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SIMPLE GROUP PURSUIT WITH FRACTIONAL DERIVATIVES AND INTEGRAL
CONSTRAINTS

This paper addresses the problem of simple pursuit of one evader by a group of pursuers in a differential
game described by equations with Caputo fractional derivatives from the interval (0, 1). Integral constraints
are imposed on the players’ controls, and the pursuers use quasi-strategies. The goal of the group of
pursuers is to bring at least one of them within any predetermined distance of the evader. It is proven that
if the total energy of the pursuers is greater than the energy of the evader, then the capture occurs in the
game.
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Introduction

The modern theory of differential games is developing to a greater extent as a theory of the
control of dynamical systems with geometric constraints on the players’ controls. But conflict-
controlled processes with integral constraints on controls are of no less importance for appli-
cations. The use of methods developed for analysis of games with geometric constraints to
investigate games with integral constraints is a challenging problem. For example, the approach
to describing the structure of a game that is based on operator constructions [1] is not extended
immediately to games with integral constraints. The first method of L. S. Pontryagin [2] for the
case of integral constraints in two-player differential games was developed in [3,4]. The above-
mentioned problem using the technique of D. Zonnevend [5] was studied in [6]. Studies using
similar methods and concerned with the pursuit problem with integral constraints are presented
in [7,8].

The extremal aiming rule of N.N. Krasovskii [9] for the case of integral constraints on the
players’ controls was applied in [10, 11]. The method of resolving functions in the two-player
game with integral constraints on the players’ controls was considered in [12]. The problem of
pursuit in the two-player game with generalized integral constraints on the players’ controls was
discussed in [13, 14]. The rule of parallel pursuit in the problem of simple pursuit with integral
constraints on the controls was considered in [15]. Conditions for solvability of the problems
of pursuit-evasion games of inertial players with integral constraints on the players’ controls
were obtained in [16]. Conditions for [-capture in a two-player game with integral constraints
in which the motion of the pursuer is simple and the evader is an inertial object were obtained
in [17]. The problem of pursuit in a two-player differential game described by a system of linear
differential equations with a retarded argument with integral constraints was addressed in [18-20].
Two-player differential games with integral constraints on the players’ controls in Hilbert space
were examined in [21]. Sufficient conditions for solvability of the problem of pursuit in a game
involving one evader and a group of pursuers under integral constraints on the players’ controls
were obtained in [22-24]. Sufficient conditions for evasion of the evader in the problem of group
pursuit with integral constraints were obtained in [25]. In [26], the problem of conflict interaction
between a group of pursuers and a group of evaders was treated.

This paper addresses the problem of simple group pursuit in differential games described by
equations with Caputo fractional derivatives. It should be noted that, in recent years, differential
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games with fractional derivatives and geometric constraints on the players’ controls have attracted
the attention of researchers [27-29]. In this paper, sufficient conditions for solvability of the
problem of simple pursuit with Caputo fractional derivatives are obtained under the condition
that integral constraints are imposed on the players’ controls.

§ 1. Formulation of the problem

In the space R* (k > 2) we consider a differential game G(n + 1) involving n + 1 players:
n pursuers Py, ..., P, and one evader F.
The law of motion of each of the pursuers P; has the form

The law of motion of the evader E has the form
(DP)y =v, y(0)=9°, veV. (1.2)

Herei € [ = {1,...,n}, z;, y, 2%, y° € R¥, (DP)z is the Caputo derivative of order p € (0,1)
of the function z,

400
U; = {u;(-) | us(-) is a measurable function, / Jui(s)||*ds < o },
0
" (1.3)
V = {v(:) | v(-) is a measurable function, / Jv(s)||* ds < 87}
0

The norm in (1.3) is Euclidean and «;, ¢ € I, 3 are positive real numbers.
The function w(-) € V, w € U,, i € 1, is called admissible, if the function

t— /Ot(t — 5)P"hw(s) ds

is defined on [0, +00). The prehistory v,(-) of the function v(-) at time ¢ is the restriction of the
function v(-) to [0,¢]. Denote

lete= ([ 2eds) L =ate
0

Definition 1.1. The quasi-strategy Uf; of a pursuer P; is a map U, that associates a measurable
function u;: [0,00) — R? such that |lul|» < «; to the initial positions z?, 4° and to the prehis-
tory v;(-) of the control v(-) of the evader E.

Definition 1.2. A capture occurs in the game G(n+ 1) if for any € > 0 there exist time 7' > 0 and
quasi-strategies Uy, . . . , U, of the pursuers P, ..., P, such that for any admissible function v(-)
there are time 7 € [0, 7] and a number [ € I for which

lzu(7) —y(7)] <e.

In what follows we will assume that all functions v(-) are defined on [0, +00) and that v(s) = 0

v
for all s > 7 if the equation / |v(s)||* ds = 3? is satisfied at time 7.
0
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§ 2. Auxiliary statements

Lemma 2.1. Let p € (0,1), p # % A, B € (0,400), To = 0. Then, there exist T > Ty and
a function f such that

[ Peas=a [ @-9s)as= b

To

Pro o f We will search for the function f in the form f(s) = K for all s € [Ty, T'], where K is
a positive constant. We obtain the system of equations

KX T—-Ty)=A, K(T-Ty)? =B, where B, =pB.
Hence,
KX T -Ty,) = A, K*T-T,)* =B}
Since p # %, we obtain by dividing the second equation by the first:

(T —Tp)* ' = C, where C = B}/A.

Hence, ' =1, + C' Tlfl From T, we find K. This proves the lemma. O
Lemma 2.2. Let A, B € (0,+00), B?> > 4A, Ty > 0. Then, there exist T > Ty and a function f
such that
T T
f(s)
f2(s)ds = A, ds = B.
. (s) T
K

Proof We will search for the function f in the form f(s) = [Ty, T'], where

— N
VT — s+ 2

K > 0. We obtain the system of equations

T—Ty+2
2

K?In =A, KWh(T-Ty+1++/(T-Ty+1)2—-1)=D8.

Denote t = T'—Ty+1. We note that ¢ > 1. Taking the square of the second equation and dividing
by the first, we obtain

] _1n2(t+\/m) B B?
9lt) = m((t+1)/2) A

2.1)

Since thrﬂ g(t) =4, tligrn g(t) = +o00, by virtue of the condition of the lemma there exists ¢t > 1,
— —+0oo

the root of equation (2.1). From 7', we find K. This proves the lemma. U

Lemma 2.3. Let p € (0,1), 0 < 17 < Ts. Then
Ts

lim (t—s)*2ds = 0.
t—+o0 T

P r o o f. The validity of the statement of the lemma is proved by straightforward verification. [
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§ 3. Sufficient conditions for solvability of the pursuit problem
Theorem 3.1. Let n = 1, ay > (. Then, a capture occurs in the game G(2).

Proof Let v(-) be an arbitrary admissible control of the evader E. Define the control of the
pursuer P as follows:

uy(t) =v(t) — || 1” f(t), tel0,T].

The function f and time 7" will be defined below. Then, from the systems (1.1) and (1.2), we
have

n) =9 = 2+ s [ (=57 ) = w(s)) ds

~ e (1)~ [ =570y ds).

Here T'(-) is a gamma function. Let 6 > 0 be such that § < a; — 3, ||2?||T'(p) > 26. We choose
the number 7" and the function f so that the following equations are satisfied:

/0 Plsyds =, 2T () = / (T — s~ f(s) ds

By virtue of Lemmas 2.1 and 2.2, a solution to this system exists. Assume that f(s) = 0 for all
s > T'. Therefore,

Jurlz < [lolla +[[fll < B+ a1 — B =au.
Hence, the control u;(+) is admissible and 1 (7") — y(7') = 0. This implies that a capture occurs
in the game G(2). This proves the theorem. O
Theorem 3.2. Let n = 2 and o3 + o3 > 3% Then, a capture occurs in the game G(3).

Proof If a; > B or ay > (3, then the capture follows from Theorem 3.1. We assume that
a; < B, ag < . Let € be an arbitrary positive number and v(-) be an admissible control of the
evader E. Take § > 0 for which the following inequalities are satisfied: a; > 4, ||2?||T'(p) > 26,
i €1, (g —0)?+ (ag — 6)? > 5% Next, let time T} and the function f; be a solution to the
system

Ty Ty
s =, [ oy ) ds = 1210
0
By virtue of Lemmas 2.1 and 2.2, a solution to this system exists. Define the function

t
:/ |v(s)||*ds, t=0.
0

Define the controls of the pursuers P, and P, as follows. If hy(t) < (ay — 6)? and t € [0, T1],
then we set

0

0

Lf(8), us(t) = 0.

ui(t) = o(t) — m

We show that, if hi(7T1) < (a3 — )2, then a capture occurs in the game G(3). From the
systems (1.1) and (1.2), we have

z1(Th) —y(Th) = 2} + ﬁ/o 1(T1 — 5)P Y (uy(s) — v(s)) ds

Y il]lzlll <” ) - /oT1<T1 A ds) -
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Assuming that u,(t) = 0, f1(t) =0, v(t) = 0 for all ¢t > T}, we obtain
[uallz < [[ollz + Lfilla S n =04+ 6 = ar.

Let there exist an instant 7 € [0,7}) for which hy(7) = (a; — §)?. We assume u;(t) = 0 for all
t > 7. Choose time T} > 7 so that the inequality

ey -7

is satisfied for all ¢+ > T} and any admissible function w(-).
We note that such a time 7} exists since, according to the Cauchy-Bunyakovskii inequality,

we have
< i ([ = 9m2as) " ([ roeoreas) "
calfo-ms)

It remains to apply Lemma 2.3. Define the control of pursuer P, on [7, T7], assuming us(t) = v(t)
for all ¢ € [, T7].

By virtue of Lemmas 2.1 and 2.2, there exist time 75 > 77 and a function f, for which the
following equations hold:

T T
18T (p) = / (Ty— sy ols)ds, | f2(s)ds = 62,

0 0
Tl Tl

<e

1 T 1
W/o (t—s)P " w(s)ds

We take the control for pursuer P, to be equal to

0
29

U(t) - mf2<t)7 te [TlovTQ]v
2
0 t>T5.

uy(t) =

We show that the function us(-) satisfies the inequality ||us||2 < as. Denote

S té [T1 T2 T,
S(0) = {o, té [r T,

2(t) = 9
fo(t) @fz(t% t e [T, Ty, o(t), telr T

Then us(t) = D(t) — fo(t). Therefore, ||us||2 < |[0]|2 + || fa||2. Since

+00 +oo T
ol = / lo)Pds = [ Jlo(s)|ds < / ()| ds — / lo(s)IP ds < 87 — (n — 6%,

0

R +oo T
B = [ IR as = [ Ifs)Pas =

Ty

T

it follows that |Juz||2 < /5% — (a1 — 0)% + § < ay by virtue of the choice of §. Therefore, the
control us(+) is admissible. Next, we have

29(Ty) — y(Ty) = 23 — /OT(TQ — )P u(s) ds + /T;(TQ — 5)P  (ug(s) — v(s)) ds

0
29

- s (18000 [ = o)) = [ - ooty as

1

Therefore, ||z2(7%) — y(T3)|| < €. This implies that a capture occurs in the game G(3). This
proves the theorem. O
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Theorem 3.3. Let n > 3 and o + ... + o2 > (3% Then, a capture occurs in the game G(n + 1).
Proof If there exists Iy C I, |Io] < n — 1, for which > a? > (32, then we will consider a
i€l
game in which only pursuers with the numbers from [, participate. Therefore, we will assume
that for any I, C I, |Iy] < n — 1, the inequality > o? < 3? is satisfied.
i€l

Let £ be an arbitrary positive number, let § > 0 be such that «; > 4, ||22]|T(p) > 26 for all

i€land (a; — )% > 32, and let v(-) be an arbitrary control of the evader F.
iel

1. Let time 7} > 0 and the function f; satisfy the system

Ty Ty
ﬁ@wzy,/(ﬂ—ﬁ”M$@:MM@-
0 0

By virtue of Lemmas 2.1 and 2.2, such 77 and f; exist. Consider the function

mit) = [ ol ds

Define the controls of the pursuers P;, ¢ € I, as follows.
For all ¢t € [0, T}] for which hy(t) < (a; — §)? we assume
0
<1

ur(t) = v(t) — mfl(t), us(t) = ... = u,(t) = 0.

Two cases are possible.

la. h(Ty) < (g — 5)2. Then, from Theorem 3.2, it follows that a capture occurs in the
game G(n + 1).

1b. At some time 7; < T} the equation hi(7) = (ay — §)? is satisfied. We assume that
uy(t) = 0 for all ¢ > 7. The controls of the other pursuers for t > 7, will be defined below.
Let 77 be a time instant for which
T1
—/ (t — )P w(s) ds
0

‘ I'(p)

for all ¢ > T} and any admissible control w(-) of the evader E. In Theorem 3.2 it is shown that
such a time instant 77 exists.

1
<€

2. Define time T, > T} and the function f, as a solution of the system
To Ty
Pyas =0 [ sy s = 14I0)
7 7

By virtue of Lemmas 2.1 and 2.2, such 75 and f, exist. Consider the function

mmz/M@WM

Define the controls of pursuers P;, i € I\ {1}, as follows. If hy(t) < (g — §)* and t € [ry, T}
we assume

us(t) =v(t), wus(t)=...=uy(t)=0.
If ho(t) < (g — 6)% and ¢ € [T7, T3], we assume

0
29

us(t) = v(t) — Hngfg(t), ug(t) = ... =u,(t) = 0.

Two cases are possible.
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2a. hy(Ty) < (g — )% We show that in this case a capture occurs in the game G(n + 1).
Assuming that us(t) = 0 for all t > T3, we prove that the function us(-) is admissible. Denote

. 0, t ¢ [17, To), a(t) = {0, 0 & [, T3],

_ 0
B = WU N X 5] ot), teln T
2

Then us(t) = v(t) — j;(t) for all ¢ > 0. This gives
Jusll2 < [[Oll2 + ([ f2ll2 € a2 =0 +0 = aa.

In addition,

o(To) — y(Tp) = 25 + L/0 (T3 — 51 us(s) = v(s)) ds

['(p)
0 L k — $)P 1 (—u(s)) ds L " — )P Husg(s) — v(s)) ds
=ty B ) st g [ B9 ) i) d

29 1

- ot (1100 - [ f(Tz o ls) ds )~ [Tl s

It follows from the definition of 7} and 7, that

[22(T2) — y(T)]| <,
which implies that a capture occurs in the game G(n + 1).

2b. There exists time 75 € |11, T) for which hy(75) = (ap — 6)% In this case we assume
ug(t) = 0 for all t > 7, and the controls of the other pursuers will be defined below.

3. Assume that the control is constructed for the pursuer F,_;, [ < n, by the algorithm for
constructing the control for the pursuer P». Let 7;_; be a time instant for which h;_;(7_1) =
= (ay_1 — 0)?. Note that u;(t) =0 for all t < 7;_;. Let T, > 7;_; be a time instant such that

[ et

for all ¢ > T} | and any admissible control w(-) of the evader E. Define time 7T; > T}, and the
function f; as a solution of the system

<€

T T
f2(s) ds = &2, / (T; — 57 fi(s) ds = || [T (p).

0 0
Tl—l Tl—l

Consider the function

o) = [ ot as.

If y(t) < (ag — 6)* and t € [, T} ], then we assume
w(t) =ov(t), wi(t)=...=u,(t) =0.
If hy(t) < (oy — 6)* and t € [T |, T}], then we assume
i
0

w(t) =ov(t) — —=fi(t), w1(t) =...=u,(t) =0.

1]

The following cases are possible.
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3a. M(T;) < (a; — 6)%. We show that in this case a capture occurs in the game G(n + 1).
Setting wu;(t) = 0 for all ¢ > T;, we prove that the function u;(-) is an admissible control for
pursuer F;. Denote

0, t¢ 12, T,
7 ] 3(t) = {O, 0 ¢ [n_1, T3],

T4 — 0
" oy h0: € 12T vlt), ¢€ - Tl

Then w(t) = v(t) — ﬁ(t) for all t > 0, whence
lwlle < |Oll2 + Ifill: < —0+0=a.

In addition,

0o, 1 ! — 5)P N (wy(s) —v(s))ds =
z(Th) y(Tl)—Zz+F(p)/0(Tl )P (w(s) —v(s)) d
o, L [ —5)P (—v(s)) ds 1 B — 5)P N wy(s) —v(s))ds =
Ay @ s g [T ) )
_ Z—lo 29 — : — 8P fi(s) ds —L - — )P lu(s) ds
= ey (100 = [, = baeyie) =g [0ty

-1

It follows from the definition of 7} , and 7; that
lz(T)) = y(Th)] <e,

which implies that a capture occurs in the game G(n + 1).

3b. There exists time 7; € [r;_1,T;) for which hy(7;) = (y — §)2. In this case we assume
w(t) = 0 for all t > 7, and if [ + 1 < n, then we define the control u,,; for the pursuer P
similarly to the way it was done for F.

4. Let [+ 1= n. We note that then
Tn—1
/ lu(s)ll ds = (a1 = 6)* + ... + (an-1 — 8)”
0
and u,(t) = 0 for all t € [0,7,,_1]. Let T? > 7,,_; be a time instant for which for all ¢ > T? the

inequality
ey [

holds for all ¢ > T ;| and any admissible function w(-) of the evader E. Define time T,, > T\,
and the function f,, as a solution of the system

<e€

D p@as=e, [ @y s ds = 12000
T, TO |
Let .
mmzllmmww
Then '

—+o0 Tn—1
() < [ s = [l ds < 8 = (01 =07 == (a0s = 5 < (e =8,
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by virtue of the choice of §. Define the control u,(-) of the pursuer P, as follows:

v(®), t€ [Tn1, T3 4],
Un(t) = U(t) ||20||fn( ) t € [Tr?—th]?
0, t>"1T,.

Let us show that the function u,,(+) is admissible. Denote

~ 07 ¢[ n—1» ] 0 0 T
fut) =4 o =% OFLme
”Zo”fn(t)7 t € [Tn 17T ]7 U(t>7 t € [Tnthn]-
Then
+oo ) Tn ) +oo ) Tn—1 )
|meras = [ e [ e = [ s <
<ﬁ2—(041—5)2—...—(0(”,1—5)2,
+o0 ~ Tn
| NR@Ras= [ iR =
0 T 4
Since u,(t) = v(t) — fn(t) for all ¢ > 0, it follows that
lnlls < 8]+ [ fullo < /B = (01 = 0)2 = ... = (@1 — 0)> + 6 <
by virtue of the choice of 9.
In addition, we will have
zo(Th) — y(1y) =
0 1 i 1 1 T 1
=2, — = T, —s)? vsds—i——/ T, — s’ (u,(s) —v(s))ds
P(p)/o A R CIES -y MICED IR
Ty 1 1 Tr?—l 1
200 = [ =) - o [ s as
IIZOIIT( ) ( T, I'(p) Jo
Hence,
||xn(Tn) - y(Tn)H <§g,
which implies that a capture occurs in the game I'(n + 1). This proves the theorem. U

Remark 3.1. The authors of [21-23] propose a pursuit method in which the pursuers sequentially
perform a capture, in such a way that each pursuer performs a capture in a specific time interval
while implementing an active pursuit. This implies that in the process of pursuit only one of the
pursuers comes close to the evader. In this paper, the pursuers also sequentially perform a capture
of the evader. But the stage of pursuit by each of the pursuers is broken down into two steps. In
the first step, the pursuer uses the same control as that used by the evader. In this step, they do
not come close together. In the second step, the pursuer also implements an active pursuit.

Funding. This research was funded by the Ministry of Science and Higher Education of the
Russian Federation in the framework of the state assignment, project FEWS-2024-0009.
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IIpocToe rpynmnoBoe npeciaegoBanue ¢ APOOHLIMYU NMPOU3BOAHLIMI M HHTETPAJbLHBIMU OrPAHUYEHUSI-
MM

Kniouegvie cnosa: nuddepenumnansias urpa, npecienoBareib, yoeralonmii, IoMMKa, IpoOHasi MPOU3BO/I-
Hasl.

VIIK 517.977
DOI: 10.35634/vm260103

PaccmarpuBaercs 3ajaya MpoOCTOro MpecieNOoBaHUs TPYIIONW IpecliefioBareNiell OJHOro yOeraromiero
B MU epeHInaIbHON UTpe, ONICHIBAEMON YpaBHEHUSIMHE C MPOM3BOAHBIMU 1o KaryTo nmpobHOTro mopsiaka
u3 untepsaia (0,1). Ha ympapieHus HTPOKOB HAJOXKEHbI WHTETPaIbHbIC OTPAHHYCHHUS, [PECIIeI0BATEIN
WCIIONB3YIOT KBa3UCTpaTerud. Llenpro Tpymimbl mpeciienoBarelnicii sBiIseTcs COMMKEHHE XOTS OBl OJHOTO
13 HHUX ¢ yOeraronmM Ha JIo0oe Hamepes 3alaHHoe paccrosinue. Jloka3zaHo, YTO €ClId CyMMapHasi SHEPTHUs
mpeciieoBaTeNiell OONbIe SHSPTUN YOETAIOIIET0, TO B UTPE MPOUCXOIUT ITOUMKA.

dunancupoBanue. Pabora BrIMoNHEHA TIpU TToAIep)Kke MUHHCTEPCTBA HAyKW M BBICIIETO OOpa3oBaHHA
P® B pamxkax rocynapcTBeHHOro 3aganus, npoekt FEWS-2024-0009.
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