M kC 6 max
t 2 [0 ;1]

j = 0;N � 1

n�
�
� � � 1

j (t)
�
�
�
o 





 [� (I + K)]� 1 �

�
�

�
I + KM

�� � 1







C
6

6 max
j = 0;N � 1

(
2jej j

2

�
�Pj jej j

2 � ej Re
�
ej Pj

� �
�

)
k� � KkC




 [� (I + K)]� 1



 2

C

1 �



 [� (I + K)]� 1




C

k� � KkC

;

(3.17)

ãäå� K = K � K M .
Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèÿ ( 1.4), (3.8) è ïðåäøåñòâóþùèå ðåçóëüòàòû, ïîëó-

÷åííûå â õîäå ïðåîáðàçîâàíèé ( 3.10)�( 3.16), îêîí÷àòåëüíî îïðåäåëèì ñïðàâåäëèâîñòü îöåí-
êè (3.6), ÷òî è òðåáîâàëîñü äîêàçàòü îòíîñèòåëüíî ïîëèíîìèàëüíîé ñõîäèìîñòè â C ([0; 1])
ðåøåíèÿ (3.5) çàäà÷è Øâàðöà (1.1).

Ñëåäóÿ àíàëîãè÷íûì ( 3.10) ïðåäñòàâëåíèÿì ïðè îïðåäåëåíèè ( 3.11)�( 3.17) ñ ó÷åòîì ðå-
çóëüòàòîâ [16,26], çàäàäèì ñëåäóþùèå îöåíêè â L2 ([0; 1]):






 f � ~f M








L 2

6 k� Hk L 2
k~&� ~&M kL 2

+ k~&M kL 2




 �

�
H � H M

� 




L 2
; (3.18)

k� Hk L 2
6 0:5� 2; (3.19)

k~&M kL 2
6 const

vu
u
t

N � 1X

j =0

#j ; (3.20)

k~&� ~&M kL 2
6 const

vu
u
t

N � 1X

j =0

#j

k� � KkL 2




 [� (I + K)]� 1



 2

L 2

1 �



 [� (I + K)]� 1




L 2

k� � KkL 2

: (3.21)

Ïðèíèìàÿ àíàëîãè÷íóþ ( 3.14) çàìåíó ïåðåìåííûõ ñ ó÷åòîì ôîðìóëû Êðèñòîôôåëÿ [ 23],
íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî, ñâîéñòâ îðòîãîíàëüíûõ ìíî ãî÷ëåíîâ, ðåçóëüòàòîâ ëåì-
ìû 2, òîæäåñòâà [22] äëÿ ìíîãî÷ëåíà Ëåæàíäðà âòîðîãî ðîäà

~Qn (z) =
� ( n + 1) �

�
1
2

�

2n+1 �
�
n + 3

2

� z� n� 1
2F1

�
n + 2

2
;
n + 1

2
;
n + 3

2
;

1
z2

�
;

ãàììà-ôóíêöèè � ( n) �
�
n + 1

2

�
= 21� 2np

� � (2 n) è ôîðìóëû Ñòèðëèíãà n! �
p

2�n
�

n
e

� n
,

ñôîðìèðóåì ñëåäóþùóþ îöåíêó äëÿ �
�
H � H M

�
â L2 ([0; 1]):




 �

�
H � H M

� 


 2

L 2
6

6
N � 1X

j =0

�
�
�
�
�
�
�

ej

2

Z


 n�

1Z

� 1

~� 2 (� )
�

M + 1
� j � �

� 2

[QM (� j ) LM +1 (� ) � QM +1 (� j ) LM (� )]2 d�d� j

�
�
�
�
�
�
�

6

6 const
N � 1X

j =0

�
�
�
�
�
�
�

ej

2

Z


 n�

1Z

� 1

~� 2 (� )
�

M + 1
� j � �

� 2

d�d� j

Z


 n�

"
(QM (� j ))

2

2M + 3
+

(QM +1 (� j ))
2

2M + 1

#

d� j

�
�
�
�
�
�
�

6

6
constM 2� M

(2M + 1)
p

2M + 3
; (3.22)
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Ñ ó÷åòîì çàäàííûõ àíàëîãè÷íûõ [ 16] ïðåäñòàâëåíèé (3.18)�( 3.22) è ñîîòíîøåíèé ( 1.4),
(3.9) îêîí÷àòåëüíî îïðåäåëèì ñïðàâåäëèâîñòü îöåíêè ( 3.7), ÷òî è òðåáîâàëîñü äîêàçàòü îò-
íîñèòåëüíî ýêñïîíåíöèàëüíîé ñõîäèìîñòè â L2 ([0; 1]) ðåøåíèÿ (3.5) çàäà÷è Øâàðöà (1.1). �

Ÿ 4. Àïîñòåðèîðíàÿ îöåíêà òî÷íîñòè ìåòîäà è òåñòîâûå ïðèìåð û

Ðåçóëüòàòû îöåíîê (3.6), (3.7) ñâèäåòåëüñòâóþò î ïðåäïî÷òèòåëüíîñòè ïðåäëîæåííîãî
ïðèáëèæåííî-àíàëèòè÷åñêîãî ðåøåíèÿ ( 3.5) çàäà÷è Øâàðöà (1.1) â ñðàâíåíèè ñ èçâåñò-
íûìè [ 15] (÷èñëåííûå ìåòîäû èç [ 15] è ìåòîä êâàäðàòóð ñî ñãëàæèâàíèåì [26]), îáåñ-
ïå÷èâàÿ âûñîêóþ òî÷íîñòü ïðè íåáîëüøèõ M . Äëÿ íàãëÿäíîé äåìîíñòðàöèè ïðåèìó-
ùåñòâ ïðèáëèæåííî-àíàëèòè÷åñêîãî ðåøåíèÿ (3.5) ïðîâåäåì äîïîëíèòåëüíóþ àïîñòåðè-
îðíóþ îöåíêó òî÷íîñòè îòíîñèòåëüíî âû÷èñëåíèé ~� è w = f (z) äëÿ îáëàñòåé ïðîñòîé
(ïðàâèëüíûé ìíîãîóãîëüíèê) è ñëîæíîé (âîãíóòûé ìíîãîóãîëü íèê) ôîðì ñ èñïîëüçîâàíè-
åì ÑÀÏÐ MathCad. Â êà÷åñòâå îáëàñòè ïðîñòîé ôîðìû âûáðàí ïðàâèë üíûé òðåóãîëüíèê
ñ âåðøèíàìè P0 = 5; P1 = � 2:5 + 5

p
3

2 i ; P2 = � 2:5 � 5
p

3
2 i .

Íà ðèñ. 1 ïðèâåäåíû ñðàâíèòåëüíûå ðåçóëüòàòû ðàñ÷åòà ìîäóëÿ êîìïëåêñíîé ôóíê-
öèé ïëîòíîñòè

�
�� M

j (t)
�
� íà ðåáðàõ òðåóãîëüíèêà ïðè ïðèáëèæåííîì ðåøåíèè èíòåãðàëüíîãî

óðàâíåíèÿ (1.3) ðàçðàáîòàííûì ìåòîäîì è ìåòîäîì êâàäðàòóð äëÿ ðàçëè÷íûõ ï îðÿäêîâ àï-
ïðîêñèìàöèè M è çàâèñèìîñòü ñðåäíåãî îòêëîíåíèÿ îøèáêè

� =

vu
u
u
t

N � 1X

j =0

1Z

0

�
� � j (t) � � M

j (t)
�
�2

dt

÷èñëåííîãî ðàñ÷åòà� j (t) îò M .
Íà ðèñ. 2 ïðèâåäåíû ïðèìåðû ðåøåíèÿ çàäà÷è ïî ïðàâèëó ( 3.5) êîíôîðìíîãî îòîáðà-

æåíèÿ âíóòðåííèõ òî÷åê òðåóãîëüíèêà
 íà åäèíè÷íûé êðóã è ñðàâíèòåëüíàÿ çàâèñèìîñòü
ñðåäíåãî îòêëîíåíèÿ îøèáêè

~� =

vu
u
t

Z




�
�
� f (z) � ~f M (z)

�
�
�
2

dz

÷èñëåííîãî ðàñ÷åòàf (z) îò M .
Íà ðèñ. 3 ïðèâåäåíû ðåøåíèÿ çàäà÷è êîíôîðìíîãî îòîáðàæåíèÿ äëÿ âîãí óòîãî äåâÿòíà-

äöàòèóãîëüíèêà íàB1 ïî ïðàâèëó ( 3.5) ïðè ðàçëè÷íûõ çíà÷åíèÿõ M .
Íà ðèñ. 4 ïðèâåäåíû ðåøåíèÿ çàäà÷è êîíôîðìíîãî îòîáðàæåíèÿ äëÿ âîãí óòîãî äâàäöà-

òè÷åòûðåõóãîëüíèêà íàB1 ïî ïðàâèëó ( 3.5) ïðè ðàçëè÷íûõ çíà÷åíèÿõ M .

Çàêëþ÷åíèå

Ïîëó÷åííîå ñîîòíîøåíèå ( 3.5) ïîçâîëÿåò ñ ïîëèíîìèàëüíîé ( 3.6) â C ([0; 1]) è ýêñïî-
íåíöèàëüíîé ( 3.7) â L2 ([0; 1]) ñêîðîñòÿìè ñõîäèìîñòè ôîðìèðîâàòü ïðèáëèæåííî-àíàëèòè-
÷åñêîå ðåøåíèå çàäà÷è Øâàðöà (1.1) � êîíôîðìíîãî îòîáðàæåíèÿ âíóòðåííèõ òî÷åê ïðîèç-
âîëüíîãî ìíîãîóãîëüíèêà 
 íà åäèíè÷íûé êðóã B1. Îöåíêà ( 3.6) îïðåäåëÿåò íàèáîëüøóþ
ïîãðåøíîñòü ðåøåíèÿ ( 3.5) çàäà÷è (1.1) âáëèçèj -õ óãëîâûõ òî÷åê
 ïðè óñëîâèÿõ: ìàêñè-
ìàëüíîãî îòêëîíåíèÿ âíóòðåííåãî óãëà � j ïðè âåðøèíå Pj îò � ; ìèíèìàëüíîãî óäàëåíèÿ îò
íà÷àëà êîîðäèíàò âåðøèíû Pj ; ìàêñèìàëüíîãî ðàçëè÷èÿ äëèí ðåáåð ej � 1 è ej , ñîäåðæàùèõ
âåðøèíó Pj . Îöåíêà ( 3.7) îïðåäåëÿåò íàèáîëüøóþ ïîãðåøíîñòü ðåøåíèÿ ( 3.5) çàäà÷è (1.1)
â ñëó÷àå ìàêñèìàëüíîãî îòëè÷èÿ ãðàíèöû � ìíîãîóãîëüíèêà 
 îò îêðóæíîñòè. Ðåçóëüòàòû
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j � j (t )j
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j � j (t )j
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1; 25

1

1

0; 75
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â
11

M

�

B

C

0; 4

0; 3

0; 2

0; 1

0
2 3 4 5 6 7 8 9 10 12 13

ã

Ðèñ. 1.Ðàñ÷åò
�
�� M

j (t)
�
� íà ðåáðàõ òðåóãîëüíèêà äëÿM = 3 (à), M = 6 (á), M = 9 (â), è çàâè-

ñèìîñòü � îò M (ã) ïðè ñðàâíåíèè ðåçóëüòàòîâ â îòíîøåíèè òî÷íîãî ( A), ñóùåñòâóþùèõ (B)
è ïðåäëîæåííîãî ( C) ðåøåíèé




à
11

M

~�

B

C

0; 6

0; 45

0; 3

0; 15

0
2 3 4 5 6 7 8 9 10 12 13

á
M = 3

â

M = 6

ã

M = 9

ä

Ðèñ. 2.Êîíôîðìíîå îòîáðàæåíèå 
 (a) ïî ïðàâèëó ( 3.5) íà B1 äëÿ M = 3 (â), M = 6 (ã),
M = 9 (ä) è çàâèñèìîñòü ~� îò M (á) ïðè ñðàâíåíèè ðåçóëüòàòîâ â îòíîøåíèè ñóùåñòâóþ-
ùèõ (B) è ïðåäëîæåííîãî ( C) ðåøåíèé
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à

M = 4

á

M = 8

â

Ðèñ. 3.Ïðèìåð ðàñ÷åòà ~f M (z) äëÿ âîãíóòîãî äåâÿòíàäöàòèóãîëüíèêà (à) ïðè M = 4 (á),
M = 8 (â)




à

M = 4

á

M = 8

â

Ðèñ. 4.Ïðèìåð ðàñ÷åòà ~f M (z) äëÿ âîãíóòîãî äâàäöàòè÷åòûðåõóãîëüíèêà (à) ïðè M = 4 (á),
M = 8 (â)

ìîäåëèðîâàíèÿ (ðèñ. 1� 4) ïðè ïîëó÷åíèè àïîñòåðèîðíûõ îöåíîê ïîäòâåðæäàþò ñïðàâåä -
ëèâîñòü (3.5)�( 3.7) è ñâèäåòåëüñòâóþò î ïðåäïî÷òèòåëüíîñòè ïðåäëîæåííîãî ïðè áëèæåííî-
àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è (1.1) â ñðàâíåíèè ñ èçâåñòíûìè [15]. Âûñîêàÿ òî÷íîñòü
ïðåäëîæåííîãî ïðèáëèæåííî-àíàëèòè÷åñêîãî ðåøåíèÿ ( 3.5) îáåñïå÷èâàåòñÿ ïðè íåáîëüøèõ
çíà÷åíèÿõ M 2 [8; 14](ñì. ðèñ. 3, 4). Çàäàííîå ïðàâèëî ( 2.12) ñ ó÷åòîì ðåêóððåíòíûõ ïðåä-
ñòàâëåíèé (2.4), (2.6), (2.8), (2.10), (2.11), (2.13) â ñðàâíåíèè ñ [16] ïîçâîëÿþò îáåñïå÷èòü
âûñîêóþ âû÷èñëèòåëüíóþ óñòîé÷èâîñòü èòîãîâîãî ðåøåíèÿ (3.5).
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In the article, an approximate analytical solution of the problem of conformalmapping of internal points
of an arbitrary polygon to a unit circle is developed. At the preliminary stage, the conformal mapping
problem is formulated as a boundary value problem (Schwartz problem). The latter is reduced to the
solution of the Fredholm integral equation of the second kind with a Cauchy­type kernel with respect to
an unknown complex density function at the boundary domain, followed by the calculation of the Cauchy
integral. The developed approximate analytical solution is based on the Cauchy kernel decomposition in
the Legendre polynomial system of the first and second kind. A priori and a posteriori estimates of the
convergence and accuracy of the given solution are fulfilled. The exponential convergence of the solution
in L 2 ([0; 1]) and the polynomial one inC ([0; 1]) are defined. Calculations on test examples are given
for a visual comparison of the effectiveness of the developed solution.
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