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Introduction

As is known, the Theory of Dynamic Games is mainly divided into two interrelated classes:
1) Differential Games, in which the equations of players’ motion are described by differential
equations and the players’ strategies continuously depend on incoming information; 2) Discrete
Games, in which the equations of players’ motion are described by step-by-step recurrent equa-
tions and the players’ strategies in this case must predetermine the choice of moves at each
step.

At first, the attention of specialists was focused mainly on differential games, and in this
direction, various approaches to solving game problems were proposed. The founder of this
theory, R. Isaacs [1], proposed solution methods based on variational principles, where the main
role is played by the Hamilton–Jacobi–Bellman equations. Later, interesting results were obtained
in this direction, for example in the works [2–4]. In the works [5, 6], differential games are
considered as special classes of control problems, where differential games are considered from
two points of view, from the point of view of the pursuer, as a pursuit problem, and from the
point of view of the evader, as an evasion problem.

If we move from differential games to discrete games, there are also quite a lot of interesting
works in this direction today, however, compared to differential games, there are still quite a few
discrete problems that require further research. More detailed information on discrete games can
be found in works [7–11].

In works [12–18], dynamic processes are considered from a more general point of view, since
differential and discrete processes have much in common. In these works, continuous and discrete
time intervals are considered from a single point of view as a set of time scales. Such an approach
to solving general dynamic systems was proposed in works [12–14] and this remarkable way of
generalizing continuous and discrete processes found its application in the theory of dynamic
games [15–18].

This paper is devoted to the study of one well-known problem of B. N. Pshenichnyi [19] —
the problem of simple pursuit with step-by-step movement of players. In solving this problem,
the key role is played by the strategy of parallel pursuit (or, in short, the Π-strategy [20]), which
led to the creation of one of the widely used methods for solving group pursuit problems — the
method of resolving functions [21–30]. The paper considers two separate cases. In the first
case, a discrete pursuit game is solved, when only one pursuer and one evader participate in the
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game. To solve this problem, an algorithm for applying the Π-strategy is given. According to the
proposed method, the players first approach each other and eventually coincide exactly. In the
second case, the proposed solution method is extended to the game of group pursuit. The obtained
results are verified using animation models created in the Visual C# programming language using
ScottPlot.WinForms technology [31, 32].

§ 1. Statement of the problem

In space Rd, two objects perform stepwise movements. The goal of the first object P (the
pursuer) is to reach or coincide with the second object E (the evader) in the final step. The
purpose of the second object is the opposite. Let their movements be described by the following
recurrent equations

P : xn = xn−1 + u, (1.1)

E : yn = yn−1 + v, (1.2)

respectively. Here: xn is the location position of P in space Rd at step n, n = 1, 2, . . . ; yn is the
location position of E in space Rd at step n, n = 1, 2, . . . ; x0 is the initial position of P ; y0 is the
initial position of E; u is a control parameter of P , which at each step takes only one arbitrary
vector value from Sα, where Sα is a ball of radius α with the center at the origin of the coordinate
space Rd; v is a control parameter of E, which at each step takes only one arbitrary vector value
from Sβ , where Sβ ⊂ Rd is also a ball of radius β.

Let an arbitrary sequence of controls of players P and E be chosen in the form of un and vn,
respectively. Then, substituting these controls in recurrent equations (1.1) and (1.2), we have
solutions to these equations in the form of the following sequences:

P : xn = x0 +
n∑

i=1

ui, (1.3)

E : yn = y0 +
n∑

i=1

vi, (1.4)

where n = 1, 2, . . . . Sequences (1.3) and (1.4) will be called traces of players P and E in space
Rd, respectively. Then, the goal of the pursuer P is to realize the equality xN = yN for some
finite step N , N = 1, 2, . . . (Discrete Pursuit Game), and the goal of the evader is to avoid this
equality, that is, to realize the inequality xn ̸= yn for all n = 1, 2, . . . (Discrete Evasion Game).
This is the preliminary statement of the Pursuit–Evasion problems for the considered game.

Similarly to the continuous problem and here, to simplify the solution of the discrete pursuit
problem, we introduce a new variable zn = xn−yn for all n = 1, 2, . . . . Then, instead of recurrent
equations (1.1)–(1.2) and their solutions (1.3)–(1.4), we obtain equation

zn = zn−1 + u− v, (1.5)

and, for given sequences un and vn, we have the solution

zn = z0 +
n∑

i=1

(ui − vi), (1.6)

where z0 = x0 − y0. In this case, the pursuer P strives to implement the equality zn = 0 up to a
certain finite number of the step N , where n ⩽ N (Discrete Pursuit Problem), and the evader E
strives to implement the inequality zn ̸= 0 for all n = 1, 2, . . . or avoid this meeting for as long
as possible (Discrete Evasion Problem). This is a preliminary formulation of Discrete Pursuit and
Evasion Problems.
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§ 2. Solving Discrete Pursuit Problem

2.1. Pursuer Strategy

To solve the Discrete Pursuit Problem (DPP) (1.1)–(1.2), we assume that the pursuer is allowed
to know the initial states x0, y0, the constants α, β and the value of the sequences vn and zn−1 on
each current step n = 1, 2, . . . .

Definition 2.1. We will call the sequence

un =

{
uA
n , if |zn−1| > µ(vn),

uF
n , if |zn−1| ⩽ µ(vn),

(2.1)

Π-strategy in the DPP (1.1)–(1.2) or (1.5), where

uA
n = vn − µ(vn)ξ0, (2.2)

uF
n = vn − zn−1, (2.3)

µ(vn) = ⟨vn, ξ0⟩+
√

⟨vn, ξ0⟩2 + α2 − |vn|2, (2.4)

ξ0 = z0/|z0|, ⟨vn, ξ0⟩ means the inner product of the vectors vn and ξ0 in Rd, n = 1, 2, . . . .
Further, we will call sequence uA

n the approach strategy, and sequence uF
n the final or finishing

strategy.

From the definition of the Π-strategy (2.1) it is obvious that the pursuer’s strategy at each
step n depends on the sequences vn and zn−1.

Lemma 2.1. If α ⩾ β, then for each pair (vn, zn−1) ∈ Sβ × Rd :

(a) the sequence un is well defined;

(b) the inequalities α− β ⩽ µ(vn) ⩽ α + β hold for any vn ∈ Sβ .

The proof of the lemma follows directly from forms (2.1)–(2.3).

2.2. Pursuit Algorithm

Let the condition α > β be satisfied and the pursuer implements strategy (2.1). Let us consider
the actions of the pursuer at each step n ⩾ 1.

Step 1. Let at step 1 the evader choose some vector v1 ∈ Sβ and for this vector and the initial
state z0 the inequality |z0| > µ(v1) holds. From Definition 2.1 it follows that the pursuer in this
case chooses the vector uA

1 = v1 − µ(v1)ξ0 (see (2.2)). Consequently, from (1.6) we have the
equality

z1 = z0 + uA
1 − v1 = z0 − µ(v1)ξ0. (2.5)

Note that vectors z1 and z0 are collinear, or in other words, parallel to each other.
Let us show that for an arbitrary choice of vector v1 from the ball Sβ , the inequality z1 ̸= 0

is satisfied. Let us assume the opposite, i. e., there is some control vector v∗1 for which z1 = 0.
Then, from (2.5), we get

0 = |z1| = |z0| − µ(v∗1),

which contradicts the assumption.
Now let the inequality |z0| ⩽ µ(v1) be satisfied at step 1. Then, from (1.6) and (2.3), we have

z1 = z0 + uF
1 − v1 = 0,

i. e., the pursuit ends in step 1.
Thus, if in step 1 the inequality |z0| > µ(v1) is satisfied, then the pursuer continues to apply

strategy (2.1) in step 2.
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Step 2. Let the inequality |z1| > µ(v2) also be satisfied in step n = 2. Then, from (1.6), (2.2)
and (2.5), we have

z2 = z0 + uA
1 − v1 + uA

2 − v2 = z0 − µ(v1)ξ0 − µ(v2)ξ0 = z1 − µ(v2)ξ0.

Note that here too the vectors z2, z1 and z0 are collinear with each other. Then, similarly to step 1,
here we can also prove that if the inequality |z1| > µ(v2) holds, then for any vector v2 ∈ Sβ the
inequality z2 ̸= 0 holds, i. e., it is impossible to catch the evader at step 2.

If in the second step the inequality |z1| ⩽ µ(v2) is satisfied, then, from (1.6), (2.3) and (2.5),
it follows that

z2 = z0 + uA
1 − v1 + uF

2 − v2 = z1 + uF
2 − v2 = 0,

i. e., the pursuit ends in step 2.
Inductively continuing this process, one can reach some step n.

Step n. Let the inequality |zn−1| > µ(vn) also be satisfied in step n > 2. Then, from (1.6)
and (2.2), we obtain

zn = z0 +
n∑

i=1

(uA
i − vi) = z0

(
1− 1

|z0|
n∑

i=1

µ(vi)

)
, (2.6)

i. e., vectors zi, i = 1, 2, . . . , n, remain parallel to the initial vector z0. Based on this property,
similarly to step 1, here it can be proved that in this case it is also impossible to complete the
pursuit, i. e., zn ̸= 0.

In the case when at steps i = 1, 2, . . . , n − 1 the inequalities |zi−1| > µ(vi) are satisfied and,
at the last step, |zn−1| ⩽ µ(vn), then, from (1.5) and (2.3), we have

zn = zn−1 + uF
n − vn = 0,

i. e., the pursuit ends in step n.
Now we will prove the admissibility of strategy (2.1), i. e., the validity of the inequality

|un| ⩽ α for any n ⩾ 1. For the case |zn−1| > µ(vn), from the definition of sequence (2.2) we
have

|uA
n |2 = |vn|2 − 2µ(vn)⟨vn, ξ0⟩+ µ2(vn) = |vn|2 + µ(vn)

(
µ(vn)− 2⟨vn, ξ0⟩

)
.

Hence, from (2.4), we get

|uA
n |2 = |vn|2 + µ(vn)

(√
⟨vn, ξ0⟩2 + α2 − |vn|2 − ⟨vn, ξ0⟩

)
=

= |vn|2 +
(√

⟨vn, ξ0⟩2 + α2 − |vn|2 + ⟨vn, ξ0⟩
)(√

⟨vn, ξ0⟩2 + α2 − |vn|2 − ⟨vn, ξ0⟩
)
= α2.

Now, for the case |zn−1| ⩽ µ(vn), we have

⟨vn, ξ0⟩ −
√

⟨vn, ξ0⟩2 + α2 − |vn|2 ⩽ |zn−1| ⩽ µ(vn) ⇒
⇒

∣∣|zn−1| − ⟨vn, ξ0⟩
∣∣ ⩽ √

⟨vn, ξ0⟩2 + α2 − |vn|2.
We square both sides of the last inequality and obtain

|zn−1|2 − 2|zn−1|⟨vn, ξ0⟩+ |vn|2 ⩽ α2.

From equality (2.6), it follows that vectors zn−1 and z0 have the same directions and therefore
zn−1 = |zn−1|ξ0. Hence, we have |vn − zn−1| ⩽ α. Q. E. D. □

From the above we formulate the following theorem.

Theorem 2.1. Let α > β and the pursuer implements the Π-strategy (2.1).

(a) If for steps i = 1, 2, . . . , n the inequalities |zi−1| > µ(vi) are satisfied, then, for all these
steps i = 1, 2, . . . , n, we have zi ̸= 0.

(b) If inequality |zn| ⩽ µ(vn+1) is satisfied in step n, then in step n+ 1 the evader is captured,
i. e., zn+1 = 0.
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2.3. Guaranteed pursuit step

First, let us prove the following important lemma.

Lemma 2.2. If at some step n the inequalities 0 < |zn| ⩽ α − β are satisfied, then the pursuer,
using the final strategy (2.3), completes the pursuit at step n+ 1.

P r o o f. If the conditions of the lemma are met, then, for any vector vn+1 ∈ Sβ ,

α ⩾ β + |zn| ⩾ |vn+1|+ |zn| ⩾ |vn+1 − zn| ⇒ |zn| ⩽ µ(vn+1).

Consequently, by virtue of Theorem 2.1, (b), the game ends at step n+ 1. □

Theorem 2.2. Let α > β be satisfied in the discrete game (1.1)–(1.2) (or (1.5)). Then the pursuer,

implementing the Π-strategy (2.1), completes the pursuit no later than in step N =
[

|z0|
α−β

]
+ 1,

where the sign [·] denotes the integer part of the number inside this sign.

P r o o f. Let the evader choose an arbitrary sequence of vectors vk ∈ Sβ , where k = 1, 2, . . . .
By virtue of Theorem 2.1, the pursuer can implement strategy (2.1) up to some step n. Then,
from (2.6) and Lemma 2.1, we have the estimate

|zn| = |z0| −
n∑

i=1

µ(vi) ⩽ |z0| − n(α− β).

From these relations it follows that there exists a minimal step n∗ for which the inequality

|z0| − n∗(α− β) ⩽ α− β or |z0|
α−β

− 1 ⩽ n∗ holds. Obviously, n∗ =
[

|z0|
α−β

]
. Then, by Lemma 2.2,

we obtain that the pursuit ends no later than step N . □

§ 3. Group Discrete Pursuit Problem

3.1. Problem formulation

In this section, we consider the Group Discrete Pursuit Problem (GDPP) with simple move-
ment of players, i. e., a discrete analogue of the Pshenichnyi Problem [19]. Let in space Rd

objects P 1, P 2, . . . , Pm (the pursuers) step-by-step pursue object E (the evader), which also
moves step-by-step. The movements of these objects are described by the following recurrence
equations

P i : xi
n = xi

n−1 + ui, i ∈ Im = {1, 2, 3, . . . ,m}, (3.1)

E : yn = yn−1 + v; (3.2)

everywhere below n = 1, 2, . . . ; ui are the control parameters of the pursuers, which at each
step n are chosen as constant vectors ui

n, satisfying the so-called geometric constraints of the
form

|ui
n| ⩽ 1, i ∈ Im; (3.3)

v is the control parameter of the evader, which at each step n is chosen as a constant vector vn
satisfying the constraint

|vn| ⩽ 1, (3.4)

i. e., the pursuers and the evader have the same capabilities; xi
0, i ∈ Im, and y0 are the initial

states of the pursuers and the evader, respectively. The goal of the pursuers is to achieve the
equality xj

n = yn for at least one pursuer j ∈ Im at some finite step n. The goal of the evader is
the opposite, i. e., to achieve the inequality xi

n ̸= yn for all pursuers i ∈ Im at any step n.
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Similar to Section 1, here we simplify the solution of the discrete pursuit problem by intro-
ducing new variables: zin = xi

n − yn, i ∈ Im, and zi0 = xi
0 − y0. Then, from (3.1)–(3.2), we obtain

the recurrence equations
zin = zin−1 + ui

n − vn, i ∈ Im. (3.5)

The solutions to equations (3.5) have the forms

zin = zi0 +
n∑

k=1

(ui
k − vk), i ∈ Im. (3.6)

The solution of the discrete pursuit problem is the realization of the equality zjn = 0 for some
j ∈ Im at the final step of n, and the solution of the evasion problem is the realization of the
inequality zin ̸= 0 for all i ∈ Im at any step n.

Definition 3.1. The sequence

ui
n =

{
uAi
n , if |zin−1| > µi(vn),

uFi
n , if |zin−1| ⩽ µi(vn),

(3.7)

will be called the Πi-strategy of the i-pursuer in the GDPP (3.1)–(3.2) or (3.5), where

uAi
n = vn − µi(vn)ξ

i
0, (3.8)

uFi
n = vn − zin−1, (3.9)

µi(vn) = ⟨vn, ξi0⟩+
√
⟨vn, ξi0⟩2 + 1− |vn|2, n = 1, 2, . . . , (3.10)

ξi0 = zi0/|zi0|, i ∈ Im.

3.2. Solution for the Pursuit Problem

Theorem 3.1. Let in the game (3.1)–(3.5) the pursuers implement Πi-strategies (3.7).

(a) If for steps k = 1, 2, . . . , n the inequalities |zik−1| > µi(vk), i ∈ Im, are satisfied, then for
any step k = 1, 2, . . . , n we have zik ̸= 0 for all i ∈ Im.

(b) If at step n the inequality |zjn| ⩽ µj(vn+1) holds for some j ∈ Im, then at step n + 1 the
pursuer P j completes the pursuit, i. e., zjn+1 = 0.

The proof of Theorem 3.1 is similar to the proof of Theorem 2.1.

Theorem 3.2 (Discrete analogue of Pshenichyi’s Theorem [19]). If in the game (3.1)–(3.5) for the
initial states zi0, i ∈ Im, the condition

0 ∈ int conv {ξ10 , ξ20 , . . . , ξm0 } (3.11)

is satisfied, then with the help of Πi-strategies (3.7) the pursuers complete the pursuit no later

than step N =

[
m∑
i=1

|zi0|/γ
]
+ 1, where γ = 2δ/(1 + 2δ) and

δ = min
|p|=1

max
i∈Im

⟨p, ξi0⟩ > 0. (3.12)
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P r o o f. From condition (3.11), it follows the existence of a positive number δ. Thus,
max
i∈Im

⟨p, ξi0⟩ ⩾ δ for every p, |p| = 1.

It is easy to verify that the condition |vn| ⩽ 1 implies the estimate

µi(vn) ⩾ max
{
1− |vn|, 2⟨vn, ξi0⟩

}
(3.13)

for (3.10). Indeed, if |vn| = 1, then µi(vn) = max{0, 2⟨vn, ξi0⟩} and equality holds in (3.13). If
|vn| < 1, then we obtain the inequalities µi(vn) ⩾ 1−|vn| and µi(vn) > 2⟨vn, ξi0⟩ or (3.13). Then,
assuming pn = vn/|vn| for vn ̸= 0, we obtain

max
i∈Im

µi(vn) ⩾ max
{
1− |vn|, 2|vn|max

i∈Im
⟨pn, ξi0⟩

}
⩾ max

{
1− |vn|, 2|vn|δ

}
⩾ γ (3.14)

for all n = 1, 2, . . . . The last inequality follows from the fact that a continuous function f(ν) =
= max{1− ν, 2νδ} on an interval [0, 1] reaches its minimum value at point ν0 = 1/(1+2δ), i. e.,
min
ν∈[0,1]

f(ν) = γ, where ν = |vn|.
Now let’s estimate the distance between the pursuers and the evader at each step n. By

Theorem 3.1, (a), let the pursuers apply strategy (3.8) up to some step n. Then from (3.6) we
have

zin = zi0 −
n∑

k=1

µi(vk)ξ
i
0, i ∈ Im.

Hence, we get

|zin| = |zi0| −
n∑

k=1

µi(vk), i ∈ Im.

From here and from inequality (3.14), we obtain the estimate

m∑
i=1

|zin| =
m∑
i=1

|zi0| −
m∑
i=1

n∑
k=1

µi(vk) ⩽
m∑
i=1

|zi0| −
n∑

k=1

max
i∈Im

µi(vk) ⩽
m∑
i=1

|zi0| − nγ.

Similar to the proof of Theorem 2.2, here in step n∗ =

[
m∑
i=1

|zi0|/γ
]

the inequality

m∑
i=1

|zin∗ | ⩽
m∑
i=1

|zi0| − n∗γ ⩽ γ ⩽ max
i∈Im

µi(vn∗+1).

is satisfied. It follows that there is at least one j-pursuer P j , for which the relations
|zjn∗| ⩽ µj(vn∗+1) holds. Then from Theorem 3.1, it follows that the pursuit is completed us-

ing strategy (3.9) by the j-pursuer at step N =

[
m∑
i=1

|zi0|/γ
]
+ 1. □

§ 4. Program implementations and examples

4.1. Discrete Pursuit Problem: algorithm and implementation

In this subsection, a software algorithm for solving the pursuit problem in the plane is pro-
posed for the case of one pursuer P and one evader E.
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Step 1. The algorithm starts with the following input data: the coordinates of the initial states of
the players E : y0 := (y01, y02), P : x0 := (x01, x02) and the upper limits on the speed values α, β.

Step 2. The following are computed: z01 := x01 − y01, z02 := x02 − y02, |z0| :=
√

z201 + z202.

Step 3. If (α > β ∧ α > 0 ∧ β ⩾ 0 ∧ |z0|̸=0)

then compute the Guaranteed Pursuit Step (GPS) N =
[

|z0|
α−β

]
+ 1;

set n := 1;
else return to Step 1.

Step 4. Enter evader vector vn := (vn1, vn2).

Step 5. Compute |vn| :=
√

v2n1 + v2n2.

Step 6. If |vn|⩽β
then compute µ(vn) (2.4);

compute the coordinates for moving to the next step E : yn (1.2);
else return to Step 4.

Step 7. If |zn−1| > µ(vn)
then compute uA

n (2.2);
update un := uA

n ;
compute the coordinates for moving to the next step P : xn (1.1);
compute the distance between players |zn|;
update the step counter n := n+ 1;
return to Step 4;

else compute uF
n (2.3);

update un := uF
n ;

compute capture point coordinates P : xn (1.1);
output the capture step n, the GPS N , the capture point P : xn.

Step 8. End. (Block diagram for DPP shown in Fig. 1)

Example 4.1. Based on the obtained theoretical results and the constructed algorithm, an anima-
tion model for the discrete pursuit problem is implemented. The animation model demonstrates
that, when applying the Πi-strategy, the players’ traces converge step by step and in parallel,
which confirms the validity of the theoretical results. The model provides not only a graphical
illustration but also the possibility of presenting a numerical data table for each step, which makes
it possible to clearly analyze the results when using the Π-strategy (see Fig. 2). The example is
given for the initial parameters specified in Table 1.

Table 1. Initial parameters for the pursuit–evasion simulation

Parameters Descriptions Values
x0 Initial position of the pursuer (−16,−14)
y0 Initial position of the evader (1, 1)
α Initial resource of the pursuer 2
β Initial resource of the evader 1,1

v1 = (v11 , v21) Initial control vector of the evader
(
− sin i,− 1

1+i

)
Strategy Pursuer’s control strategy Π-strategy

Simulation step Theoretically guaranteed upper bound on capture step 26
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Entering the initial coordinates x0,
y0 and constraints players α, β

Calculating the distance
|z0| between players

0

0

0

1

1

1

Calculating guaranteed
pursuit step N , n := 1

α > β&α > 0&β ≥ 0
&|z0| 6= 0

Enter Evader vector vn End

Calculating the distance zn
between players, then
n := n+ 1

Calculating |vn|
Capture point C(xn1 , xn2),
capture step n, guaranteed
Pursuit step N|vn| ≤ β

Calculating the coordinates of
Pursuer xn

Calculating the µ(vn), the
coordinates of Evader yn

Calculating the coordinates of
Pursuer xn

Calculating the uA
n , then change

un := uA
n

|zn−1| > µ(vn)
Calculating the uF

n , then
change un := uF

n

Start

Fig. 1. Block diagram for DPP

4.2. Group Discrete Pursuit Problem: algorithm and implementation

This subsection proposes a software algorithm for solving the pursuit problem involving three
pursuers P 1, P 2, P 3 and one evader E. Note that the structure of the GDPP algorithm (3.1)–(3.2)
coincides with that of the DPP algorithm (1.1)–(1.2). In equations (3.1)–(3.2), it is assumed that
the constraints for all players are equal and normalized to one. In the developed GDPP algorithm,
the constraint for the evader is defined by the parameter β, which is set equal to αi for each of
the three pursuers, where i = 1, 2, 3.

Step 1. Enter the data for the pursuers P i, i = 1, 2, 3, and the evader E, including the coor-
dinates of their initial states xi

0 := (xi
01, x

i
02), y0 := (y01, y02), along with the control constraint

parameter β.

Step 2. If (β ⩾ 0)
then set α1 := α2 := α3 := β;
else return to Step 1.

Step 3. for i := 1 to 3 do perform the following calculations:
calculate the distance between players:
zi01 := xi

01 − y01, zi02 := xi
02 − y02, |zi0| :=

√
(zi01)

2 + (zi02)
2;

check condition: If (|zi0| ̸= 0)

then compute: ξi01 :=
zi01
|zi0|

, ξi02 :=
zi02
|zi0|

else return to Step 1.

Step 4. The program performs the following calculations:
сomputes the determinants:

d1 :=

∣∣∣∣ξ101 ξ201
ξ102 ξ202

∣∣∣∣, d2 :=

∣∣∣∣ξ201 ξ301
ξ202 ξ302

∣∣∣∣, d3 :=

∣∣∣∣ξ301 ξ101
ξ302 ξ‘102

∣∣∣∣. (4.1)
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Fig. 2. The DPP animation model and its data table
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Step 5. If
(d1 > 0 ∧ d2 > 0 ∧ d3 > 0) ∨ (d1 < 0 ∧ d2 < 0 ∧ d3 < 0) (4.2)

then execute the Procedure: Calculation of the Guaranteed Pursuit Step (GPS);
else the evader has a chance to escape the pursuit

If “Press Stop”
then go to Step 10;
else set n := 1.

Note that for the case under consideration, conditions (3.11) and (4.2) are equivalent, which
easily follows from the properties of the oriented vectors ξ10 = (ξ101, ξ

1
02), ξ20 = (ξ201, ξ

2
02) and

ξ30 = (ξ301, ξ
3
02), that is, if the signs of all determinants (4.1) are simultaneously positive or

negative, then the initial state of the evader is inside the convex hull of the initial states of the
pursuers (Fig. 5).

Step 6. Enter the evader vector vn := (vn1, vn2).

Step 7. Compute |vn| :=
√
v2n1 + v2n2.

Step 8. If |vn|⩽β
then compute the evader’s position E : yn (3.2);
else return to Step 6.

Step 9. for i := 1 to 3 do perform the following calculations:
compute µi(vn) (3.10)
check condition:
If |zin−1| > µi(vn)

then compute uAi
n (3.8);

update ui
n := uAi

n ;
compute the coordinates for moving to the next step P i : xi

n (3.1);
compute the distance between players |zin|;
update the step counter n := n+ 1; return to Step 6;

else compute uFi
n (3.9);

set ui
n := uFi

n ;
compute P i : xi

n (3.1);
output the capture step n, the GPS N , the capture points P i : xi

n.

Step 10. End. (Block diagram for GDPP shown in Fig. 3).

Procedure: Calculation of the Guaranteed Pursuit Step (GPS).

Step 1. Calculation of the value δ (Minimax Calculation).
The segment [0, 2π] is uniformly divided into 1000 equal parts, where θ is defined as:

θk :=
2π(k − 1)

1000
, k = 1, 2, . . . , 1000.

For each direction θk, the unit vector components are calculated as:

pk1 := cos(θk), pk2 := sin(θk).

Then, for each k, the following values are computed:

qk := max
i=1,2,3

(
pk1ξ

i
01 + pk2ξ

i
02

)
,

and the value δ is determined as δ := min
k=1,2,...,1000

qk.
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Start

End

Capture point
C(xn1 , xn2) capture
step n, GPS N

0

0

0

0

0

0

1

1

1

1

1

1

Compute the Pursuer’s
position xin

Enter the initial coordinates xi0, y0
and the parameter β, i := 1, 2, 3

β > 0 Set α1 = α2 = α3 = β

i := 1, 3
Compute the distance
|zi0| between players

|zi0| 6= 0Compute ξi0

(d1>0∧d2>0∧d3>0)∨(d1<0∧d2<0∧d3<0) Compute d1, d2, d3

Press StopThe Evader has a chance
to evade capture

Execute GPS Procedure

n := 1

Input the Evader’s vector vn

Compute |vn|

|vn| ≤ β

Compute the Evader’s
position yn

n := n+ 1 i := 1, 3

Compute µi(vn) |zin−1| ≤ µi(vn)

Compute uAi
n , then

update ui
n := uAi

n

Compute the Pursuer’s
position xin

Compute the distance
zin between players

Compute uFi
n , then

update ui
n := uFi

n

Fig. 3. Block diagram for GDPP

Step 2. Calculation of the Guaranteed Pursuit Step N . The GPS value N is computed using the
formula:

N :=

[
3∑

i=1

|zi0|/γ
]
+ 1, γ =

2δ

1 + 2δ
.

(Block diagram for GPS shown in Fig. 4).

Example 4.2. Based on the obtained theoretical results and the constructed algorithm, an anima-
tion model is implemented for the case of three pursuers and one evader. The model performs
a two-stage procedure: first, it checks whether the evader lies within the convex hull of the
pursuers’ direction vectors; then it computes the minimax estimate δ, after which the resulting
GPS value is displayed in the interface. When applying the Πi-strategy, the animation model
demonstrates the step-by-step parallel convergence of the players’ traces, which confirms the va-
lidity of the theoretical results. The model provides not only a graphical illustration but also the
possibility of presenting a numerical data table for each step, which makes it possible to clearly
analyze the results when using the Πi-strategy (see Fig. 5). The example is presented for the
initial parameters specified in Table 2.
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Table 2. Initial parameters for the pursuit–evasion simulation

Parameters Descriptions Values

x1
0 Initial position of the pursuer P 1 (2, 12)

x2
0 Initial position of the pursuer P 2 (3,−7)

x3
0 Initial position of the pursuer P 3 (−3, 11)

y0 Initial position of the evader (1, 2)
β Initial resource of the evader 1

α1, α2, α3 Initial resource of the pursuer 1

v1 = (v11 , v21) Initial control vector of the evader
(
− 1√

2
,− 1√

2

)
Strategy Pursuer’s control strategy Πi-strategy

Simulation step Theoretically guaranteed upper bound on capture step 174

Conclusion

For both DPP and GDPP, animation models were developed using Visual C# and the
ScottPlot.WinForms and Zirpl.CalcEngine technologies. The animation models demonstrate the
step-by-step application of the pursuers’ Π-strategy, allowing clear visualization of the players’
traces converging. In addition to the graphical visualization, the models provide numerical data
tables for verifying the correctness of the obtained results. The programs are hosted on Google
Drive, which allows testing their functionality and using them for further analysis:

a) the Animation Model Program for the Discrete Pursuit Problem (DPP)
https://drive.google.com/file/d/1ZbZ03t8UGf1_rw8iYwFVMJR83B7S8bSY/view?usp=drive_link;

b) the Animation Model for the Group Discrete Pursuit Problem (GDPP)
https://drive.google.com/file/d/1ZxOJ7AybnVu_AvDBQ9EH0B_WFJmMEht1/view?usp=drive_link,
which facilitates testing the model’s functionality.

https://drive.google.com/file/d/1ZbZ03t8UGf1_rw8iYwFVMJR83B7S8bSY/view?usp=drive_link
https://drive.google.com/file/d/1ZxOJ7AybnVu_AvDBQ9EH0B_WFJmMEht1/view?usp=drive_link
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0

0

1

1

Start GPS Procedure

k := 1, 1000

Compute θk := 2π(k−1)
1000

Compute pk1 := cos(θk),

pk2 := sin(θk)

i := 1, 3

Compute projection
b[k, i] := pk1ξ

i
01+pk2ξ

i
02

k := 1, 1000

Initialize qk := b[k, 1]

i := 2, 3

qk < b[k, i]

Update qk := b[k, i]

Initialize δ := q[1]

k := 2, 1000

qk < δ

Update δ := q[k]

Compute γ := 2δ/(1 + 2δ)

N := 1

i := 1, 3

Compute GPS
N := N+|zi0|/γ

GPS N

End GPS Procedure

Fig. 4. Block diagram for GPS Procedure
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Fig. 5. The GDPP animation model and its data table
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А. А. Азамов, Б. Т. Саматов, Н. Т. Умаралиева

Алгоритм Π-стратегии в дискретных играх преследования

Ключевые слова: дискретная игра, преследователь, убегающий, стратегия, преследования, гаранти-
рованный шаг поимки.

УДК 517.977

DOI: 10.35634/vm260101

Данная работа посвящена исследованию одной известной задачи Б. Н. Пшеничного, а именно зада-
че простого группового преследования, когда игроки совершают пошаговые перемещения. В работе
рассматриваются два отдельных случая. В первом случае решается дискретная игра преследования,
когда в игре участвуют только один преследователь и один убегающий. Для решения этой зада-
чи приводится алгоритм применения Π-стратегии. Согласно предлагаемому методу, игроки сначала
сближаются, и в итоге точно совпадают. Во втором случае предлагаемый метод решения распро-
страняется на игру группового преследования. Полученные результаты проверяются с помощью
анимационных моделей, созданных на языке программирования Visual C# с использованием тех-
нологии ScottPlot.WinForms.
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https://doi.org/10.1007/978-0-8176-8230-9

15. Martins N., Torres D. F. M. Necessary conditions for linear noncooperative N-player delta differential
games on time scales // Discussiones Mathematicae. Differential Inclusions, Control and Optimization.
2011. Vol. 31. No. 1. P. 23–37. https://doi.org/10.7151/dmdico.1126

https://doi.org/10.35634/vm260101
https://doi.org/10.1515/9781400882014-011
https://doi.org/10.1515/9781400882014-013
https://zbmath.org/0656.01015
https://elibrary.ru/item.asp?id=16455062
https://doi.org/10.4213/mzm2526
https://doi.org/10.1155/2013/840925
https://doi.org/10.1515/9783112581445-002
https://doi.org/10.1007/BF03323153
https://doi.org/10.1007/978-0-8176-8230-9
https://doi.org/10.7151/dmdico.1126


А. А. Азамов, Б. Т. Саматов, Н. Т. Умаралиева 21

16. Петров Н. Н. Задача простого группового преследования с фазовыми ограничениями во вре-
менных шкалах // Вестник Удмуртского университета. Математика. Механика. Компьютерные
науки. 2020. Т. 30. Вып. 2. С. 249–258. https://doi.org/10.35634/vm200208

17. Petrov N. N. Multiple capture of a given number of evaders in the problem of simple pursuit with
phase restrictions on timescales // Dynamic Games and Applications. 2022. Vol. 12. No. 2. P. 632–642.
https://doi.org/10.1007/s13235-021-00387-y

18. Petrov N. N., Mozhegova E. S. Simple pursuit problem with phase constraints of two coordinated
evaders on time scales // Doklady Mathematics. 2023. Vol. 108. No. S1. P. S86–S91.
https://doi.org/10.1134/S1064562423600720

19. Пшеничный Б. Н. Простое преследование несколькими объектами // Кибернетика. 1976. Вып. 3.
С. 145–146.

20. Petrosjan L. A. Differential games of pursuit. Singapore: World Scientific, 1993.
https://doi.org/10.1142/1670

21. Благодатских А. И., Петров Н. Н. Конфликтное взаимодействие групп управляемых объектов.
Ижевск: УдГУ, 2009.

22. Сатимов Н. Ю. Методы решения задачи преследования в теории дифференциальных игр. Таш-
кент: Изд-во НУУз, 2003.

23. Чикрий А. А. Конфликтно управляемые процессы. Киев: Наукова думка, 1992.
24. Григоренко Н. Л. Математические методы управления несколькими динамическими процессами.

М.: Изд-во Моск. ун-та, 1990.
25. Азамов A. A. О задаче качества для игр простого преследования с ограничением // Сердика.

Българско математическо списание. 1986. Т. 12. Вып. 1. С. 38–43. https://zbmath.org/0629.90107
26. Azamov A. A., Samatov B. T. The Π-strategy: analogies and applications // Contributions to Game

Theory and Management. 2011. Vol. 4. P. 33–46. https://www.mathnet.ru/rus/cgtm177
27. Саматов Б. Т. О задаче преследования–убегания при линейном изменении ресурса преследова-

теля // Математические труды. 2012. Т. 15. Вып. 2. С. 159–171.
28. Саматов Б. Т. Задача преследования–убегания при интегрально-геометрических ограничениях

на управления преследователя // Автоматика и телемеханика. 2013. Вып. 7. С. 17–28.
https://www.mathnet.ru/rus/at5465

29. Саматов Б. Т. Π-стратегия в дифференциальной игре с линейными ограничениями по управле-
нию // Прикладная математика и механика. 2014. Т. 78. Вып. 3. С. 369–377.
https://pmm.ipmnet.ru/ru/Issues/2014/78-3/369

30. Samatov B., Umaraliyeva N. The Π-strategy and its animation model in plane // AIP Conference
Proceedings. 2024. Vol. 3244. Issue 1. 020026. https://doi.org/10.1063/5.0241699

31. Саматов Б. Т., Умаралиева Н. Т., Холмирзаев Х., Абдурахманов А. Анимационная модель за-
дачи преследования–убегания при геометрических ограничениях // Патент Узбекистана. 2023.
№ DGU 27303. https://im.adliya.uz/document/check/9f7633ba-2746-4724-ad64-fdbfd9644984

32. Саматов Б. Т., Умаралиева Н. Т., Холмирзаев Х., Сойиббоев У. Анимационная модель задачи
группового преследования с геометрическими ограничениями на элементы управления игрока-
ми // Патент Узбекистана. 2023. № DGU 27302.
https://im.adliya.uz/document/check/87ac0834-ec72-410e-bd28-8b795eeebbbd

https://doi.org/10.35634/vm200208
https://doi.org/10.1007/s13235-021-00387-y
https://doi.org/10.1134/S1064562423600720
https://doi.org/10.1142/1670
https://zbmath.org/0629.90107
https://www.mathnet.ru/rus/cgtm177
https://www.mathnet.ru/rus/at5465
https://pmm.ipmnet.ru/ru/Issues/2014/78-3/369
https://doi.org/10.1063/5.0241699
https://im.adliya.uz/document/check/9f7633ba-2746-4724-ad64-fdbfd9644984
https://im.adliya.uz/document/check/87ac0834-ec72-410e-bd28-8b795eeebbbd


22 Алгоритм Π-стратегии в дискретных играх преследования

Поступила в редакцию 03.06.2025
Принята к публикации 20.01.2026

Азамов Абдулла Азамович, д. ф.-м. н., профессор, лаборатория динамических систем и их примене-
ний, Институт математики им. В. И. Романовского Академии наук Республики Узбекистан, 100174,
Узбекистан, г. Ташкент, ул. Университетская, 9.
ORCID: https://orcid.org/0000-0003-3516-0904
E-mail: abdulla.azamov@gmail.com

Саматов Бахром Таджиахматович, д. ф.-м. н., профессор, лаборатория динамических систем и их
применений, Институт математики им. В. И. Романовского Академии наук Республики Узбекистан,
100174, Узбекистан, г. Ташкент, ул. Университетская, 9.
ORCID: https://orcid.org/0000-0002-0734-8507
E-mail: samatov57@gmail.com

Умаралиева Наргиза Ташкинбаевна, аспирант, кафедра прикладной математики, Наманганский го-
сударственный университет, 116019, Узбекистан, г. Наманган, ул. Уйчи, 316.
ORCID: https://orcid.org/0009-0003-1855-364X
E-mail: umaraliyeva80@gmail.com

Цитирование: А. А. Азамов, Б. Т. Саматов, Н. Т. Умаралиева. Алгоритм Π-стратегии в дискретных
играх преследования // Вестник Удмуртского университета. Математика. Механика. Компьютерные
науки. 2026. Т. 36. Вып. 1. С. 3–22.

https://orcid.org/0000-0003-3516-0904
mailto:abdulla.azamov@gmail.com
https://orcid.org/0000-0002-0734-8507
mailto:samatov57@gmail.com
https://orcid.org/0009-0003-1855-364X
mailto:umaraliyeva80@gmail.com

	Statement of the problem
	Solving Discrete Pursuit Problem
	Pursuer Strategy
	Pursuit Algorithm
	 Guaranteed pursuit step

	Group Discrete Pursuit Problem
	Problem formulation
	Solution for the Pursuit Problem

	Program implementations and examples
	Discrete Pursuit Problem: algorithm and implementation
	Group Discrete Pursuit Problem: algorithm and implementation


