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§ 1. Introduction

In ring theory, the behavior of unit elements often serves as a powerful lens through which the

structure and properties of a ring can be understood. Units not only govern invertibility but also

interact intricately with other algebraic elements such as idempotents, nilpotents, and radicals.

Over the years, various classes of rings have been defined based on how units behave: examples

include clean rings, exchange rings, and UJ-rings (see [1–4,8–12]). These constructions have led

to rich theories and applications across algebra and module theory.

This paper introduces and investigates a new class of rings, called n-∇U rings, which are

defined via a subtle interaction between unit powers and ∇-nilpotent elements. The central idea

is to examine how far a unit element u ∈ U(R) deviates from the identity when raised to a fixed

power n, and whether this deviation lies within a special subset of the ring known as ∇(R).
Let R be an associative ring with identity, not necessarily commutative. We denote:

• U(R): the group of units in R,

• Z(R): the center of R,

• J(R): the Jacobson radical,

• Nil(R): the set of nilpotent elements,

• Id(R): the set of idempotents.

We consider the set

J(R) ⊆ ∆(R) =
{

x ∈ R : x+ u ∈ U(R) for all u ∈ U(R)
}

=
{

x ∈ R : 1− xu is invertible for all u ∈ U(R)
}

=
{

x ∈ R : 1− ux is invertible for all u ∈ U(R)
}

that was handled by Lam [6, Exercise 4.24].

https://doi.org/10.35634/vm260105
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An element x ∈ R is called ∇-nilpotent if 1 − ax ∈ U(R) for every a ∈ U(R) such that

xa = ax (see [9]). We define

∇(R) =
{

x ∈ R | 1− ux ∈ U(R) for all u ∈ U(R) with ux = xu
}

.

This set generalizes the notion of nilpotency by focusing on invertibility conditions under com-

mutativity constraints, and it includes elements that behave “almost nilpotently” with respect

to units.

A ring R is called a ∇U ring (or ∆NU ring) if every unit u ∈ U(R) satisfies u− 1 ∈ ∇(R)
(see [9]). With this setup, we define two key classes.

• Let n ≥ 2 be a fixed integer. A ring R is called an n-∇U if every unit u ∈ U(R) satisfies

un − 1 ∈ ∇(R).

• A ring R is called a π-∇U ring if for each unit u ∈ U(R), there exists an integer i ≥ 2
(depending on u) such that ui − 1 ∈ ∇(R).

These definitions capture a wide spectrum of ring behaviors. For example, in division rings,

the n-∇U condition forces every unit to be an n-th root of unity, leading to strong finiteness con-

straints. In more general settings, the condition interacts with the ring’s radical, its idempotents,

and its direct product structure.

The motivation behind studying n-∇U rings stems from a desire to unify and extend existing

concepts in ring theory that involve unit elements and nilpotency. By focusing on the deviation

un − 1 and its membership in ∇(R), we obtain a flexible framework that encompasses several

known ring classes and reveals new structural phenomena.

In this paper, we develop the foundational theory of n-∇U and π-∇U rings. We begin by

presenting illustrative examples that demonstrate the diversity of rings satisfying these conditions.

We then explore their behavior under standard ring constructions such as direct products, quotient

rings, and trivial extensions. Furthermore, we establish connections between the n-∇U property

and classical notions such as regularity, cleanness, and Dedekind-finiteness. Our results show that

the n-∇U condition is not only algebraically meaningful but also structurally rich, offering new

insights into the interplay between unit powers and ∇-nilpotency in ring theory.

§ 2. n-∇U rings

In this section, we introduce the notion of n-∇U rings, examine their structural properties,

and illustrate the theory with examples. For clarity, the presentation is divided into several

subsections.

2.1. Definitions and examples

Definition 2.1. Let n ≥ 2 be a fixed integer. A ring R is called an n-∇U if every unit u ∈ U(R)
satisfies un − 1 ∈ ∇(R).

Definition 2.2. A ring R is called π-∇U if, for any u ∈ U(R), there exists i ≥ 2 depending on u
such that ui − 1 ∈ ∇(R).

From the above definitions, we consider the following examples of n-∇U rings and π-∇U rings.

Example 2.1. (1) Let R = Z8. Then U(R) = {1, 3, 5, 7}, and for each unit u, we have u2 − 1 =
= 0 ∈ ∇(R). It follows that Z8 is a 2-∇U ring.

(2) Let R = Z14
∼= Z2 × Z7. The unit group is U(R) = {1, 3, 5, 9, 11, 13}. For each unit u,

we have u6 − 1 = 0 ∈ ∇(R). Hence, Z14 is a 6-∇U ring.
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(3) Let R = F2[[x]], the ring of formal power series over F2. Then R is a local ring

with maximal ideal (x), and every unit has the form 1 + f(x), where f(x) ∈ xF2[[x]].
Since (1 + f(x))2 − 1 = f(x)2 + 2f(x) ∈ xF2[[x]], which is topologically nilpotent, we conclude

that R is a 2-∇U ring. However, u2 − 1 is not ∇-nilpotent in general.

(4) Let R = F3〈x, y〉/(x
2), the noncommutative polynomial ring over F3 modulo the relation

x2 = 0. Then R is a 2-∇U ring.

Example 2.2. (1) Let R = M2(F3), the ring of 2× 2 matrices over the finite field F3. Then, the

unit group U(R) = GL2(F3) has order (32 − 1)(32 − 3) = 48. It follows that for each invertible

matrix u, there exists some i ≥ 2 (depending on the order of u) such that ui = I2, and so

ui − I2 = 0 ∈ ∇(R). Thus, M2(F3) is a π-∇U ring.

(2) Let R = Z2[x]/(x
2−x). This is a Boolean ring, so every element is idempotent. The only

unit is 1, and, for u = 1, we have ui − 1 = 0 for all i ≥ 2. Hence, R is a π-∇U ring.

2.2. Basic properties

In this subsection, we present the basic properties of the classes of rings just defined, and at

the same time examine under what conditions they are division rings.

We now examine how the n-∇U property behaves under direct product constructions. The

following proposition shows that this condition is componentwise.

Proposition 2.1. Let {Ri}i∈I be a family of rings. Then the direct product
∏

i∈I Ri is n-∇U if

and only if each component ring Ri is n-∇U.

P r o o f. It is well known that the unit group and the quasi-nilpotent set of a direct product

decompose as

U

(

∏

i∈I

Ri

)

=
∏

i∈I

U(Ri), ∇

(

∏

i∈I

Ri

)

=
∏

i∈I

∇(Ri).

Let u = (ui)i∈I ∈ U (
∏

Ri). Then

un − 1 = (un
i − 1)i∈I .

Thus, un − 1 ∈ ∇ (
∏

Ri) if and only if un
i − 1 ∈ ∇(Ri) for all i ∈ I . Hence, the product ring is

n-∇U if and only if each Ri is n-∇U . �

Example 2.3. Consider the rings R1 = Z2 and R2 = Z3.

• For R1 = Z2, the unit group is U(R1) = {1}. For any n ≥ 2, we have 1n−1 = 0 ∈ ∇(R1).
Hence, Z2 is n-∇U for all n.

• For R2 = Z3, the unit group is U(R2) = {1, 2}. For n = 2, we compute: 12 − 1 = 0 ∈
∈ ∇(R2), and 22 − 1 = 3 ≡ 0 ∈ ∇(R2). Thus, Z3 is a 2-∇U ring.

Now consider the direct product R = R1 × R2 = Z2 × Z3. Its unit group is U(R) =
= U(R1)×U(R2) = {1}×{1, 2}. For n = 2, each unit satisfies u2 = 1, hence u2−1 = 0 ∈ ∇(R).

Therefore, R = Z2 × Z3 is a 2-∇U ring, illustrating Proposition 2.1.

Proposition 2.2. Let R be an n-∇U ring. If n is an odd integer, then 2 ∈ ∆(R).

P r o o f. Since n is odd, we have (−1)n = −1 ∈ 1 + ∇(R), which implies −2 ∈ ∇(R).
Therefore, 2 ∈ ∇(R). As 2 ∈ Z(R), and ∇-nilpotent central elements lie in the ∆(R), it follows

that 2 ∈ ∆(R), as claimed. �
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Example 2.4. For Proposition 2.2, the assumption that n is odd is essential. For instance, although

Z6
∼= Z2 × Z3 is a 2-∇U ring, a direct computation shows that 2 /∈ ∆(Z6). This illustrates that

the conclusion does not hold when n is even.

Now we provide a necessary and sufficient condition for an n-∇U ring to be ∇U .

However, first we must prove the following lemma to use it in proving the subsequent results.

Lemma 2.1. Let R be a ring and a ∈ R. If am ∈ ∇(R) with m ≥ 1, then a ∈ ∇(R).

P r o o f. Let u ∈ U(R) with au = ua. Then we have umam = amum. Define b = 1 + au +
+ (au)2 + · · ·+ (au)m−1. It follows that

b(1 − au) = (1− au)b = 1− (au)m = 1− amum ∈ U(R).

Since am ∈ ∇(R), so 1− au ∈ U(R). This proves that a ∈ ∇(R). �

Proposition 2.3. Suppose k ≥ 1. Then, a ring R is ∇U if and only if

(1) 2 ∈ ∆(R);

(2) R is a 2k-∇U ring for all k ≥ 1;

(3) ab ∈ ∇(R) for all a, b ∈ ∇(R) with ab = ba.

P r o o f. “⇒” (1) is obvious.

(2) Let u ∈ U(R), and so u2k ∈ U(R). Since R is ∇U , then u2k − 1 ∈ ∇(R). Thus, R is a

2k-∇U ring.

(3) As a, b ∈ ∇(R) and ab = ba, 1 + a ∈ U(R) and (1 + a)−1b = b(1 + a)−1. It follows that

1 + a+ b = (1 + a)
[

1 + (1 + a)−1b
]

∈ U(R) = 1 +∇(R),

so, a+ b ∈ ∇(R).

“⇐”. Let u ∈ U(R). By (2), we have u2k ∈ 1 + ∇(R) and so u2k = 1 + q for some

q ∈ ∇(R). Therefore, combining with (1), we conclude that (u − 1)2
k

= 1 + u2k + j for some

j = 2f(u) ∈ ∆(R) with f(x) ∈ Z[x]. So, (u − 1)2
k

= (2 + j) + q for some j ∈ ∆(R). Call

y = 2 + j ∈ ∆(R). Note that y(u− 1)2
k

= (u− 1)2
k

y. Then, we have qy = yq. By (3), it infers

that (u − 1)2
k

= y + q ∈ ∇(R). Thus, we conclude that u − 1 ∈ ∇(R) by Lemma 2.1, which

ensures that R is a ∇U ring, as required. �

We now turn to the structure of n-∇U division rings, where the ∇-nilpotent condition exhibits

notable rigidity owing to the absence of nontrivial radical elements. The proposition below offers

a complete characterization.

Proposition 2.4. Let F be a division ring.

(1) F is n-∇U if and only if un = 1 for every u ∈ U(F).

(2) If F is a field, then F is n-∇U if and only if F is finite and (|F| − 1) | n.

(3) If n ≥ 2 and F is n-∇U , then F is a finite field and (|F| − 1) | n.
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P r o o f. (1) In any division ring F, the ∇-nilpotent element is trivial, namely ∇(F) = {0}.

Accordingly, the requirement un − 1 ∈ ∇(F) simplifies to un = 1. Thus, F is n-∇U precisely

when every unit is an n-th root of unity.

(2) Suppose F is n-∇U . Then for every unit u ∈ F∗, we have un = 1 + r, where r ∈ ∇(F).
Since F is a field, ∇(F) = {0}, so un = 1. Thus, every element of F∗ is an n-th root of unity.

Let f(x) = xn − 1 ∈ F[x]. Then all elements of F∗ are roots of f(x), so F∗ ⊆ Root(f), and

hence |F∗| ≤ n. Since F∗ is a finite cyclic group, say F∗ = 〈a〉, then an = 1, so the order of a,

denoted o(a), divides n. But o(a) = |F∗|, so, |F∗| | n, i. e., (|F| − 1) | n.

Conversely, if F is finite and (|F| − 1) | n, then every element u ∈ F∗ satisfies un = 1, so

un − 1 = 0 ∈ ∇(F). Hence, F is n-∇U .

(3) Since F is a division ring, we have ∇(F) = {0}. Thus, for any unit a ∈ F∗, the condition

an − 1 ∈ ∇(F) implies an = 1. In particular, a = an+1, so every element satisfies a power

identity.

By Jacobson’s Theorem (see [5, 12.10]), any division ring in which every element is algebraic

over its center and satisfies such a power identity must be commutative. Hence, F is a field. The

second assertion follows directly from (2). �

Corollary 2.1. If F is a division ring which is π-∇U , then F is a field.

Example 2.5. (1) Let F = Z5. Then U(F) = {1, 2, 3, 4}, which is a cyclic group of order 4.
Therefore, Z5 is n-∇U if and only if 4 | n. For instance, when n = 4, every unit satisfies u4 = 1,
so Z5 is 4-∇U .

(2) As a counterexample, consider F = Q, the field of rational numbers. Here U(Q) = Q\{0},

which is infinite. Not every unit is an n-th root of unity, so Q is not n-∇U for any n ≥ 2.

2.3. Homomorphisms and subrings

In this subsection, we study the properties of subrings and quotient rings of n-∇U rings.

Proposition 2.5. Let R be an n-∇U ring.

(1) If ∇(R) is a subring of R and k ∈ N is such that n | k, then R is a k-∇U ring.

(2) For any unital subring S ⊆ R, if S∩∇(R) ⊆ ∇(S), then S is an n-∇U ring. In particular,

the center Z(R) of R is an n-∇U ring.

P r o o f. (1) Since R is an n-∇U ring, for any unit u ∈ U(R), we have un = 1 + r for

some r ∈ ∇(R). Given that n | k, there exists t ∈ N such that k = tn. By the hypothesis, we

have that ∇(R) is a subring of R (i. e., ∇(R) is closed under addition and multiplication), and so

uk = (un)t = (1 + r)t = 1 + r′,

where r′ = (1+ r)t− 1 ∈ ∇(R). Therefore, uk − 1 ∈ ∇(R), and R satisfies the k-∇U condition.

(2) Let v ∈ U(S) ⊆ U(R). Since R is n-∇U , we have vn − 1 ∈ ∇(R). As v ∈ S, it follows

that vn − 1 ∈ S ∩∇(R) ⊆ ∇(S). Hence, vn − 1 ∈ ∇(S), and so S satisfies the n-∇U condition.

For the particular case, note that the center Z(R) is a unital subring of R, and since ∇(R) ⊆
⊆ Z(R) (as ∇-nilpotent elements commute with all elements), we have Z(R)∩∇(R) = ∇(R) ⊆
⊆ ∇(Z(R)). Thus, the condition is satisfied, and Z(R) is n-∇U . �

Recall that a ring homomorphism f : S → R is said to be local if every non-unit element

of S maps to a non-unit in R. A subring S ⊆ R is called rationally closed if U(S) = U(R) ∩ S,

which is equivalent to the inclusion map ι : S →֒ R being a local homomorphism.

Since a rationally closed subring S ⊆ R satisfies S ∩ ∇(R) ⊆ ∇(S), we may apply Proposi-

tion 2.5 to obtain the following consequence.
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Corollary 2.2. Let R be an n-∇U ring and S ⊆ R be a rationally closed subring. Then S is also

an n-∇U ring.

Example 2.6. (1) Consider R = Z8. We know that R is a 2-∇U ring since for each unit

u ∈ U(R) = {1, 3, 5, 7} we have u2 − 1 = 0 ∈ ∇(R). Moreover, ∇(R) is a subring of R.

Since 2 | 4, by Proposition 2.5 (1), it follows that R is also a 4-∇U ring.

(2) Consider R = Z2 × Z3. Then R is a 2-∇U ring because each unit (a, b) ∈ U(R)
satisfies (a, b)2 = (1, 1), hence, (a, b)2 − (1, 1) = (0, 0) ∈ ∇(R). Now take the unital subring

S = Z2 × {0, 1} ⊆ R. We have S ∩ ∇(R) ⊆ ∇(S), so by Proposition 2.5 (2), S is also a

2-∇U ring. In particular, the center Z(R) coincides with R itself, so Z(R) is a 2-∇U ring.

Proposition 2.6. Let R be an n-∇U ring. Suppose f : R → T is a ring epimorphism such that

f(∇(R)) ⊆ ∇(T ) and every unit of T lifts to a unit of R. Then T is an n-∇U ring.

P r o o f. Let v ∈ U(T ). By assumption, there exists u ∈ U(R) such that f(u) = v. Since R is

n-∇U , we have un = 1 + r for some r ∈ ∇(R). Applying f , we obtain:

vn = f(u)n = f(un) = f(1 + r) = f(1) + f(r) = 1 + f(r).

By hypothesis, f(r) ∈ ∇(T ), so vn − 1 ∈ ∇(T ). Hence, T satisfies the n-∇U condition. �

Example 2.7. Let R = Z14 and consider the natural epimorphism

f : R → T = Z7, f(x) = x (mod 7).

• First, note that R = Z14 is a 6-∇U ring. Indeed, U(R) = {1, 3, 5, 9, 11, 13} and for each

unit u, we have u6 − 1 = 0 ∈ ∇(R).

• The map f is a ring epimorphism. Moreover, f(∇(R)) ⊆ ∇(T ) because ∇(R) maps

into ∇(Z7) under reduction modulo 7.

• Every unit of T = Z7 lifts to a unit of R. For example, U(T ) = {1, 2, 3, 4, 5, 6}, and each

of these has a representative in U(R) (e. g., 2 7→ 9, 3 7→ 3, 4 7→ 11, 5 7→ 5, 6 7→ 13).

Therefore, by Proposition 2.6, T = Z7 is also a 6-∇U ring.

Our first major assertion establishes a necessary and sufficient condition connecting the quasi-

nilpotent elements of a ring and its quotient modulo a radical ideal. The following lemma is

straightforward to verify.

Lemma 2.2 (see [9]). Let R be a ring, I ⊆ J(R) an ideal of R, and let R = R/I . Then the

following statements hold.

(1) For every q̄ ∈ ∇(R), we have q ∈ ∇(R).

(2) For every q̄ ∈ ∇(R) and p ∈ I , we have q + p ∈ ∇(R).

We proceed to formulate a lifting result for the n-∇U property through quotient rings modulo

radical ideals, offering a useful criterion for confirming the n-∇U condition in more general

settings.

Theorem 2.1. Let I ⊆ J(R) be an ideal of a ring R. If the quotient ring R/I is n-∇U , then R is

also n-∇U .
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P r o o f. Assume R/I is an n-∇U ring, and let u ∈ U(R). Then the image ū = u + I lies

in U(R/I), and by the n-∇U property of R/I , we have ūn = 1̄ + r̄ for some r̄ ∈ ∇(R/I). This

implies that un + I = 1 + r + I for some r ∈ ∇(R), so un − (1 + r) ∈ I . Hence, we can write

un = 1 + (r + r′) for some r′ ∈ I . Since I ⊆ J(R), Lemma 2.2 guarantees that r + r′ ∈ ∇(R).
Therefore, un ∈ 1 +∇(R), and thus, R is an n-∇U ring. �

Corollary 2.3. Let R be a ring. If the quotient R/J(R) is n-∇U , then R is n-∇U .

Example 2.8. Let R = Z9 and I = 3Z9 = {0, 3, 6}. Note that I ⊆ J(R), since J(Z9) = 3Z9.

• The quotient ring is R/I ∼= Z3. In Z3, the unit group is U(Z3) = {1, 2}, which is cyclic

of order 2. Hence, Z3 is n-∇U if and only if 2 | n. For example, when n = 2, both units

satisfy u2 = 1, so Z3 is 2-∇U .

• By Theorem 2.1, it follows that R = Z9 is also a 2-∇U ring.

Thus, this example shows that if R/I is 2-∇U , then R itself is also 2-∇U .

2.4. Examples of n-∇U matrix rings

In this subsection, we study (examples of) certain classes of matrix rings that are n-∇U rings,

and this depends on n.

First, we investigate the corner rings of n-∇U rings.

Proposition 2.7. Let R be an n-∇U ring and e be an idempotent of R. Then eRe is an

n-∇U ring.

P r o o f. Let u ∈ U(eRe). Call u−1 ∈ U(eRe) with uu−1 = u−1u = e. Then, we have that

u(1− e) = 0 = (1− e)u, u−1(1− e) = 0 = (1− e)u−1, and

[u+ (1− e)][u−1 + (1− e)] = e+ 1− e = 1,

[u−1 + (1− e)][u+ (1− e)] = e+ 1− e = 1.

Therefore, u+ (1− e) ∈ U(R). Since R is an n-∇U ring, there exists q ∈ ∇(R) such that

(u+ (1− e))n = un + (1− e) = 1 + q ∈ 1 +∇(R).

Thus, it follows that un − e = q ∈ ∇(R). Now, we show that un − e ∈ ∇(eRe). Let v be an

arbitrary element of U(eRe) such that

v(un − e) = (un − e)v.

Since un− e ∈ ∇(R), we have 1− (1− e+ v)(un − e) ∈ U(R), and so 1− v(un− e) ∈ U(R)
meaning there exists c ∈ R such that

c[1− v(un − e)] = 1 = [1− v(un − e)]c. (2.1)

We have u, v ∈ eRe and so un = une, v = ev. From (2.1), we obtain that

ec[1− v(un − e)]e = e = e[1− v(un − e)]ce,

ec[e− v(une− e)] = e = [e− ev(un − e)]ce,

ec[e2 − ev(un − e)] = e = [e2 − v(une− e2)]ce,

ec[e2 − ev(un − e)] = e = [e2 − v(un − e)e]ce,

ece[e− v(un − e)] = e = [e− v(un − e)]ece.

It follows that e− v(un − e) ∈ U(eRe), leading to the conclusion that un − e ∈ ∇(eRe). Hence,

we deduce that un ∈ e+∇(eRe), which implies that eRe is an n-∇U ring. �
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Example 2.9. Let R = Z6, which is known to be a 2-∇U ring. Consider the idempotent

e = 4 ∈ R, since 42 = 16 ≡ 4 (mod 6). Then the corner ring eRe = {ere : r ∈ R} = {0, 2, 4} is

also a 2-∇U ring.

Hence, this example illustrates Proposition 2.7: if R is an n-∇U ring and e is an idempotent,

then eRe inherits the n-∇U property.

Example 2.10. Suppose R = M2(Z2) and n ≡ 0 (mod 3). Then, we claim that R is an

n-∇U ring.

In fact, since U6(R) = I2, it must be that A6k = I2 for every A ∈ U(R) and k ≥ 1. Thus,

(I2 − A3k)2 = 0. As n = 3k, we infer that R is an n-∇U ring.

Now consider n = 6 and the ring T = Z36 × M2(Z2). Then, T is a 6-∇U ring. Choose

A =

(

1 1
0 0

)

and e = (9, A) ∈ T . One can check that e2 = e, and so the corner ring

eTe = {(0, 0), (9, 0), (18, 0), (27, 0), (0, A), (9, A), (18, A), (27, A)}

is a 6-∇U ring.

We provide examples of matrix rings that are not n-∇U . In the general case, we do not yet

have an answer.

Example 2.11. For any ring R 6= 0 and any integer n ≥ 3, Mn(R) is not a 3-∇U ring.

P r o o f. Based on Proposition 2.7, it is sufficient to show that M3(R) is not a 3-∇U ring.

Assume, in a way of contradiction, that M3(R) is a 3-∇U ring. Since





1 1 1
1 0 0
1 1 0



 ∈ GL3(R) and

M3(R) is a 3-∇U ring, we have





5 4 3
3 1 1
4 3 1



 =





1 1 1
1 0 0
1 1 0





3

−





1 0 0
0 1 0
0 0 1



 ∈ ∇(M3(R)). Let

e =





1 0 0
0 0 0
0 0 0



 ∈ M3(R). Then, e2 = e and so R ∼= eM3(R)e is a 3-∇U ring by Proposition 2.7.

From Proposition 2.2, it infers that 2 ∈ ∆(R). We have that ∆(R) is a subring of R, and so,

9 ∈ U(R), whence one calculates that





5 4 3
3 1 1
4 3 1





−1

=
1

9





−2 5 1
1 −7 4
5 1 −7



,

which is a contradiction. This completes the proof. �

In the above example, we cannot assume n ≥ 2; indeed, this is because, according to Exam-

ple 2.10, the ring M2(Z2) is 3-∇U .

Proposition 2.8. For any ring R 6= 0 and any integer n ≥ 2, Mn(R) is not a k-∇U ring

with k = 5, 7, 11, 13.

P r o o f. Since it is well known that M2(R) is isomorphic to a corner ring of Mn(R) for n ≥ 2,
it suffices to demonstrate that M2(R) is not a k-∇U ring by Proposition 2.7.

Assume the contrary that M2(R) is a 5-∇U ring. Since

A =

(

−1 1
1 0

)

∈ GL2(R),
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we extract
(

−1 1
1 0

)5

−

(

1 0
0 1

)

=

(

−9 5
5 −4

)

∈ ∇(M2(R)).

Let e =

(

1 0
0 0

)

∈ M2(R)). Then, e2 = e and so R ∼= eM2(R))e is a 5-∇U ring by Proposi-

tion 2.7. From Proposition 2.2, it infers that 2 ∈ ∆(R), and so 11 ∈ U(R). Then, one verifies

that
(

−9 5
5 −4

)

−1

=
1

11

(

−4 −5
−5 −9

)

,

a contradiction. Similarly, we have A11 − I =

(

−145 89
89 −56

)

and 199 ∈ U(R), and so

(A11 − I)−1 =
1

199

(

−56 −89
−89 −145

)

. It follows that Mn(R) is not a 11-∇U ring.

Let us consider the matrix:

B =

(

0 −1
1 1

)

∈ GL2(R).

Then, we have C := B7 −

(

1 0
0 1

)

=

(

−1 −1
1 0

)

. One can check that

C−1 =

(

0 1
−1 −1

)

.

It follows that B7 − I 6∈ ∇(M2(R)). Thus, M2(R) is not 7-∇U .

Take U =

(

2 1
1 3

)

. Then, U ∈ U(R), and

det(U13 − I) = 1202500001 ∈ U(R), and so U13 − I ∈ U(M2(R)).

Thus, M2(R) is not 13-∇U . This concludes the proof. �

2.5. Study of n-∇U rings and classical rings

In this subsection, we study certain classes of n-∇U rings together with some classical classes

of rings such as semi-simple, Dedekind-finite, and regular rings.

Let us recall that a set {eij : 1 ≤ i, j ≤ n} of non-zero elements in a ring R is called a system

of n2 matrix units if it satisfies the multiplication rule eijest = δjseit, where δjs = 1 if j = s
and δjs = 0 otherwise. In this case, the element e :=

∑n

i=1
eii is an idempotent in R, and the

corner ring eRe is isomorphic to the full matrix ring Mn(S), where

S =
{

r ∈ eRe | reij = eijr for all 1 ≤ i, j ≤ n
}

.

Furthermore, a ring R is said to be Dedekind-finite if, for any a, b ∈ R, the equality ab = 1
implies ba = 1. That is, every one-sided inverse in R is automatically two-sided.

We are now prepared to establish the following.

Proposition 2.9. Every (2k − 1)-∇U ring is Dedekind-finite, provided k ∈ {3, 4, 6, 7}.



D. T. Trang 91

P r o o f. Suppose, to the contrary, that R is not a Dedekind-finite ring. Then there exist ele-

ments a, b ∈ R such that ab = 1 but ba 6= 1. Define eij := ai(1 − ba)bj and let e :=
∑n

i=1
eii.

Under this construction, there exists a non-zero ring S such that eRe ∼= Mn(S). However, by

Proposition 2.7, the ring eRe is (2k− 1)-∇U , and hence Mn(S) must also be (2k− 1)-∇U . This

contradicts Proposition 2.8, as expected. �

Example 2.12. Let R =
∏m

i=1
Fqi where each (qi − 1) | (2k − 1) for a fixed k ∈ {3, 4, 6, 7}.

By the direct product property, R is (2k − 1)-∇U , and so R is Dedekind-finite.

Concrete choices:

• k = 4: R = F8 × F2 is 7-∇U and Dedekind-finite;

• k = 3: R = F2 × F2 × F2 is 5-∇U and Dedekind-finite.

Proposition 2.10. Let R be a ring and n ∈ {3, 4, 6, 7}. Then, the following two conditions are

equivalent.

(1) R/J(R) is a semi-simple (2n− 1)-∇U ring.

(2) R/J(R) ∼=
∏m

i=1
Fpki , where (pki − 1)|n and Fpki is a field with pki elements.

P r o o f. (1) =⇒ (2). Since the quotient R/J(R) is semi-simple, hence,

R/J(R) ∼=

m
∏

i=1

Mni
(Di),

where each Di is a division ring. By Proposition 2.8, it follows that R/J(R) ∼=
∏m

i=1
Di.

Moreover, invoking Proposition 2.4, we deduce that Di
∼= Fpki , where pki − 1 divides n, as

claimed.

(2) =⇒ (1). By Proposition 2.4, each field Fpki is (2n − 1)-∇U . Then, applying Proposi-

tion 2.1, we conclude that the product
∏m

i=1
Fpki is also (2n − 1)-∇U . Therefore, R/J(R) is a

semi-simple (2n− 1)-∇U ring, as asserted. �

Example 2.13. Take n = 6, so that 2n− 1 = 11.
A correct semi-simple example is

R/J(R) ∼= F7 × F3 × F2,

since

|F7| − 1 = 6, |F3| − 1 = 2, |F2| − 1 = 1,

and each of 6, 2, 1 divides n = 6. Therefore R/J(R) is (2n− 1)-∇U (i. e., 11-∇U).

By contrast, R/J(R) ∼= F11 × F2 is not (2n− 1)-∇U , because |F11| − 1 = 10 ∤ 6.

A ring R is called reduced if it has no nonzero nilpotent elements; that is, whenever an = 0
for some a ∈ R and integer n ≥ 1, then a = 0.

Lemma 2.3. Let R be a (2n − 1)-∇U ring with n ∈ {3, 4, 6, 7}. If J(R) = {0} and every

non-zero right ideal of R contains a non-zero idempotent, then R is reduced.

P r o o f. Suppose, to the contrary, that R is not reduced. Then there exists a non-zero ele-

ment a ∈ R such that a2 = 0. By [7, Theorem 2.1], there exists an idempotent e ∈ RaR such

that eRe ∼= M2(T ) for some non-trivial ring T . However, by Proposition 2.7, the ring eRe is

(2n− 1)-∇U , and hence, M2(T ) must also be (2n− 1)-∇U . This contradicts Proposition 2.8, as

expected. �
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A ring R is called regular (or von Neumann regular) if, for every a ∈ R, there exists x ∈ R
such that a = axa. It is called π-regular if for each a ∈ R there exists n ≥ 1 and x ∈ R such

that an = anxan. The ring R is strongly regular if for every a ∈ R there exists x ∈ R with

a = a2x = xa2. Finally, R is strongly π-regular if for each a ∈ R there exists n ≥ 1 and x ∈ R
such that an = an+1x = xan+1.

Our second main statement is the following.

Theorem 2.2. Let R be a ring and n ∈ {3, 4, 6, 7}. The following three items are equivalent.

(1) R is a regular (2n− 1)-∇U ring.

(2) R is a π-regular reduced (2n− 1)-∇U ring.

(3) For each x ∈ R, x2n = x.

P r o o f. (1) ⇒ (2). Since R is regular, we have J(R) = {0}, and thus every non-zero right

ideal contains a non-zero idempotent. By Lemma 2.3, it follows that R is reduced. Moreover,

every regular ring is known to be π-regular, so the implication follows immediately, as claimed.

(2) ⇒ (3). Notice that reduced rings are always abelian, so R is abelian regular (i. e., R is

strongly regular). Assume that y ∈ ∇(R). Then, we have y = eu for some u ∈ U(R) and

e2 = e ∈ Z(R). One can check that uy = yu. Then, we have e = yu−1 and so 1− e = 1− yu−1.

Note that yu−1 = u−1y and y ∈ ∇(R). From this, it immediately infers that 1− e = 1− yu−1 ∈
∈ U(R). It follows that e = 0. Thus, y = 0, and consequently, ∇(R) = 0. This implies that

Nil(R) = J(R) = 0. Then, for each x ∈ R, we write x = eu for some idempotent e ∈ R and a

unit u ∈ R, and so x = ex. Moreover, since R is a (2n− 1)-∇U ring, u2n−1 = 1. It follows now

that

x2n−1 = (eu)2n−1 = u2n−1e2n−1 = e.

From this, it immediately infers that x2n = x2n−1.x = ex = x.
(3) ⇒ (1). It is trivial that R is regular. Let u ∈ U(R). Then, we have u2n = u forcing that

u2n−1 = 1 and thus, R is a (2n− 1)-∇U ring, as promised. �

A ring R is called unit-regular if for every a ∈ R there exists a unit u ∈ U(R) such that

a = aua.

We now can record the following interesting consequence.

Corollary 2.4. The following four conditions are equivalent for a ring R and n ∈ {3, 4, 6, 7}.

(1) R is a regular (2n− 1)-∇U ring.

(2) R is a strongly regular (2n− 1)-∇U ring.

(3) R is a unit-regular (2n− 1)-∇U ring.

(4) R has the identity x2n = x.

P r o o f. (1) ⇒ (2). By Lemma 2.3, the ring R is reduced and therefore abelian. It follows

that R is strongly regular.

(2) ⇒ (3). This is pretty obvious, so we leave out the argumentation.

(3) ⇒ (4). Let x ∈ R. Then, x = ue for some u ∈ U(R) and e ∈ Id(R). We know that every

unit-regular ring is, by definition, regular, so R is regular (2n − 1)-∇U , whence R is abelian.

It follows that ∇(R) = {0}. Therefore, for any u ∈ U(R), we have u2n−1 = 1, which means that

x2n−1 = u2n−1e2n−1 = e. So, we detect that x2n = x, as required.

(4) ⇒ (1). It is clear by a direct appeal to Theorem 2.2. �
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Example 2.14. Let n ∈ {3, 4, 6, 7} and take

R ∼= F7 × F4.

Then R is (von Neumann) regular and reduced, since finite products of fields have both properties.

Moreover, |F×

7 | = 6 and |F×

4 | = 3, so on each factor every unit u satisfies un = 1 (because 6 | n
and 3 | n). Thus, R is (2n− 1)-∇U . Finally, for each x = (a, b) ∈ R, we have

x2n−1 = (a2n−1, b2n−1) =

{

(0, 0), if a = 0 or b = 0,

(1, 1), if a, b ∈ F×,

so x2n−1 is an idempotent (component-wise either 0 or 1), i. e., x2n−1 ∈ Id(R).

We now come to the next two pivotal assertions.

Theorem 2.3. Let R be a (2n− 1)-∇U ring and n ∈ {3, 4, 6, 7}. Then, the following conditions

are equivalent.

(1) R is an exchange ring.

(2) R is a clean ring.

P r o o f. (2) ⇒ (1). The claim follows immediately, as every clean ring is known to be exchange.

(1) ⇒ (2). If R is both exchange and (2n − 1)-∇U , then by Lemma 2.3, R is reduced, and

hence, abelian. Therefore, R is an abelian exchange ring, which implies that R is clean. �

2.6. Some extensions of n-∇U rings

Finally, we examine how the n-∇U property behaves under ring extensions.

As usual, we say that B is a unital subring of a ring A if ∅ 6= B ⊆ A and, for any x, y ∈ B,

the relations x − y, xy ∈ B, and 1A ∈ B hold. Let A be a ring and let B a unital subring of A,

we denote by R[A,B] the set

{

(a1, . . . , an, b, b, . . .) : ai ∈ A, b ∈ B, 1 ≤ i ≤ n
}

.

Then, a routine check establishes that R[A,B] forms a ring under the usual component-wise

addition and multiplication. The ring R[A,B] is called the tail ring extension.

We start our considerations here with the following helpful statement.

Proposition 2.11. R[A,B] is an n-∇U ring if, and only if, both A and B are n-∇U rings.

P r o o f. Suppose R[A,B] is an n-∇U rings. Firstly, we prove that A is an n-∇U ring. Let

u ∈ U(A). Then, ū = (u, 1, 1, . . .) ∈ U(R[A,B]). By hypothesis, we have (un − 1, 0,
0, . . .) ∈ ∇(R[A,B]). Let v ∈ U(A) with uv = vu, then (un − 1, 0, 0, . . .)(v, 1, 1, . . .) =
= (v, 1, 1, . . .)(un − 1, 0, 0, . . .) and so,

((1− (un − 1)v, 1, 1, . . .) = 1− (un − 1, 0, 0, . . .)(v, 1, 1, . . .) ∈ U(R[A,B]).

Hence, 1 − (un − 1)v ∈ U(A), which insures that un − 1 ∈ ∇(A). Now, we show that B is an

n-∇U ring. To this target, choose v ∈ U(B). Then, (1, . . . , 1, 1, v, v, . . . ) ∈ U(R[A,B]). By

hypothesis, v̄ = (0, . . . , 0, vn − 1, vn − 1, . . . ) ∈ ∇(R[A,B]). Thus, for all u ∈ B, with uv = vu
we have

v̄(0, . . . , 0, u, u, . . . ) = (0, . . . , 0, u, u, . . . )v̄.
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It follows that 1 − (0, . . . , 0, vn − 1, vn − 1, . . . )(0, . . . , 0, u, u, . . . ) ∈ U(R[A,B]), and so

1− (vn − 1)u ∈ U(B) and hence, vn − 1 ∈ ∇(B), as required. The case of A is treated ab-

solutely analogously, so we remove the arguments.

Conversely, assume that A and B are both n-∇U rings. Let ū = (u1, . . . , uk, v, v, . . .) ∈
∈ U(R[A,B]), where ui ∈ U(A), and v ∈ U(B) ⊆ U(A). We must show that ūn − 1 ∈
∈ ∇(R[A,B]). In fact, for all ā = (a1, . . . , am, b, b, . . .) ∈ U(R[D,C]) with ai ∈ U(D) and

b ∈ U(C) ⊆ U(D) such that

(ūn − 1)(a1, . . . , am, b, b, . . .) = (a1, . . . , am, b, b, . . .)(ū
n − 1).

If k ≤ m, then we have (u2
i − 1)ai = ai(u

2
i − 1) for all 1 ≤ i ≤ k, (vn − 1)an+j = an+j(v

n − 1)
for all 1 ≤ j ≤ m− n, and (vn − 1)b = b(vn − 1). We have

1− (ū2 − 1)ā = (1− (1− un
1 )a1, . . . , 1− (1− un

k)an, 1− (v2 − 1)an+1, . . . ,

. . . , 1− (v2 − 1)am, 1− (v2 − 1)b, . . .).

Note that 1−(un
i −1)ai ∈ U(D) for all 1 ≤ i ≤ n, 1−(vn−1)an+j ∈ U(D) for all 1 ≤ j ≤ m−n,

and 1− (vn−1)b ∈ U(C) ⊆ U(D). It follows that 1− (ūn−1)ā ∈ U(R[D,C]). The case n > m
is similar.

We deduce that ū2 − 1 ∈ ∇(R[D,C]) or ū2 = n ∈ 1+∇(R[D,C]). This shows that R[D,C]
is a n-∇U ring. �

Let R be a ring and M be a bi-module over R. The trivial extension of R and M is stated as

T (R,M) =
{

(r,m) : r ∈ R and m ∈ M
}

,

with addition defined componentwise and multiplication defined by

(r,m)(s, n) = (rs, rn+ms).

The trivial extension T (R,M) is isomorphic to the subring

{(

r m
0 r

)

: r ∈ R and m ∈ M

}

of the formal 2×2 matrix ring

(

R M
0 R

)

(see [4]), and also T (R,R) ∼= R[x]/ 〈x2〉. We, likewise,

note that the set of units of the trivial extension T (R,M) is

U(T (R,M)) = T (U(R),M).

Assume that
(

r m
0 r

)

∈ T (∇(R),M) with r ∈ ∇(R)

and

(

r1 m1

0 r1

)

∈ U(T (R,M)) with

(

r m
0 r

)(

r1 m1

0 r1

)

=

(

r1 m1

0 r1

)(

r m
0 r

)

. Then,

r1 ∈ U(R) and rr1 = r1r, and so 1− rr1 ∈ U(R). It follows that

1−

(

r m
0 r

)(

r1 m1

0 r1

)

=

(

1− rr1 ∗
0 1− rr1

)

∈ T (U(R),M) = U(T (R,M)).

Thus,

(

r m
0 r

)

∈ ∇(T (R,M)). This is shown that T (∇(R),M) ⊆ ∇(T (R,M)).
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Proposition 2.12. Assume that cm = mc for any c ∈ R and m ∈ M . Then R is an n-∇U ring if

and only if T (R,M) is an n-∇U ring.

P r o o f. Let

(

r m
0 r

)

∈ U(T (R,M)). Then, r ∈ U(R). Since R is an ∇U ring, rn ∈ 1+∇(R).

Then
(

r m
0 r

)n

− 1 =

(

rn − 1 ∗
0 rn − 1

)

∈ ∇(T (R,M)).

We deduce that T (R,M) is a n-∇U ring.

Now, assume that T (R,M) is an n-∇U ring. We show that R is an n-∇U ring. Call

r ∈ U(R). Then

(

rn 0
0 rn

)

=

(

r 0
0 r

)n

∈ 1 +∇(T (R,M)). It follows that there is

(

q m
0 q

)

∈

∈ ∇(T (R,M) such that
(

rn 0
0 rn

)

=

(

1 0
0 1

)

+

(

q m
0 q

)

.

Then, rn = 1 + q. Next, we show that q ∈ ∇(R). Indeed, let u ∈ R with qu = uq. Then, we

have
(

u 0
0 u

)(

q m
0 q

)

=

(

uq um
0 uq

)

=

(

qu mu
0 qu

)

=

(

q m
0 q

)(

u 0
0 u

)

.

It follows that 1−

(

u 0
0 u

)(

q m
0 q

)

∈ U(T (R,M)) = T (U(R),M). It means that 1−uq ∈ U(R).

We deduce that q ∈ ∇(R). �

Corollary 2.5. Assume that R is a commutative ring. Then R is an n-∇U ring if and only if

T (R,R) is an n-∇U ring.

Conclusion

We have introduced and investigated the class of n-∇U rings and their variants. Our study

established key structural properties, clarified their behavior under standard ring-theoretic con-

structions, and connected them with classical notions such as regularity, cleanness, exchange

rings, and Dedekind-finiteness. Illustrative examples demonstrated both positive and negative

cases, highlighting the richness of the theory. Overall, these results extend the understanding of

unit powers in relation to radical-like subsets and provide a foundation for further exploration of

algebraic structures within ring theory.
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DOI: 10.35634/vm260105

Мы вводим и исследуем новый класс ассоциативных колец, называемых n-∇U кольцами, характе-

ризующихся условием, что для каждого обратимого элемента u в кольце элемент u
n − 1 принад-

лежит выделенному подмножеству ∇(R) ∇-нильпотентных элементов. Это подмножество состоит

из элементов x ∈ R таких, что 1 − ux обратим для всех обратимых элементов u, коммутирующих

с x. Мы исследуем структурные свойства n-∇U и π-∇U колец, приводим иллюстративные приме-

ры и изучаем их поведение относительно различных теоретико-кольцевых конструкций, включая

прямые произведения, факторкольца и тривиальные расширения. Наши результаты устанавлива-

ют связи между условием n-∇U и классическими понятиями такими, как регулярность, чистота

и конечность по Дедекинду, предлагая новые идеи о взаимодействии между степенями обратимых

элементов и нильпотентностью в теории колец.
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