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§ 1. Introduction

In ring theory, the behavior of unit elements often serves as a powerful lens through which the
structure and properties of a ring can be understood. Units not only govern invertibility but also
interact intricately with other algebraic elements such as idempotents, nilpotents, and radicals.
Over the years, various classes of rings have been defined based on how units behave: examples
include clean rings, exchange rings, and U J-rings (see [1-4,8-12]). These constructions have led
to rich theories and applications across algebra and module theory.

This paper introduces and investigates a new class of rings, called n-VU rings, which are
defined via a subtle interaction between unit powers and V-nilpotent elements. The central idea
is to examine how far a unit element u € U(R) deviates from the identity when raised to a fixed
power n, and whether this deviation lies within a special subset of the ring known as V(R).

Let R be an associative ring with identity, not necessarily commutative. We denote:

e U(R): the group of units in R,

e Z(R): the center of R,

e J(R): the Jacobson radical,

e Nil(R): the set of nilpotent elements,
e Id(R): the set of idempotents.

We consider the set

J(R)CAR)={zeR:x+ueU(R) forall ueU(R)}
= {z € R: 1 —zu is invertible for all u € U(R)}
= {z € R: 1 —ux is invertible for all u € U(R)}

that was handled by Lam [6, Exercise 4.24].
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An element € R is called V-nilpotent if 1 — ax € U(R) for every a € U(R) such that
xa = ax (see [9]). We define

V(R)={z €R|1—uzr € U(R) forall ue U(R) with ur = zu}.

This set generalizes the notion of nilpotency by focusing on invertibility conditions under com-
mutativity constraints, and it includes elements that behave “almost nilpotently” with respect
to units.

A ring R is called a VU ring (or ANU ring) if every unit u € U(R) satisfies u — 1 € V(R)
(see [9]). With this setup, we define two key classes.

e Let n > 2 be a fixed integer. A ring R is called an n-VU if every unit u € U(R) satisfies
u" — 1€ V(R).

e A ring R is called a 7-VU ring if for each unit u € U(R), there exists an integer i > 2
(depending on u) such that v’ — 1 € V(R).

These definitions capture a wide spectrum of ring behaviors. For example, in division rings,
the n-VU condition forces every unit to be an n-th root of unity, leading to strong finiteness con-
straints. In more general settings, the condition interacts with the ring’s radical, its idempotents,
and its direct product structure.

The motivation behind studying n-VU rings stems from a desire to unify and extend existing
concepts in ring theory that involve unit elements and nilpotency. By focusing on the deviation
u™ — 1 and its membership in V(R), we obtain a flexible framework that encompasses several
known ring classes and reveals new structural phenomena.

In this paper, we develop the foundational theory of n-VU and 7-VU rings. We begin by
presenting illustrative examples that demonstrate the diversity of rings satisfying these conditions.
We then explore their behavior under standard ring constructions such as direct products, quotient
rings, and trivial extensions. Furthermore, we establish connections between the n-VU property
and classical notions such as regularity, cleanness, and Dedekind-finiteness. Our results show that
the n-VU condition is not only algebraically meaningful but also structurally rich, offering new
insights into the interplay between unit powers and V-nilpotency in ring theory.

§2. n-VU rings

In this section, we introduce the notion of n-VU rings, examine their structural properties,
and illustrate the theory with examples. For clarity, the presentation is divided into several
subsections.

2.1. Definitions and examples

Definition 2.1. Let n > 2 be a fixed integer. A ring R is called an n-VU if every unit u € U(R)
satisfies u” — 1 € V(R).

Definition 2.2. A ring R is called 7-VU if, for any v € U(R), there exists ¢ > 2 depending on u
such that u* — 1 € V(R).

From the above definitions, we consider the following examples of n-VU rings and 7-VU rings.

Example 2.1. (1) Let R = Zg. Then U(R) = {1, 3,5, 7}, and for each unit u, we have u? — 1 =
=0 € V(R). It follows that Zs is a 2-VU ring.

(2) Let R = Zy4 = Zy X Z7. The unit group is U(R) = {1,3,5,9,11,13}. For each unit u,
we have u® — 1 =0 € V(R). Hence, Z4 is a 6-VU ring.
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(3) Let R = Ty[[z]], the ring of formal power series over Fy. Then R is a local ring
with maximal ideal (z), and every unit has the form 1 + f(x), where f(z) € xFy[[z]].
Since (1 + f(x))? — 1 = f(x)* + 2f(x) € xF;[[z]], which is topologically nilpotent, we conclude
that R is a 2-VU ring. However, u? — 1 is not V-nilpotent in general.

(4) Let R = F3{x,y)/(x?), the noncommutative polynomial ring over 3 modulo the relation
2?2 = 0. Then R is a 2-VU ring.

Example 2.2. (1) Let R = My(F3), the ring of 2 x 2 matrices over the finite field F5. Then, the
unit group U(R) = GLy(FF3) has order (32 — 1)(3? — 3) = 48. It follows that for each invertible
matrix u, there exists some i > 2 (depending on the order of u) such that v’ = I,, and so
u' — I =0 € V(R). Thus, My(F3) is a 7-VU ring.

(2) Let R = Zy[x]/(2* — x). This is a Boolean ring, so every element is idempotent. The only
unit is 1, and, for u = 1, we have v’ — 1 = 0 for all ¢ > 2. Hence, R is a 7-VU ring.

2.2. Basic properties

In this subsection, we present the basic properties of the classes of rings just defined, and at
the same time examine under what conditions they are division rings.

We now examine how the n-VU property behaves under direct product constructions. The
following proposition shows that this condition is componentwise.

Proposition 2.1. Let {R;}ic; be a family of rings. Then the direct product | |
and only if each component ring R; is n-V U.

R; is n-VU if

el

Proof It is well known that the unit group and the quasi-nilpotent set of a direct product

decompose as
U <H RZ-) =[[v@r), v (H R,) =[[V®).

iel icl iel icl
Let u = (u;)ie; € U (][ R;). Then
u" — 1= (ul —1)es.

Thus, u* — 1 € V(][] R;) if and only if u]' — 1 € V(R;) for all ¢ € I. Hence, the product ring is
n-VU if and only if each R; is n-VU . O

Example 2.3. Consider the rings R; = Z, and Ry = Zs.

e For Ry = Zs, the unit group is U(R;) = {1}. Foranyn > 2, we have 1" —1 =0 € V(R;).
Hence, Z, is n-VU for all n.

e For Ry = Zs, the unit group is U(Ry) = {1,2}. For n = 2, we compute: 12 —1 =0 €
€ V(Ry),and 22 — 1 =3 =0 € V(Ry). Thus, Z3 is a 2-VU ring.

Now consider the direct product R = R; X Ry = Zs X Zs3. Its unit group is U(R) =
= U(Ry)xU(Ry) = {1} x{1,2}. For n = 2, each unit satisfies u? = 1, hence u?*—~1 =0 € V(R).
Therefore, R = Zo X Zs is a 2-V U ring, illustrating Proposition 2.1.

Proposition 2.2. Let R be an n-V'U ring. If n is an odd integer, then 2 € A(R).

Proof Since n is odd, we have (—1)" = —1 € 1+ V(R), which implies —2 € V(R).
Therefore, 2 € V(R). As 2 € Z(R), and V-nilpotent central elements lie in the A(R), it follows
that 2 € A(R), as claimed. O
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Example 2.4. For Proposition 2.2, the assumption that n is odd is essential. For instance, although
Ze = 7y x Zs is a 2-VU ring, a direct computation shows that 2 ¢ A(Zg). This illustrates that
the conclusion does not hold when n is even.

Now we provide a necessary and sufficient condition for an n-VU ring to be VU.

However, first we must prove the following lemma to use it in proving the subsequent results.
Lemma 2.1. Let R be a ring and a € R. If a™ € V(R) with m > 1, then a € V(R).

Proof Letu € U(R) with au = wa. Then we have u"a™ = a™u™. Define b = 1 + au +
+ (au)? + - - + (au)™ L. It follows that

b(l—au)=(1—au)b=1- (au)” =1—a™u™ € U(R).
Since @™ € V(R), so 1 — au € U(R). This proves that a € V(R). O
Proposition 2.3. Suppose k > 1. Then, a ring R is VU if and only if
(1) 2 € A(R);
(2) Ris a 25-VU ring for all k > 1;
(3) ab € V(R) for all a,b € V(R) with ab = ba.

Proof “=7"(1)is obvious.

(2) Let u € U(R), and so u** € U(R). Since R is VU, then u2* — 1 € V(R). Thus, R is a
2F-VU ring.

(3) As a,b € V(R) and ab=ba, 1 +a € U(R) and (1 + a)~'b = b(1 + a)~'. It follows that

l+a+b=(1+a)[l+(1+a)"'b) eUR)=1+V(R),

so, a +be V(R).

“<” Letu € U(R). By (2), we have u* € 1+ V(R) and so > = 1 + ¢ for some
¢ € V(R). Therefore, combining with (1), we conclude that (u — 1)2* = 1 + u2" + j for some
j = 2f(u) € A(R) with f(z) € Z[z]. So, (u—1)%" = (2+ j) + ¢ for some j € A(R). Call
y =2+ 7€ A(R). Note that y(u — 1)2" = (u — 1)2"y. Then, we have qy = yq. By (3), it infers
that (u — 1)%" = y + ¢ € V(R). Thus, we conclude that u — 1 € V(R) by Lemma 2.1, which
ensures that R is a VU ring, as required. 0J

We now turn to the structure of n-VU division rings, where the V-nilpotent condition exhibits
notable rigidity owing to the absence of nontrivial radical elements. The proposition below offers
a complete characterization.

Proposition 2.4. Let F be a division ring.
(1) F is n-VU if and only if u* = 1 for every u € U(F).
(2) IfF is a field, then IF is n-VU if and only if F is finite and (|F| — 1) | n.

(3) If n > 2 and F is n-VU, then F is a finite field and (|[F| — 1) | n.
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Proof (1) In any division ring F, the V-nilpotent element is trivial, namely V(F) = {0}.
Accordingly, the requirement v — 1 € V(IF) simplifies to ©” = 1. Thus, F is n-VU precisely
when every unit is an n-th root of unity.

(2) Suppose F is n-VU. Then for every unit u € F*, we have u™ = 1 + r, where r € V(F).
Since F is a field, V(F) = {0}, so v = 1. Thus, every element of F* is an n-th root of unity.

Let f(z) = 2™ — 1 € F[z]. Then all elements of F* are roots of f(z), so F* C Root(f), and
hence |F*| < n. Since F* is a finite cyclic group, say F* = (a), then a™ = 1, so the order of a,
denoted o(a), divides n. But o(a) = |F*|, so, |F*| | n, i.e., (|F| — 1) | n.

Conversely, if F is finite and (|F| — 1) | n, then every element v € F* satisfies u™ = 1, so
u" —1=0¢€ V(F). Hence, F is n-VU .

(3) Since F is a division ring, we have V(F) = {0}. Thus, for any unit a € F*, the condition
a" —1 € V(F) implies a" = 1. In particular, a = a""!, so every element satisfies a power
identity.

By Jacobson’s Theorem (see [5, 12.10]), any division ring in which every element is algebraic
over its center and satisfies such a power identity must be commutative. Hence, [F is a field. The
second assertion follows directly from (2). O

Corollary 2.1. If F is a division ring which is 7-NV'U, then F is a field.

Example 2.5. (1) Let F = Z5. Then U(F) = {1,2,3,4}, which is a cyclic group of order 4.
Therefore, Zs is n-VU if and only if 4 | n. For instance, when n = 4, every unit satisfies u* = 1,
so Zs 1s 4-VU.

(2) As a counterexample, consider F' = Q, the field of rational numbers. Here U(Q) = Q\{0},
which is infinite. Not every unit is an n-th root of unity, so Q is not n-VU for any n > 2.

2.3. Homomorphisms and subrings

In this subsection, we study the properties of subrings and quotient rings of n-VU rings.
Proposition 2.5. Let R be an n-VU ring.
(1) If V(R) is a subring of R and k € N is such that n | k, then R is a k-VU ring.

(2) For any unital subring S C R, if SNV(R) C V(S5), then S is an n-VU ring. In particular,
the center Z(R) of R is an n-VU ring.

Proof (1) Since R is an n-VU ring, for any unit v € U(R), we have u* = 1 + r for
some r € V(R). Given that n | k, there exists ¢ € N such that £ = ¢n. By the hypothesis, we
have that V(R) is a subring of R (i.e., V(R) is closed under addition and multiplication), and so

ubF = W) =1 4+r)=1+7,

where 7’ = (1+7)! —1 € V(R). Therefore, u* — 1 € V(R), and R satisfies the k-VU condition.
(2) Let v € U(S) C U(R). Since R is n-VU, we have v — 1 € V(R). As v € S, it follows

that v — 1 € SNV(R) C V(S). Hence, v — 1 € V(S), and so S satisfies the n-VU condition.
For the particular case, note that the center Z(R) is a unital subring of R, and since V(R) C

C Z(R) (as V-nilpotent elements commute with all elements), we have Z(R)NV(R) = V(R) C

C V(Z(R)). Thus, the condition is satisfied, and Z(R) is n-VU. O

Recall that a ring homomorphism f: S — R is said to be /ocal if every non-unit element
of S maps to a non-unit in R. A subring S C R is called rationally closed if U(S) = U(R) N S,
which is equivalent to the inclusion map ¢: S < R being a local homomorphism.

Since a rationally closed subring S C R satisfies S N V(R) C V(S), we may apply Proposi-
tion 2.5 to obtain the following consequence.
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Corollary 2.2. Let R be an n-VU ring and S C R be a rationally closed subring. Then S is also
an n-VU ring.

Example 2.6. (1) Consider R = Zg. We know that R is a 2-VU ring since for each unit
u € UR) = {1,3,5,7} we have u> — 1 = 0 € V(R). Moreover, V(R) is a subring of R.
Since 2 | 4, by Proposition 2.5 (1), it follows that R is also a 4-VU ring.

(2) Consider R = Zy x Z3. Then R is a 2-VU ring because each unit (a,b) € U(R)
satisfies (a,b)? = (1,1), hence, (a,b)? — (1,1) = (0,0) € V(R). Now take the unital subring
S = Zy x{0,1} € R. We have SN V(R) C V(S), so by Proposition 2.5 (2), S is also a
2-VU ring. In particular, the center Z(R) coincides with R itself, so Z(R) is a 2-VU ring.

Proposition 2.6. Let R be an n-VU ring. Suppose f: R — T is a ring epimorphism such that
f(V(R)) C V(T) and every unit of T lifts to a unit of R. Then T is an n-VU ring.

Proof Letv € U(T). By assumption, there exists u € U(R) such that f(u) = v. Since R is
n-VU, we have u" = 1 + r for some r € V(R). Applying f, we obtain:

vt = fu)" = fW) = fA ) = )+ Flr) =14 f(r).
By hypothesis, f(r) € V(T), so v™ — 1 € V(T'). Hence, T satisfies the n-VU condition. O

Example 2.7. Let R = Zy4 and consider the natural epimorphism
fiR—=>T=2%2Z;, f(zr)=2x (modT).

e First, note that R = Zy4 is a 6-VU ring. Indeed, U(R) = {1,3,5,9,11, 13} and for each
unit u, we have u® — 1 =0 € V(R).

e The map f is a ring epimorphism. Moreover, f(V(R)) C V(T') because V(R) maps
into V(Z7) under reduction modulo 7.

e Every unit of 7' = Zj lifts to a unit of R. For example, U(T) = {1,2,3,4,5,6}, and each
of these has a representative in U(R) (e.g.,2+— 9,3+ 3,4 — 11,5~ 5, 6 — 13).

Therefore, by Proposition 2.6, T" = Z7 is also a 6-VU ring.

Our first major assertion establishes a necessary and sufficient condition connecting the quasi-
nilpotent elements of a ring and its quotient modulo a radical ideal. The following lemma is
straightforward to verify.

Lemma 2.2 (see [9]). Let R be a ring, I C J(R) an ideal of R, and let R = R/I. Then the
following statements hold.

(1) For every g € V(R), we have q € V(R).

(2) For every € V(R) and p € I, we have ¢ +p € V(R).

We proceed to formulate a lifting result for the n-VU property through quotient rings modulo
radical ideals, offering a useful criterion for confirming the n-VU condition in more general
settings.

Theorem 2.1. Let I C J(R) be an ideal of a ring R. If the quotient ring R/I is n-VU, then R is
also n-VU.
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Proof Assume R/I is an n-VU ring, and let v € U(R). Then the image u = u + [ lies
in U(R/I), and by the n-VU property of R/I, we have 4" = 1 + 7 for some 7 € V(R/I). This
implies that " + [ = 1+ r + [ for some r € V(R), so u™ — (1 +r) € I. Hence, we can write
u” =14 (r+ ') for some r’ € I. Since I C J(R), Lemma 2.2 guarantees that r + ' € V(R).
Therefore, u” € 1 4+ V(R), and thus, R is an n-VU ring. d

Corollary 2.3. Let R be a ring. If the quotient R/ J(R) is n-VU, then R is n-VU.
Example 2.8. Let R = Zg and [ = 3Zg = {0, 3,6}. Note that I C J(R), since J(Zgy) = 3Zs.

e The quotient ring is R/I = Zj. In Zs, the unit group is U(Z3) = {1,2}, which is cyclic
of order 2. Hence, Z3 is n-VU if and only if 2 | n. For example, when n = 2, both units
satisfy u? = 1, so Zs is 2-VU.

e By Theorem 2.1, it follows that R = Z4 is also a 2-VU ring.
Thus, this example shows that if R/I is 2-VU, then R itself is also 2-VU.

2.4. Examples of n-VU matrix rings

In this subsection, we study (examples of) certain classes of matrix rings that are n-VU rings,
and this depends on n.

First, we investigate the corner rings of n-VU rings.

Proposition 2.7. Let R be an n-VU ring and e be an idempotent of R. Then eRe is an
n-VU ring.

Proof Letu € U(eRe). Call u™' € U(eRe) with uu™' = u=lu = e. Then, we have that
uwl—e)=0=(1—eu,u(1-e)=0=(1—-e)u"!, and

u+(1—e)ut+(l—-e)]=e+l—e=1,
[t +(1—e))u+(l—e)]=e+1—e=1.
Therefore, u 4 (1 — e) € U(R). Since R is an n-VU ring, there exists ¢ € V(R) such that
(Wt (1= ) =u"+(1—¢) = 1+qe 1+ V(R).

Thus, it follows that u” — e = g € V(R). Now, we show that u” — e € V(eRe). Let v be an
arbitrary element of U(eRe) such that

v(u" —e) = (u" — e)v.

Since u* —e € V(R), we have 1 — (1 —e+v)(u" —e) € U(R),and so 1 —v(u™ —¢) € U(R)
meaning there exists ¢ € R such that

cll—vu" —e)]=1=[1—-vu" —e)c (2.1)

We have u, v € eRe and so u™ = u"e, v = ev. From (2.1), we obtain that

ec[l —v(u" —e)le=e=r¢[l —v(u" — e)]ce,
ecle —v(u"e —e)] = e = [e — ev(u™ — €)]ce,
ecle’ — ev e —v(u"e — e?)]ce,

It follows that e — v(u™ — e) € U(eRe), leading to the conclusion that u™ — e € V(eRe). Hence,
we deduce that u™ € e + V(eRe), which implies that eRe is an n-VU ring. O
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Example 2.9. Let R = Zg, which is known to be a 2-VU ring. Consider the idempotent
e =4 € R, since 4> = 16 = 4 (mod 6). Then the corner ring eRe = {ere: r € R} = {0,2,4} is
also a 2-VU ring.

Hence, this example illustrates Proposition 2.7: if R is an n-VU ring and e is an idempotent,
then e Re inherits the n-VU property.

Example 2.10. Suppose R = My(Zy) and n = 0 (mod 3). Then, we claim that R is an
n-VU ring.

In fact, since US(R) = I,, it must be that A* = I, for every A € U(R) and k > 1. Thus,
(I, — A%%)2 = 0. As n = 3k, we infer that R is an n-VU ring.

Now consider n = 6 and the ring T = Zsg X My(Zy). Then, T is a 6-VU ring. Choose

A= <(1] (1]) and e = (9, A) € T. One can check that e = e, and so the corner ring

eT'e ={(0,0), (9,0), (18,0), (27,0), (0,A), (9,A4), (18, A), (27, A)}
is a 6-VU ring.

We provide examples of matrix rings that are not n-VU. In the general case, we do not yet
have an answer.

Example 2.11. For any ring R # 0 and any integer n > 3, M,,(R) is not a 3-VU ring.

P roof Based on Proposition 2.7, it is sufficient to show that M3(R) is not a 3-VU ring.

11
Assume, in a way of contradiction, that M3(R) is a 3-VU ring. Since [ 1 0 0 € GL3(R) and
1 10
5 4 3 111\ /100
M3(R) is a 3-VU ring, we have (3 1 1| =1 0 0] — [0 1 O . Let
4 3 1 1 10 0 01

e =

€ M3(R). Then, e? = e and so R = eM;3(R)e is a 3-VU ring by Proposition 2.7.

o O =
o OO
o O O

From Proposition 2.2, it infers that 2 € A(R). We have that A(R) is a subring of R, and so,
9 € U(R), whence one calculates that

-1

5 4 3 1 -2 5 1
311 =3 1 =7 4],
4 3 1 5 1 =7
which is a contradiction. This completes the proof. 0

In the above example, we cannot assume n > 2; indeed, this is because, according to Exam-
ple 2.10, the ring My (Zs) is 3-VU .

Proposition 2.8. For any ring R # 0 and any integer n > 2, M, (R) is not a k-VU ring
with k = 5,7,11,13,

Proof Since it is well known that My(R) is isomorphic to a corner ring of M,,(R) for n > 2,
it suffices to demonstrate that My (R) is not a k-VU ring by Proposition 2.7.
Assume the contrary that My(R) is a 5-VU ring. Since

A= (_} é) € GLy(R),
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(" 3)5‘@ )= (72 ) e vonm,

Let e = (é 8) € My(R)). Then, e = e and so R = eM,(R))e is a 5-VU ring by Proposi-

tion 2.7. From Proposition 2.2, it infers that 2 € A(R), and so 11 € U(R). Then, one verifies

we extract

that
9 5\ 1[4 -5
5 —4 11 \-5 —=9)’
a contradiction. Similarly, we have A — ] = —145 89 and 199 € U(R), and so
Y 89 —56
1 /— _
R (_gg B 18495). It follows that M,,(R) is not a 11-VU ring,

Let us consider the matrix:

B— ((1) ‘D € GLy(R).

Then, we have C' := BT — (1 0) = <_1 _(1)) One can check that

0 1
L (0 1
¢ _(—1 —1)'

It follows that B" — I & V(My(R)). Thus, My(R) is not 7-VU .

Take U = G é) Then, U € U(R), and

det(U" — I) = 1202500001 € U(R), and so U — I € U(My(R)).
Thus, My(R) is not 13-VU. This concludes the proof. O

2.5. Study of n-VU rings and classical rings

In this subsection, we study certain classes of n-VU rings together with some classical classes
of rings such as semi-simple, Dedekind-finite, and regular rings.

Let us recall that a set {e;;: 1 <4, j < n} of non-zero elements in a ring R is called a system
of n? matrix units if it satisfies the multiplication rule e;jes; = 0,565, Where 0,5 = 1 if j = s

n

and 0;, = 0 otherwise. In this case, the element e := ) " | e;; is an idempotent in R, and the
corner ring eRe is isomorphic to the full matrix ring M,,(5), where

S ={r€eRe|re;=eyr forall 1<i,j<n}.

Furthermore, a ring R is said to be Dedekind-finite if, for any a,b € R, the equality ab = 1
implies ba = 1. That is, every one-sided inverse in R is automatically two-sided.

We are now prepared to establish the following.

Proposition 2.9. Every (2k — 1)-VU ring is Dedekind-finite, provided k € {3,4,6,7}.
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P roof Suppose, to the contrary, that R is not a Dedekind-finite ring. Then there exist ele-
ments a,b € R such that ab = 1 but ba # 1. Define e;; := a'(1 — ba)l/ and let e := > €.

=1
Under this construction, there exists a non-zero ring S such that eRe = M,,(S). However, by
Proposition 2.7, the ring eRe is (2k — 1)-VU, and hence M,,(S) must also be (2k — 1)-VU. This

contradicts Proposition 2.8, as expected. UJ

Example 2.12. Let R = [[", F,, where each (¢; — 1) | (2k — 1) for a fixed k € {3,4,6,7}.
By the direct product property, R is (2k — 1)-VU, and so R is Dedekind-finite.

Concrete choices:
e k=4: R=1IFg x Fyis 7-VU and Dedekind-finite;
e k=3 R=Ty x Fy x Fy is 5-VU and Dedekind-finite.

Proposition 2.10. Let R be a ring and n € {3,4,6,7}. Then, the following two conditions are
equivalent.

(1) R/J(R) is a semi-simple (2n — 1)-VU ring.
(2) R/J(R) =TI, F i, where (p* — 1)|n and ¥, is a field with p* elements.

Proof (1) = (2). Since the quotient R/J(R) is semi-simple, hence,

R/J(R) = | | My, (Dy),

=1

where each D; is a division ring. By Proposition 2.8, it follows that R/J(R) = [[*, D;.
Moreover, invoking Proposition 2.4, we deduce that D; = [, where p¥ — 1 divides n, as
claimed.

(2) = (1). By Proposition 2.4, each field F, is (2n — 1)-VU. Then, applying Proposi-
tion 2.1, we conclude that the product [[\", Fx, is also (2n — 1)-VU. Therefore, R/J(R) is a
semi-simple (2n — 1)-VU ring, as asserted. O

Example 2.13. Take n = 6, so that 2n — 1 = 11.
A correct semi-simple example is

R/J(R) = F'y XFg XFQ,

since
|F;l—1=6, |F3]—1=2, |Fo]—-1=1,

and each of 6, 2, 1 divides n = 6. Therefore R/J(R) is (2n — 1)-VU (i.e., 11-VU).
By contrast, R/J(R) = Fy; x Fy is not (2n — 1)-VU, because |Fy;| — 1 =101 6.

A ring R is called reduced if it has no nonzero nilpotent elements; that is, whenever a” = 0
for some a € R and integer n > 1, then a = 0.

Lemma 2.3. Let R be a (2n — 1)-VU ring with n € {3,4,6,7}. If J(R) = {0} and every
non-zero right ideal of R contains a non-zero idempotent, then R is reduced.

Proof Suppose, to the contrary, that R is not reduced. Then there exists a non-zero ele-
ment a € R such that > = 0. By [7, Theorem 2.1], there exists an idempotent ¢ € RaR such
that eRe = My(T') for some non-trivial ring 7. However, by Proposition 2.7, the ring eRe is
(2n — 1)-VU, and hence, My (7)) must also be (2n — 1)-VU. This contradicts Proposition 2.8, as
expected. 0J



92 Rings with V-nilpotent unit deviations

A ring R is called regular (or von Neumann regular) if, for every a € R, there exists x € R
such that a = aza. It is called m-regular if for each a € R there exists n > 1 and x € R such
that a” = a™xa™. The ring R is strongly regular if for every a € R there exists x € R with
a = a’x = xa®. Finally, R is strongly m-regular if for each a € R there exists n > 1 and x € R
such that " = a" "z = za" "L,

Our second main statement is the following.
Theorem 2.2. Let R be a ring and n € {3,4,6,7}. The following three items are equivalent.
(1) R is a regular (2n — 1)-VU ring.
(2) R is a w-regular reduced (2n — 1)-VU ring.
(3) For each x € R, ™" = 1.

Proof (1) = (2). Since R is regular, we have J(R) = {0}, and thus every non-zero right
ideal contains a non-zero idempotent. By Lemma 2.3, it follows that R is reduced. Moreover,
every regular ring is known to be m-regular, so the implication follows immediately, as claimed.

(2) = (3). Notice that reduced rings are always abelian, so R is abelian regular (i.e., R is
strongly regular). Assume that y € V(R). Then, we have y = eu for some v € U(R) and
e? = e € Z(R). One can check that uy = yu. Then, we have e = yu ! andso 1 —e =1 — yu~1'.
Note that yu=' = u~'y and y € V(R). From this, it immediately infers that 1 —e =1 — yu~! €
€ U(R). It follows that e = 0. Thus, y = 0, and consequently, V(R) = 0. This implies that
Nil(R) = J(R) = 0. Then, for each x € R, we write x = eu for some idempotent e € R and a
unit u € R, and so x = ex. Moreover, since R is a (2n — 1)-VU ring, u*"~! = 1. It follows now
that

)anl — u2n7162n71 —

x = (eu e.

From this, it immediately infers that 2" = 2" 1.0 = ex = z.

(3) = (1). It is trivial that R is regular. Let u € U(R). Then, we have u?" = u forcing that
u?~! =1 and thus, R is a (2n — 1)-VU ring, as promised. O

A ring R is called unit-regular if for every a € R there exists a unit u € U(R) such that
a = aua.
We now can record the following interesting consequence.

Corollary 2.4. The following four conditions are equivalent for a ring R and n € {3,4,6,7}.
(1) R is a regular (2n — 1)-VU ring.
(2) R is a strongly regular (2n — 1)-VU ring.
(3) R is a unit-regular (2n — 1)-VU ring.
(4) R has the identity " = .

Proof (1) = (2). By Lemma 2.3, the ring R is reduced and therefore abelian. It follows
that R is strongly regular.

(2) = (3). This is pretty obvious, so we leave out the argumentation.

(3) = (4). Let x € R. Then, x = ue for some u € U(R) and e € Id(R). We know that every
unit-regular ring is, by definition, regular, so R is regular (2n — 1)-VU, whence R is abelian.
It follows that V(R) = {0}. Therefore, for any u € U(R), we have u?*"~! = 1, which means that
2l = 2= le?n =l — ¢ So, we detect that 2> = z, as required.

(4) = (1). It is clear by a direct appeal to Theorem 2.2. U
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Example 2.14. Let n € {3,4,6, 7} and take
R= F7 X F4.

Then R is (von Neumann) regular and reduced, since finite products of fields have both properties.
Moreover, |F5| = 6 and |F;| = 3, so on each factor every unit u satisfies u” = 1 (because 6 | n
and 3 | n). Thus, R is (2n — 1)-VU. Finally, for each = = (a,b) € R, we have

(0,0), ifa=0o0rb=0,

I_Qn—l —_ (a2n—1 an—l) —
’ (1,1), ifa,beF*,

so 2" is an idempotent (component-wise either 0 or 1), i.e., z*"~! € Id(R).

We now come to the next two pivotal assertions.

Theorem 2.3. Let R be a (2n — 1)-VU ring and n € {3,4,6,7}. Then, the following conditions
are equivalent.

(1) R is an exchange ring.
(2) R is a clean ring.

Proof (2)= (1). The claim follows immediately, as every clean ring is known to be exchange.
(1) = (2). If R is both exchange and (2n — 1)-VU, then by Lemma 2.3, R is reduced, and
hence, abelian. Therefore, R is an abelian exchange ring, which implies that R is clean. 0

2.6. Some extensions of n-VU rings

Finally, we examine how the n-VU property behaves under ring extensions.

As usual, we say that B is a unital subring of a ring A if } # B C A and, for any x,y € B,
the relations x — y, vy € B, and 14 € B hold. Let A be a ring and let B a unital subring of A,
we denote by R[A, B] the set

{(al,...,an,b,b,...): a; € A, b€ B, 1§i§n}.
Then, a routine check establishes that R[A, B] forms a ring under the usual component-wise

addition and multiplication. The ring R[A, B] is called the tail ring extension.

We start our considerations here with the following helpful statement.
Proposition 2.11. R[A, B] is an n-VU ring if, and only if, both A and B are n-VU rings.

Proof Suppose R[A, B] is an n-VU rings. Firstly, we prove that A is an n-VU ring. Let
u € U(A). Then, u = (u,1,1,...) € U(R[A, B]). By hypothesis, we have (u" — 1,0,
0,...) € V(R[A,B]). Let v € U(A) with uv = wvu, then (v" — 1,0,0,...)(v,1,1,...) =
=(v,1,1,...)(u™ —1,0,0,...) and so,

(1—(@"=1v,1,1,...)=1—(u"—1,0,0,...)(v,1,1,...) € U(R[A, B]).

Hence, 1 — (u” — 1)v € U(A), which insures that u” — 1 € V(A). Now, we show that B is an
n-VU ring. To this target, choose v € U(B). Then, (1,...,1,1,v,v,...) € U(R[A, B]). By
hypothesis, v = (0,...,0,v" — 1,v" —1,...) € V(R[A, B]). Thus, for all u € B, with uv = vu
we have



94 Rings with V-nilpotent unit deviations

It follows that 1 — (0,...,0,0" — 1,0" — 1,...)(0,...,0,u,u,...) € U(R[A, B]), and so
1 —(v"—1)u € U(B) and hence, v" — 1 € V(B), as required. The case of A is treated ab-
solutely analogously, so we remove the arguments.

Conversely, assume that A and B are both n-VU rings. Let u = (uq,...,u,v,0,...) €
€ U(R[A, B]), where u; € U(A), and v € U(B) C U(A). We must show that " — 1 €
€ V(R[A, B]). In fact, for all @ = (ay,...,am,b,b,...) € U(R[D,C]) with a; € U(D) and
be U(C) CU(D) such that

(an_1)<a17---7am7b7b7-..> = (al,...,am,b,b,...)(ﬂ”—1).

If k < m, then we have (u? — 1)a; = a;(u? — 1) forall 1 <i <k, (v" — D)aps; = anyj(v™ — 1)

1

forall 1 <j <m —mn,and (v" — 1)b = b(v™ — 1). We have

I—(@—-1Da=01-1-uNay,...,1 =1 —uP)an,1— (v* = Dany, ...,
co = (W = Dap, 1 — (©* = 1)b,...).

Note that 1 —(u —1)a; € U(D) forall1 <i <n,1—(v"—1)a,+; € U(D) foralll < j <m-—n,
and 1 — (v —1)b € U(C) C U(D). 1t follows that 1 — (@™ —1)a € U(R[D, C]). The case n > m
is similar.
We deduce that u?> — 1 € V(R[D, C|]) or u> = n € 1+ V(R[D, C]). This shows that R[D, C]
is a n-VU ring. O
Let R be a ring and M be a bi-module over R. The trivial extension of R and M 1is stated as
T(R,M)={(r,m): 7€ R and m € M},
with addition defined componentwise and multiplication defined by

(r,m)(s,n) = (rs,rn + ms).

The trivial extension T'(R, M) is isomorphic to the subring

{(T m):rER and mEM}
0 r

of the formal 2 x 2 matrix ring (g j\}/%[) (see [4]), and also T'(R, R) = R[z]/ (x?). We, likewise,
note that the set of units of the trivial extension 7'(R, M) is

U(T(R, M)) = T(U(R), M).

Assume that
(T T) € T(V(R), M) with r € V(R)

0
r my r m
(0 7“1) (O T). Then,

and (78 T;) € U(T(R,M)) with (6 T) ("8 7;711)
GG )= ( ) ereman -vow,

rp € U(R) and rry = ryr, and so 1 — rry € U(R). It follows that
T 1 1—rr

Thus, (6 T) € V(T(R, M)). This is shown that T(V(R), M) C V(T(R, M)).
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Proposition 2.12. Assume that cm = mc for any ¢ € R and m € M. Then R is an n-VU ring if
and only if T(R, M) is an n-VU ring.

r

Proof Let <0

Then

T) € U(T(R,M)). Then,r € U(R). Since R is an VU ring, r" € 1+V(R).

(6 7) 1= ("0 " W) evaman.

We deduce that T'(R, M) is a n-VU ring.
Now, assume that T'(R, M) is an n-VU ring. We show that R is an n-VU ring. Call

r € U(R). Then (7“0 ,,,On) _ <g S) € 1+ V(T(R, M)). It follows that there is (g 7:;) e

€ V(T(R, M) such that
0\ (10 " qg m
0o »») \0 1 0 q)°

Then, ™ = 1 + ¢. Next, we show that ¢ € V(R). Indeed, let u € R with qu = uq. Then, we

have <g 2) (g Zl) _ (zgq @Zg) - (qg P ) - (g ZL) (ﬁ 2)

It follows that 1—(3 g) (g 7:;) € U(T(R,M)) = T(U(R), M). It means that 1—uq € U(R).

We deduce that ¢ € V(R). O

Corollary 2.5. Assume that R is a commutative ring. Then R is an n-VU ring if and only if
T(R, R) is an n-VU ring.

Conclusion

We have introduced and investigated the class of n-VU rings and their variants. Our study
established key structural properties, clarified their behavior under standard ring-theoretic con-
structions, and connected them with classical notions such as regularity, cleanness, exchange
rings, and Dedekind-finiteness. Illustrative examples demonstrated both positive and negative
cases, highlighting the richness of the theory. Overall, these results extend the understanding of
unit powers in relation to radical-like subsets and provide a foundation for further exploration of
algebraic structures within ring theory.
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKHN

MATEMATUKA 2026. T. 36. Bem. 1. C. 82-98.

A. T. Tpane
Koabua ¢ V-HUIbNOTEHTHHIMH OTKJIOHEHUSIMU 00PATHMBbIX 3JIEMEHTOB

Kouesole crosa: n-VU kombito, V-HUIBIIOTSHTHBIN AJIEMEHT, paaukan JxekoocoHa, koHeuHoe 1o Jleme-
KHHJIY KOJIBIIO, YUCTOE KOJIBI[0, OOMEHHOE KOJIBIIO, PETYISIPHOE KOJBIIO, T-PErYISPHOE KOJBIIO.

VK 512.552, 512.54
DOI: 10.35634/vm260105

MpbI BBOJUM M UCCIIEIYyEeM HOBBIN KJIACC aCCOLMATHBHBIX KOJIEl, Ha3biBaeMbIX n-V U KoJIbI[aMH, XapaKTe-
PU3YIOLIUXCST YCIOBUEM, YTO JJIS KaXJIOr0 OOpaTHMOro 3JIeMEHTa 1 B KOJbIE AeMeHT u'* — 1 mpuHai-
JISKHUT BBIICJICHHOMY TOAMHOKECTBY V (R) V-HUIBIOTEHTHBIX 3IEMEHTOB. JTO TOAMHOKECTBO COCTOHUT
U3 BIIEMEHTOB ' € R Takux, uro 1 — ux oOpaTuMm Jyis BCeX OOpaTHUMBIX 3JIEMEHTOB %, KOMMYTHPYIOIIUX
¢ . MBI uccienyem CTpykTypHBIe cBoiicTBa n-VU u m-VU Konel, TpUBOANM HIUTIOCTPATHBHBIC TIPHIME-
pPBl ¥ M3yYaeM WX IOBEJCHHE OTHOCUTEIHLHO Pa3JIMYHBIX TEOPETHUKO-KOJBIIEBBIX KOHCTPYKIUH, BKIIOYas
MpsIMbIC TIPOM3BEICHMs, (PAKTOPKONIbBIIA U TPUBHAJIbHBIC paciIMpeHus. Hamim pesynsrarel yCTaHaBIMBa-
0T CBSI3U MEXay ycioBueM n-VU M KIACCHYCCKUMH IMOHATHSIMU TaKMMH, KaK PEryaspHOCTb, YHCTOTA
Y KOHEYHOCTh 10 JleeKuH Ty, mpeaiaras HOBbIC UJCH O B3aHMMOJICHCTBHU MEX/Y CTEIICHSMHU 0OpaTUMBIX
3JIEMEHTOB M HUJIBIIOTEHTHOCTBIO B TEOPUH KOJIEIL.

CIINUCOK JINTEPATYPbI

1. Karabacak F., Kogsan M. T., Quynh Truong Cong, Tai Dinh Duc. A generalization of UJ-rings // Journal
of Algebra and Its Applications. 2021. Vol. 20. No. 12. 2150217.
https://doi.org/10.1142/S0219498821502170

2. Kosan M. T., Leroy A., Matczuk J. On U J-rings // Communications in Algebra. 2018. Vol. 46. Issue 5.
P. 2297-2303. https://doi.org/10.1080/00927872.2017.1388814

3. Kosan M. Tamer, Quynh Truong Cong, Yildirim Tiilay, Zemli¢ka Jan. Rings such that, for each unit u,
u — u™ belongs to the Jacobson radical // Hacettepe Journal of Mathematics and Statistics. 2020.
Vol. 49. No. 4. P. 1397-1404. https://doi.org/10.15672/hujms.542574

4. Kosan M. Tamer, Quynh Truong Cong, Zemli¢ka Jan. UNJ-Rings // Journal of Algebra and Its
Applications. 2020. Vol. 19. No. 09. 2050170. https://doi.org/10.1142/S0219498820501704

5. Lam Tsit-Yuen. A first course in noncommutative rings. New York: Springer, 2001.
https://doi.org/10.1007/978-1-4419-8616-0

6. Lam Tsit-Yuen. Exercises in classical ring theory. New York: Springer, 2003.
https://doi.org/10.1007/697448

7. Levitzki J. On the structure of algebraic algebras and related rings // Transactions of the American
Mathematical Society. 1953. Vol. 74. No. 3. P. 384-409. https://doi.org/10.2307/1990809

8. Nicholson W. K. Lifting idempotents and exchange rings // Transactions of the American Mathematical
Society. 1977. Vol. 229. P. 269-278. https://doi.org/10.2307/1998510

9. Tien Nguyen Quoc, Kosan M. Tamer, Quynh Truong Cong. Remarks on rings with v — 1 quasi-
nilpotent for each unit « // Journal of Algebra and Its Applications. 2026. Vol. 25. No. 02. 2550317.
https://doi.org/10.1142/S0219498825503177

10. Tin Phan Hong. On 2-UNJ rings // Asian-European Journal of Mathematics. 2025 (Online Ready).
https://doi.org/10.1142/S1793557125501050

11. Tin Phan Hong, Tien Nguyen Quoc. A note on strongly clean elements / Asian-European Journal of
Mathematics. 2025. Vol. 18. No. 11. 2550047. https://doi.org/10.1142/S1793557125500470

12. Trang Dao Thi. On Morita equivalent of indecomposable automorphism-invariant rings // Asian-
European Journal of Mathematics. 2023. Vol. 16. No. 02. 2350014.
https://doi.org/10.1142/S1793557123500146


https://doi.org/10.35634/vm260105
https://doi.org/10.1142/S0219498821502170
https://doi.org/10.1080/00927872.2017.1388814
https://doi.org/10.15672/hujms.542574
https://doi.org/10.1142/S0219498820501704
https://doi.org/10.1007/978-1-4419-8616-0
https://doi.org/10.1007/b97448
https://doi.org/10.2307/1990809
https://doi.org/10.2307/1998510
https://doi.org/10.1142/S0219498825503177
https://doi.org/10.1142/S1793557125501050
https://doi.org/10.1142/S1793557125500470
https://doi.org/10.1142/S1793557123500146

98 Kospia ¢ V-HUIBIIOTEHTHBIMHA OTKJIOHEHUSIMA

[Toctynuna B penakiuto 09.10.2025
[Ipunsara k nyomukannn 25.01.2026

Tpanr Hao Txwu, pakyasreT MpUKIAAHBIX HAyK, XOMUMHHCKHHA YHHBEPCHTET MTPOMBIIIJICHHOCTH M TOPTOB-
1u, BeeTHam, I. XOIIMMHH.

ORCID: https://orcid.org/0000-0002-5733-1594

E-mail: trangdt@huit.edu.vn

Huruposanue: JI.T. Tpanr. Kombua ¢ V-HUIBNOTEHTHBIMH OTKJIOHEHHSMH OOPaTHMBIX BJIEMEHTOB //
BectHuk VYnmyprckoro yHuepcurera. Maremaruka. Mexanuka. Komnerorepusle Hayku. 2026. T. 36.
B 1. C. 82-98.


https://orcid.org/0000-0002-5733-1594
mailto:trangdt@huit.edu.vn

	Introduction
	n-nabla U rings
	Definitions and examples
	Basic properties
	Homomorphisms and subrings
	Examples of n-nabla U matrix rings
	Study of -n-nabla U rings and classical rings
	Some extensions of n-nabla U rings


