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Introduction

As is known, the Theory of Dynamic Games is mainly divided into two interrelated classes:
1) Differential Games, in which the equations of players’ motion are described by differential
equations and the players’ strategies continuously depend on incoming information; 2) Discrete
Games, in which the equations of players’ motion are described by step-by-step recurrent equa-
tions and the players’ strategies in this case must predetermine the choice of moves at each
step.

At first, the attention of specialists was focused mainly on differential games, and in this
direction, various approaches to solving game problems were proposed. The founder of this
theory, R. Isaacs [1], proposed solution methods based on variational principles, where the main
role is played by the Hamilton—-Jacobi-Bellman equations. Later, interesting results were obtained
in this direction, for example in the works [2-4]. In the works [5, 6], differential games are
considered as special classes of control problems, where differential games are considered from
two points of view, from the point of view of the pursuer, as a pursuit problem, and from the
point of view of the evader, as an evasion problem.

If we move from differential games to discrete games, there are also quite a lot of interesting
works in this direction today, however, compared to differential games, there are still quite a few
discrete problems that require further research. More detailed information on discrete games can
be found in works [7-11].

In works [12-18], dynamic processes are considered from a more general point of view, since
differential and discrete processes have much in common. In these works, continuous and discrete
time intervals are considered from a single point of view as a set of time scales. Such an approach
to solving general dynamic systems was proposed in works [12—14] and this remarkable way of
generalizing continuous and discrete processes found its application in the theory of dynamic
games [15-18].

This paper is devoted to the study of one well-known problem of B.N. Pshenichnyi [19] —
the problem of simple pursuit with step-by-step movement of players. In solving this problem,
the key role is played by the strategy of parallel pursuit (or, in short, the [I-strategy [20]), which
led to the creation of one of the widely used methods for solving group pursuit problems — the
method of resolving functions [21-30]. The paper considers two separate cases. In the first
case, a discrete pursuit game is solved, when only one pursuer and one evader participate in the
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game. To solve this problem, an algorithm for applying the II-strategy is given. According to the
proposed method, the players first approach each other and eventually coincide exactly. In the
second case, the proposed solution method is extended to the game of group pursuit. The obtained
results are verified using animation models created in the Visual C'# programming language using
ScottPlot. WinForms technology [31,32].

§ 1. Statement of the problem

In space R?, two objects perform stepwise movements. The goal of the first object P (the
pursuer) is to reach or coincide with the second object £ (the evader) in the final step. The
purpose of the second object is the opposite. Let their movements be described by the following
recurrent equations

P:x,=x,1+u, (1.1)
E: Y = Y1+, (1.2)
respectively. Here: x,, is the location position of P in space R? at step n, n = 1,2,...; y, is the
location position of F in space R? at step n, n = 1,2, ...; x is the initial position of P; v is the

initial position of E; u is a control parameter of P, which at each step takes only one arbitrary
vector value from S, where S, is a ball of radius o with the center at the origin of the coordinate
space RY; v is a control parameter of F, which at each step takes only one arbitrary vector value
from Sg, where Sz C R is also a ball of radius 3.

Let an arbitrary sequence of controls of players P and £ be chosen in the form of u,, and v,
respectively. Then, substituting these controls in recurrent equations (1.1) and (1.2), we have
solutions to these equations in the form of the following sequences:

Piz, =m0+ Y u, (1.3)
=1

E:yn=yo+ Y v, (14)
=1

where n = 1,2,.... Sequences (1.3) and (1.4) will be called traces of players P and £ in space
R?, respectively. Then, the goal of the pursuer P is to realize the equality x = yy for some
finite step N, N = 1,2,... (Discrete Pursuit Game), and the goal of the evader is to avoid this
equality, that is, to realize the inequality x,, # vy, for all n = 1,2,... (Discrete Evasion Game).
This is the preliminary statement of the Pursuit-Evasion problems for the considered game.

Similarly to the continuous problem and here, to simplify the solution of the discrete pursuit
problem, we introduce a new variable z, = x, —vy, foralln = 1,2, .... Then, instead of recurrent
equations (1.1)—(1.2) and their solutions (1.3)—(1.4), we obtain equation

Zn = Zn_1+u—v, (1.5)

and, for given sequences u,, and v,, we have the solution

Zn = Zo + Z(uz - Ui)v (16)
=1

where 2y = xo — yo. In this case, the pursuer P strives to implement the equality z, = O up to a
certain finite number of the step NV, where n < N (Discrete Pursuit Problem), and the evader £
strives to implement the inequality z,, # 0 for all n = 1,2, ... or avoid this meeting for as long
as possible (Discrete Evasion Problem). This is a preliminary formulation of Discrete Pursuit and
Evasion Problems.
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§ 2. Solving Discrete Pursuit Problem
2.1. Pursuer Strategy

To solve the Discrete Pursuit Problem (DPP) (1.1)—(1.2), we assume that the pursuer is allowed
to know the initial states xg, 3o, the constants «, § and the value of the sequences v,, and z,_; on
each current stepn =1,2,....

Definition 2.1. We will call the sequence

A if >
, = [Zn-1l > pu(en), 2.1)
u,, if |Zn—1| < :U(Un)7
[I-strategy in the DPP (1.1)—(1.2) or (1.5), where
up = v, — p(v,)&o, (2.2)
uf = Up — Zn_1, (2.3)
$(vn) = (U, &) + V/ (Vn, €0)? + a2 — 02, 24)

& = 20/|20|, (vn,&) means the inner product of the vectors v, and & in R, n = 1,2,....

. A F . .
Further, we will call sequence u;,; the approach strategy, and sequence u,, the final or finishing
Strategy.

From the definition of the Il-strategy (2.1) it is obvious that the pursuer’s strategy at each
step n depends on the sequences v,, and z,_;.

Lemma 2.1. If o« > f3, then for each pair (v, z,_1) € Ss x R<:
(a) the sequence w,, is well defined;

(b) the inequalities o — < p(v,,) < o + B hold for any v, € Sp.
The proof of the lemma follows directly from forms (2.1)—(2.3).
2.2. Pursuit Algorithm

Let the condition o > [ be satisfied and the pursuer implements strategy (2.1). Let us consider
the actions of the pursuer at each step n > 1.

Step 1. Let at step 1 the evader choose some vector v; € Sg and for this vector and the initial
state 2, the inequality |zo| > p(v1) holds. From Definition 2.1 it follows that the pursuer in this
case chooses the vector uf = v; — u(v;)& (see (2.2)). Consequently, from (1.6) we have the
equality

2 =20+ Uy — v = 2 — pu(v1)&. (2.5)

Note that vectors z; and 2, are collinear, or in other words, parallel to each other.
Let us show that for an arbitrary choice of vector v; from the ball Sg, the inequality z; # 0
is satisfied. Let us assume the opposite, i.e., there is some control vector v for which z; = 0.
Then, from (2.5), we get
0= |z1| = [20] — p(v7),
which contradicts the assumption.
Now let the inequality |zo| < p(v1) be satisfied at step 1. Then, from (1.6) and (2.3), we have

F
21:ZO+M1 —vle,

i.e., the pursuit ends in step 1.
Thus, if in step 1 the inequality |zo| > p(vy) is satisfied, then the pursuer continues to apply
strategy (2.1) in step 2.
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Step 2. Let the inequality |z;| > p(v2) also be satisfied in step n = 2. Then, from (1.6), (2.2)
and (2.5), we have

2 =20+ Uy — v +uy — vy =20 — p(v1)& — p(v2)éo = 21 — p(v2)&o.

Note that here too the vectors z,, z; and z; are collinear with each other. Then, similarly to step 1,
here we can also prove that if the inequality |z;| > p(v2) holds, then for any vector v, € Sp the
inequality 2o # 0 holds, i.e., it is impossible to catch the evader at step 2.

If in the second step the inequality |z1| < p(ve) is satisfied, then, from (1.6), (2.3) and (2.5),
it follows that

z2:zo—f—uf—vl—l—ug—vg:zl—i—ug—vg:O,

1. €., the pursuit ends in step 2.

Inductively continuing this process, one can reach some step n.

Step n. Let the inequality |2,-1| > pu(v,) also be satisfied in step n > 2. Then, from (1.6)
and (2.2), we obtain

=1

i=1
1.e., vectors z;, © = 1,2,...,n, remain parallel to the initial vector z;,. Based on this property,
similarly to step 1, here it can be proved that in this case it is also impossible to complete the
pursuit, i.e., 2z, # 0.
In the case when at steps i = 1,2,...,n — 1 the inequalities |z;_1| > p(v;) are satisfied and,
at the last step, |z,—1| < u(vy,), then, from (1.5) and (2.3), we have
zn:zn_1+u5—vn:0,

i.e., the pursuit ends in step n.

Now we will prove the admissibility of strategy (2.1), i.e., the validity of the inequality
|u,| < o for any n > 1. For the case |z,_1| > p(vy,), from the definition of sequence (2.2) we
have

|2 = onl® = 2p(va) (0n, &) + 12 (0n) = [va|* + p(vn) (1(vn) = 2(vn, &)).
Hence, from (2.4), we get
|u113|2 - |Un|2 + M(Un)(\/<vn7§0>2 + a? — |Un|2 - <Um§0>) =
= ’Un|2 + (\/<vn750>2 +a? — ‘UnP + <Um€0>) (\/<Un7£0>2 +a? — ‘UHP o <Un7€0>) - 042.
Now, for the case |z,_1| < u(v,), we have
<Un7§0> - \/(Una50>2 + 012 - ’UTL|2 < |zn—1| < H(vn) =
= [zt — (00, )| < v om G2 + a2 — [o, .

We square both sides of the last inequality and obtain

1zn-1|” = 2| 2p—1](Un, &0) + |vn]* < @2

From equality (2.6), it follows that vectors 2, _; and 2, have the same directions and therefore
Zn-1 = |2n_1|&0. Hence, we have |v, — 2z, 1] < a. Q.E.D. d
From the above we formulate the following theorem.
Theorem 2.1. Let o > [ and the pursuer implements the 11-strategy (2.1).
(@) If for steps i = 1,2,...,n the inequalities |z;_1| > u(v;) are satisfied, then, for all these

steps i =1,2,...,n, we have z; # 0.

(b) If inequality |z,| < p(vny1) is satisfied in step n, then in step n+ 1 the evader is captured,
i.e., Zn+1 = 0.
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2.3. Guaranteed pursuit step

First, let us prove the following important lemma.

Lemma 2.2. If at some step n the inequalities 0 < |z,| < a — [ are satisfied, then the pursuer,
using the final strategy (2.3), completes the pursuit at step n + 1.

P ro o f If the conditions of the lemma are met, then, for any vector v, ; € Sg,
a2 B+ |zn| 2 o] + |2n] 2 |vni — 20| = 2] < p(vnga).
Consequently, by virtue of Theorem 2.1, (b), the game ends at step n + 1. 0

Theorem 2.2. Let o > 3 be satisfied in the discrete game (1.1)—(1.2) (or (1.5)). Then the pursuer,
implementing the 1l-strategy (2.1), completes the pursuit no later than in step N = [f—fg] + 1,

where the sign [] denotes the integer part of the number inside this sign.

Proof Letthe evader choose an arbitrary sequence of vectors v, € Sg, where k = 1,2,....
By virtue of Theorem 2.1, the pursuer can implement strategy (2.1) up to some step n. Then,
from (2.6) and Lemma 2.1, we have the estimate

[2al = 20| = Y (i) < |20] = nfa = B).
i=1

From these relations it follows that there exists a minimal step n* for which the inequality
|20| —n*(a—p) <a—pPor (LZ—_Olﬁ — 1 < n* holds. Obviously, n* = [%} Then, by Lemma 2.2,
we obtain that the pursuit ends no later than step V.

§ 3. Group Discrete Pursuit Problem
3.1. Problem formulation

In this section, we consider the Group Discrete Pursuit Problem (GDPP) with simple move-
ment of players, i.e., a discrete analogue of the Pshenichnyi Problem [19]. Let in space R?
objects P!, P2, ..., P™ (the pursuers) step-by-step pursue object £ (the evader), which also
moves step-by-step. The movements of these objects are described by the following recurrence
equations

Pt =o' diel,=1{1,23 ... m}, (3.1)
E: Yn = Yn—1 + V; (32)
everywhere below n = 1,2,...; u' are the control parameters of the pursuers, which at each

step n are chosen as constant vectors u’, satisfying the so-called geometric constraints of the
form
lup| <1, i€ Iy; (3.3)

v 1s the control parameter of the evader, which at each step n is chosen as a constant vector v,

satisfying the constraint
lua| < 1, (3.4

i.e., the pursuers and the evader have the same capabilities; ), i € I,,, and y, are the initial
states of the pursuers and the evader, respectively. The goal of the pursuers is to achieve the
equality 27 = y,, for at least one pursuer j € I,, at some finite step n. The goal of the evader is
the opposite, i. €., to achieve the inequality x¢ # vy, for all pursuers i € I,,, at any step 7.
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Similar to Section 1, here we simplify the solution of the discrete pursuit problem by intro-
ducing new variables: 2!, = x! —y,, i € I,,, and 2} = x}) — yo. Then, from (3.1)~(3.2), we obtain
the recurrence equations

=2t Al — v, i€ Iy (3.5)

The solutions to equations (3.5) have the forms
=2+ ) (up—vi), Q€ Ly (3.6)
k=1

The solution of the discrete pursuit problem is the realization of the equality z/ = 0 for some
j € I, at the final step of n, and the solution of the evasion problem is the realization of the
inequality 2! # 0 for all i € I,,, at any step n.

Definition 3.1. The sequence
, A; if |2¢ >
ul — {u711:‘7 1 ’Z@—ly lul(vn)’ (37)
u

will be called the 11;-strategy of the i-pursuer in the GDPP (3.1)—(3.2) or (3.5), where

wy = v, — pi(va)&, (3.8)
ul' = v, — 2, (3.9)
:ul(vn> = <vn7£(z]>+ \/(Un7€6>2+1_ ’Un’27 n= 1727"‘7 (310)

&= 2i/)2, i € L.
3.2. Solution for the Pursuit Problem

Theorem 3.1. Let in the game (3.1)—(3.5) the pursuers implement 11;-strategies (3.7).

(a) If for steps k = 1,2, ..., n the inequalities |z || > u;(vg), @ € I, are satisfied, then for
any step k =1,2,... ,n we have z. # 0 for all i € I,,.

(b) If at step n the inequality |#]| < p1;(vy11) holds for some j € I, then at step n + 1 the
pursuer PJ completes the pursuit, i. e., z,, , = 0.

The proof of Theorem 3.1 is similar to the proof of Theorem 2.1.

Theorem 3.2 (Discrete analogue of Pshenichyi’s Theorem [19]). Ifin the game (3.1)—(3.5) for the
initial states z}, i € I,,, the condition

0 € int conv {&;, &5, ..., &'} (3.11)

is satisfied, then with the help of 1l;-strategies (3.7) the pursuers complete the pursuit no later
than step N = lz ]28|/”y] + 1, where v = 26 /(1 4 20) and

=1

§ = min max(p, &) > 0. (3.12)

\p|=1 iEIm
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Proof From condition (3.11), it follows the existence of a positive number . Thus,
max(p, §) > 4 for every p, [p| = 1.
1€Lm

It is easy to verify that the condition |v,,| < 1 implies the estimate

11i(vn) = max{1 — |v,|, 2(v,, &) } (3.13)

for (3.10). Indeed, if |v,| = 1, then p;(v,) = max{0,2(v,, &)} and equality holds in (3.13). If
|v,| < 1, then we obtain the inequalities p;(v,) = 1—|v,| and p;(vy,) > 2(v,, &) or (3.13). Then,
assuming p,, = v, /|v,| for v, # 0, we obtain

{Iel?fuz(vn) > max{1 — |v,], 2|v,] Erel?i((pn,%)} > max{1 — [v,],2|va|0} =7 (3.14)
for all n = 1,2,.... The last inequality follows from the fact that a continuous function f(v) =

= max{1 — v, 2vd} on an interval [0, 1] reaches its minimum value at point vy = 1/(1+2J), i.e.,

min f(v) = v, where v = |v,].
ve(0,1]

Now let’s estimate the distance between the pursuers and the evader at each step n. By
Theorem 3.1, (a), let the pursuers apply strategy (3.8) up to some step n. Then from (3.6) we
have

- Z/M’(Wﬂ)f{%y i € L.
k=1
Hence, we get
2] = |2| — ZM(%L i € I,
k=1

From here and from inequality (3.14), we obtain the estimate

m

Z|Zn| —Z|Zo|_zz,uz V) Z|ZO\—Zmaxuz V) Z‘Zé|_n7'
=1

i=1 k=1

Similar to the proof of Theorem 2.2, here in step n* = {z EV 7} the inequality
i=1

m

<Y -ty <y < max i (Vpe1)-
i=1 I

m
Dl
i=1

is satisfied. It follows that there is at least one j-pursuer P7, for which the relations

2).] < p;(vn-41) holds. Then from Theorem 3.1, it follows that the pursuit is completed us-

n +

ing strategy (3.9) by the j-pursuer at step N = [Z EV 7} + 1. O
i=1

§ 4. Program implementations and examples
4.1. Discrete Pursuit Problem: algorithm and implementation

In this subsection, a software algorithm for solving the pursuit problem in the plane is pro-
posed for the case of one pursuer P and one evader F.
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Step 1. The algorithm starts with the following input data: the coordinates of the initial states of
the players E: yo := (yo1, Yo2), P: o := (o1, To2) and the upper limits on the speed values «, f3.

Step 2. The following are computed: o1 := Zo1 — Yo1, 202 := To2 — Yoz, |20] = /28, + 2.
Step3. If(a>FBAa>0A02=0A]|2]|#£0)

then compute the Guaranteed Pursuit Step (GPS) N = [CLZ_OH +1;

setn :=1;
else return to Step 1.

Step 4. Enter evader vector v, := (v,1, Up2).

Step 5. Compute |v,| := /v2, + v2,.
Step 6. 1If |v,|<fS
then compute u(v,) (2.4);

compute the coordinates for moving to the next step £: y, (1.2);
else return to Step 4.

Step 7. If |z, 1| > p(v,)

then compute u (2.2);
update u,, := u;;‘;
compute the coordinates for moving to the next step P: x,, (1.1);
compute the distance between players |z,|;
update the step counter n :=n + 1;
return to Step 4;

else compute uX (2.3);
update u,, := u’;
compute capture point coordinates P: z,, (1.1);
output the capture step n, the GPS N, the capture point P: x,,.

Step 8. End. (Block diagram for DPP shown in Fig. 1)

Example 4.1. Based on the obtained theoretical results and the constructed algorithm, an anima-
tion model for the discrete pursuit problem is implemented. The animation model demonstrates
that, when applying the II;-strategy, the players’ traces converge step by step and in parallel,
which confirms the validity of the theoretical results. The model provides not only a graphical
illustration but also the possibility of presenting a numerical data table for each step, which makes
it possible to clearly analyze the results when using the Il-strategy (see Fig. 2). The example is
given for the initial parameters specified in Table 1.

Table 1. Initial parameters for the pursuit—evasion simulation

Parameters | Descriptions Values
Zo Initial position of the pursuer (—16,—14)
Yo Initial position of the evader (1,1)
Q@ Initial resource of the pursuer 2
I} Initial resource of the evader 1,1
v1 = (v1,,v2,) | Initial control vector of the evader (—sini, —%ﬂ)
Strategy Pursuer’s control strategy II-strategy
Simulation step | Theoretically guaranteed upper bound on capture step 26
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C Start Entering the initial coordinates z, Calculating the distance
1o and constraints players o, 3 |20| between players
X

Calculating guaranteed
pursuit step N, n =1

v
L/
gl Enter Evadzr vector vy, / C End )
Calculating the distance z, Calculating |vy,| Capture point C'( )
b t 1 th xnl ) x’nz s
ne'v_vezn—i_players, n capture step n, guaranteed

'y Pursuit step IV

Calculating the coordinates of

Pursuer ., Calculating the p(vy,), the Calculating the coordinates of

coordinates of Evader y, Pursuer z;,

Calculating the u?}, then change Calculating the u’, then
u, == ul 1 0 change u, :=uf

Fig. 1. Block diagram for DPP

4.2. Group Discrete Pursuit Problem: algorithm and implementation

This subsection proposes a software algorithm for solving the pursuit problem involving three
pursuers P!, P2, P3 and one evader E. Note that the structure of the GDPP algorithm (3.1)—(3.2)
coincides with that of the DPP algorithm (1.1)—(1.2). In equations (3.1)—(3.2), it is assumed that
the constraints for all players are equal and normalized to one. In the developed GDPP algorithm,
the constraint for the evader is defined by the parameter /3, which is set equal to «; for each of
the three pursuers, where i = 1,2, 3.

Step 1. Enter the data for the pursuers P, i = 1,2, 3, and the evader E, including the coor-
dinates of their initial states = := (z};, z,), Yo := (Yo1,Yo2), along with the control constraint
parameter [3.

Step 2. If (B = 0)
then set a1 := ap 1= a3 := [;
else return to Step 1.
Step 3. for ¢ := 1 to 3 do perform the following calculations:
calculate the distance between players:
201 1= To1 — Yois 2o = Thy — Yoz, [25] 1= v/ (260)% + (202)%
check condition: If (|z{| # 0) , _
then compute: &, := Fjgl\’ iy = f%ﬁ
else return to Step 1.

Step 4. The program performs the following calculations:
computes the determinants:

S S

S0z €

S Son

3 ‘1
602 602

2 3
d1 = y d2 = ggl ggl y dg = . (41)
02 02
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«F ppp — O =

" You 1 Xoy 16 Line Gps 25
Va |-1/01+D) Yoz 1 Xpz |14 [ Restart Table CP(x,,) 09553

B v, | 10747 =L CP(xnz) -1.029
04
.25 aint
553; -1,9290)
Caughtin 10 step
-5
7,54
-104
-12,54
T T T T T T T T T T T T T T T T T T T
-18 -13 -14 -13 -12 -1 -10 -4 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2
«® DPP - O X

21 Vo1 Xo1 16 Line GPS 26
2 Yoz | [ Restar CP(sty) 2555

B |1 [v,| 10747 a 2 [ Graphics | CP(x,3)[-1.929
n= Vn_1 Vn_2 |V_n| ¥n_1 ¥n_2 Hn_1 Hn_2 |U_n| |Z_n| Myu(V_n)
1 1 -16 -14 22,6716
1 -0 -1 1,0000 1,0000 0,0000 -14,1136 -13,3355 2,0000 20,1538 2,5157
2 085 -0,5 0,9788 0,1585 -0,5000 -12,7404 11,8814 2,0000 17,2023 2,9535
3 -0,9003 -0,3333 0,9685 -0,7508 -0,8333 -11,4968 -10,3151 2,0000 14,3311 2,872
4 -0,141 -0,25 0,287T -0,8919 -1,0833 -9,9365 -9,0639 2,0000 12,0621 2,269
50,7568 -0,2 0,7828 -0,1351 -1,2833 -8,0879 -8,3006 2,0000 10,6061 1,436
6 09589 -0,1667 0,9733 0,8238 -1,4500 -6,1981 -7,6459 2,0000 90,3646 1,2414
7 027M4 -0,1428 0,3138 1,1032 -1,5929 -4,5213 -6,5558 2,0000 7,501 1,8636
a8 -0,657 -0,125 0,6688 0,4462 -1,7179 -3,2692 -4,9963 1,9999 4935 2,5461
g -0,98%4 0,111 0,9956 -0,5432 -1,8290 -2,2100 -3,2958 2,0000 2,2229 2732
10 -04121 -0,1 04241 -0,9553 -1,929 -0,9353 -1,929 1,8583 0 2,3654
£ >

Fig. 2. The DPP animation model and its data table




A.A. Azamov, B. T. Samatov, N. T. Umaraliyeva 13

Step 5. If
(dl>0/\d2>0/\d3>0)\/(d1<0/\d2<0/\d3<0) (42)

then execute the Procedure: Calculation of the Guaranteed Pursuit Step (GPS);
else the evader has a chance to escape the pursuit
If “Press Stop”
then go to Step 10;
else set n := 1.
Note that for the case under consideration, conditions (3.11) and (4.2) are equivalent, which
easily follows from the properties of the oriented vectors & = (£}1,&%), & = (€34,&2,) and
& = (£3,,¢3,), that is, if the signs of all determinants (4.1) are simultaneously positive or
negative, then the initial state of the evader is inside the convex hull of the initial states of the
pursuers (Fig. 5).

Step 6. Enter the evader vector v, 1= (vy,1, Un2)-

Step 7. Compute |v,| := /v2, + v2,.
Step 8. If |v,|<f

then compute the evader’s position F: y, (3.2);
else return to Step 6.

Step 9. for i := 1 to 3 do perform the following calculations:
compute 1;(vy,) (3.10)
check condition:
1]z, > (v,)
then compute u2i (3.8);
update u’ := uli;
compute the coordinates for moving to the next step P*: z¢ (3.1);
compute the distance between players |2 [;
update the step counter n := n + 1; return to Step 6;
else compute u’i (3.9);
set u', := ul’;
compute P*: 2 (3.1);
output the capture step n, the GPS N, the capture points P?: z°

Step 10. End. (Block diagram for GDPP shown in Fig. 3).

Procedure: Calculation of the Guaranteed Pursuit Step (GPS).

Step 1. Calculation of the value 6 (Minimax Calculation).
The segment [0, 27] is uniformly divided into 1000 equal parts, where 6 is defined as:

~ 2n(k—1)

0, := k=1,2,...,1000.
k 1000 ) ) 4y 7000

For each direction 6y, the unit vector components are calculated as:
pr1 i= cos(Ok), pro := sin(Oy).
Then, for each k, the following values are computed:
= 1§z>53(pk1€él + praln),

and the value 9 is determined as § := min .
k=1,2,...,1000
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Enter the initial coordinates x? Yo
Start )—7 , 0> = oy = (ya =
C and the parameter 3, i := 1,2, 3 Seta; =ax =a3=p

A

0
2] # 0

1 Compute the distance

C te & ;
ompute & | 25| between players

(dl >0Ady >0Ad3 >0)\/(d1 <0Ady <0Ad3 <O)

—»@ecute GPS Proced@ The Evader has a chance Press Stop 1
v to evade capture
/0 evaae capiure |

n:=1 |e¢ 0
v
—7/ Input the Evader’s vector v,

v

Compute |v,,|

Compute dy, do, d3

_| Compute the distance ( End )4—

2! between players 2

T Capture point
Compute the Pursuer’s C(zn,, Tn,) capture
position z}, step n, GPS IV

Compute the Evader’s T K—
position ¥y, _l

Compute u?i then Compute the Pursuer’s
mn > o . o
ni=n+1 e =13 yed | updateuj :=uj position 1,

T 1

0 Compute u’?, then
Compute o] _|-T £ D>
m T on

Fig. 3. Block diagram for GDPP

Step 2. Calculation of the Guaranteed Pursuit Step N. The GPS value N is computed using the

formula: 5
N [z i
=1

(Block diagram for GPS shown in Fig. 4).

20
1426

+1 7=

Example 4.2. Based on the obtained theoretical results and the constructed algorithm, an anima-
tion model is implemented for the case of three pursuers and one evader. The model performs
a two-stage procedure: first, it checks whether the evader lies within the convex hull of the
pursuers’ direction vectors; then it computes the minimax estimate o, after which the resulting
GPS value is displayed in the interface. When applying the II;-strategy, the animation model
demonstrates the step-by-step parallel convergence of the players’ traces, which confirms the va-
lidity of the theoretical results. The model provides not only a graphical illustration but also the
possibility of presenting a numerical data table for each step, which makes it possible to clearly
analyze the results when using the II;-strategy (see Fig. 5). The example is presented for the
initial parameters specified in Table 2.
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Table 2. Initial parameters for the pursuit-evasion simulation

Parameters | Descriptions | Values |
Ty Initial position of the pursuer P! (2,12)
3 Initial position of the pursuer P? (3,=7)
Ty Initial position of the pursuer P* (—3,11)
Yo Initial position of the evader (1,2)
15} Initial resource of the evader 1
Qq, g, Qi3 Initial resource of the pursuer 1
v1 = (v1,,v2,) | Initial control vector of the evader <—\/i§, —\%)
Strategy Pursuer’s control strategy I1;-strategy
Simulation step | Theoretically guaranteed upper bound on capture step 174
Conclusion

For both DPP and GDPP, animation models were developed using Visual C# and the
ScottPlot. WinForms and Zirpl.CalcEngine technologies. The animation models demonstrate the
step-by-step application of the pursuers’ Il-strategy, allowing clear visualization of the players’
traces converging. In addition to the graphical visualization, the models provide numerical data
tables for verifying the correctness of the obtained results. The programs are hosted on Google
Drive, which allows testing their functionality and using them for further analysis:

a) the Animation Model Program for the Discrete Pursuit Problem (DPP)
https://drive.google.com/file/d/1ZbZ03t8UGf1 rw81YwFVMIRE3B7S8bSY /view?usp=drive link;

b) the Animation Model for the Group Discrete Pursuit Problem (GDPP)
https://drive.google.com/file/d/1Zx0J7AybnVu AvDBQY9EHOB WFJmMEht1/view?usp=drive link,
which facilitates testing the model’s functionality.


https://drive.google.com/file/d/1ZbZ03t8UGf1_rw8iYwFVMJR83B7S8bSY/view?usp=drive_link
https://drive.google.com/file/d/1ZxOJ7AybnVu_AvDBQ9EH0B_WFJmMEht1/view?usp=drive_link
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@art GPS Procedu@

N
4>< k :=1,1000 >7

Compute 6y, :=

2w (k—1)
1000

Compute pg1 := cos(f),
Pra = sin(fy)

—>< i=1,3 >ﬁ

!

Initialize ¢ := ¢[1]

Update 4 := g[k]

Compute projection
blk, ] :== pr1&o1 +pr28ho

—>< k :=1,1000 >

Initialize gy := b[k, 1]

Update g := b[k, 1]

|

Compute v := 25/(1 + 20)

Compute GPS
N = N+[4/v

A

@nd GPS Procedu@

Fig. 4. Block diagram for GPS Procedure
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i GDPP - O X
vy |-1/sqrt(2) Yop 1 X512 x5 3 xa 2 [ Line GPS 174
e
2 |Vsat@ | Yoz 2 X3z 12 xgy 7 X3y M [ Restart CP (1) -53639
Bl vy | a 1 az a CP(xyz2) -43639
10 R
LN A
.\ S, I 1 Il
B =
B / / {
] /o
m_ @ ! \ .
-5+ P2,Capture p!ll"lt a a \ \.
(-5,36390000; -4,36390000) 2
Caughtin 3 step B P1-Pursuer
B P2-Pursuer
-1l ®m  P3-Pursuer
B E-Evader
T T T T T T T T T T T T
-9 -8 -7 -6 -5 -4 -3 -1 1 3 4 5] ]
o GDPP - O e
vy |-1/sqrt(2) Yo1 1 xoall2 X8 3 x5 3 [ Line GPs 174
v -
2 |Wsat@ | Yoz 2 x5 |12 x5y |7 x3, ! [ Restart CP(xpy) -53639
[ v a |1 A L @ |1 =T CP(xy;) -43639
n= wn_l vn_2 Y¥n_1 Yn_2 H1_nl H1_n2 H2_nl X2 n2 X3_nl X3 _n2
0 1 2 2 12 3 7 -3 1
1 -070m -0,7071 0,2029 1,2029 1,2020 11,2020 2,0600 -6,6589 -3,7071 10,2029
2 -0707 -0,7071 -04142 0,5858 0,5858 10,5358 1,1200 -6,3178 44142 9,5858
3 -070m -0,7071 -1,1213 -0,1213 01213 9,8787 0,1800 -5,9767 -5,1213 8,8787
4 -p7071 -0,7071 -1,8284 -0,8284 -0,8284 91716 -0,7600 -5,6356 -5,8284 81716
5 -070M -0,7071 -2,5355 41,5355 -1,5355 8,4645 ~1,7000 -5,2045 -6,5355 74645
6  -0,7071 -0,7071 -3,2426 -2,426 -2,2426 77574 -2,6400 -4,9534 -7,2426 6,7574
7 -07071 -0,7071 -3,0497 -2,0497 -2,0497 7,0503 -3,5800 -4,6123 -7,0497 £,0503
8 -0,7071 -0,7071 -4,6568 -3,6568 -3,6568 £,3432 -4,5200 -4,2712 -8,6568 5,3432
9 -07071 -0,7071 -5,3639 -4,3639 -43639 5,6361 -5,3639 -4,3639 -9,3639 46361
£ >
& Gppp - O e
vy Vs | Yog 1 X512 x5y 3 b B [ Line Gps 174
iy -
2 [Tra@ | yop xh® | x 7 xdy " ORems CP (tug) 5760
A EAN a 1 A L @ |1 T CP(xy3) -43639
[w_n| Jun_1] Jun_2| Jun_3| [zn_1] [zn_2| |zn_3| Myu_1 Myu_2 Myu_3
10,0499 9,2195 9,3489
1,0000 1,0000 1,0000 1,0000 10,0499 8,1458 0,340 0.0 1,0738 0.0
1,0000 1,0000 1,0000 1,0000 10,0499 7,0720 09,8489 0.0 1,0738 0.0
1,0000 1,0000 1,0000 1,0000 10,0499 5,9083 0,340 0.0 1,0738 0.0
1,0000 1,0000 1,0000 1,0000 10,0499 49245 9,249 0.0 1,0738 0.0
1,0000 1,0000 1,0000 1,0000 10,0499 3,8507 09,3489 0.0 1,0738 0.0
1,0000 1,0000 1,0000 1,0000 10,0499 27770 0,340 0.0 1,0738 0.0
1,0000 1,0000 1,0000 1,0000 10,0499 1,7032 09,2420 0.0 1,0738 0.0
1,0000 1,0000 1,0000 1,0000 10,0499 0,6204 0,3480 0.0 1,0738 0.0
1 1 0,349 1 10,0499 0.0 9,849 0.0 1,0738 0.0
< .

Fig. 5. The GDPP animation model and its data table
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BECTHHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATHKA. MEXAHUKA. KOMIIBIOTEPHBIE HAYKH

MATEMATUKA 2026. T. 36. Bemm. 1. C. 3-22.

A. A. A3amoe, b. T. Camamos, H. T. Ymapanuesa
AaroputM [I-cTpaTernu B IMCKPETHBIX UTPaxX NMpecsaeroBaHusI

Kniouesvie cnosa: nuckpeTHas urpa, rpecliieioBareb, yoeraronui, cTparerus, npecieJOBaHus, rapaHTH-
POBaHHBIN IIar MOUMKH.

YK 517.977
DOI: 10.35634/vm260101

Jannas paboTa mocBsIeHa UCCISTOBAHUIO OHOM n3BecTHOU 3anauu b. H. Ilmennynoro, a mMeHHO 3a7a-
Ye TIPOCTOTO TPYITIIOBOTO MPECICIOBAHIS, KOTJa UTPOKU COBEPIIAIOT MOMIAroBhIe IepeMerieHus. B padote
paccMaTpUBaIOTCS JIBa OTACIBHBIX ciay4as. B mepBoM cirydae pemaeTcs: JUCKPETHAsI UTpa MPeCiIeIOBAHMS,
KOTJ]a B UTPE YYacCTBYIOT TOJBKO OAMH MpecieqoBaTeNlb W OOWH yOeraromwmid. J{is pemeHust 3Toi 3anma-
YU MPUBOAUTCS aaroput™ npumeHeHus II-ctparerun. CoracHo mpeasaraeMoMy METOAY, UTPOKU CHavalia
COMMXKAIOTCsl, U B UTOTE TOYHO COBIMANaroT. Bo BTOpoM cirydae mpeiiaraeMblii METOI PEIICHHsS Pacipo-
CTpaHsieTCsl Ha Urpy rpynmoBoro mpeciefoBanud. [lomydeHHbIe pe3ynbTaTbl MPOBEPSIOTCSA € MOMOUIBIO
AHMMAILMOHHBIX MOJEJCH, CO3MaHHBIX Ha s3bIKe HporpaMMmupoBanus Visual C'# ¢ UCIONb30BaHHEM TeX-
nonoruu ScottPlot. WinFormes.
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