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Introduction

Nowadays, the fractional integro-differential equations have been of great interest because
of the many applications. These are often used to model phenomena in heat mass transfer [1],
medicine [2], viscoelastic materials [3], porous media [4-6], mathematical biology and mathe-
matical finance and economics — see [7].

The inverse coefficient problems for fractional differential equations have been extensively
investigated in the past few decades (see [8-10]). For the diffusion equation, Fujishiro and
Kian [9] studied the inverse problems of determining the time-dependent source term or potential
coefficient in time-fractional diffusion equation with a single-term classical Caputo derivative.
In the article [10], the unique solvability of an inverse coefficient problem of determining the
coefficient in the lower-order term of a fractional diffusion equation was studied. The theorems of
existence and uniqueness of inverse problem solution were obtained. Furthermore, they proposed
a numerical algorithm based on a finite-difference scheme to accurately compute the inverse
problem of simultaneously determining a time-dependent coefficient in a fractional diffusion
equation, together with its solution.

Identification of missing memory kernels in evolutionary integro-differential fractional equa-
tions is relatively new in inverse problems. We are aware of only a few papers dealing with this
topics, namely [11-14]. In [12], an inverse problem of determining the kernel of a fractional
diffusion equation is considered. The backward problem is formulated as an initial-boundary
value problem for this equation, subject to nonlocal initial and homogeneous Dirichlet bound-
ary conditions. To identify the kernel, an additional integral-type overdetermination condition is
imposed on the solution of the backward problem. In [14], an inverse problem for a fractional
integro-differential equation is studied, aiming to simultaneously determine two time-dependent
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coefficients: a kernel function and a source function, based on an additional integral overdeter-
mination condition. By applying a fixed point theorem in an appropriate Sobolev space, global
existence and uniqueness results for the solution of the inverse problem are established. There
is no description of constructive algorithms how to find a solution. Furthermore, we applied a
method for solving the nonlinear inverse problem, which was introduced and studied in [15-18].

In this paper, we focus on an inverse time-dependent problem for an integro-differential
diffusion equation with integral data over the domain. We first investigate the well-posedness of
the direct problem using Fourier’s method. Then, we apply the Banach fixed-point theorem to
establish the existence and uniqueness of the inverse problem. One of the main contributions of
the paper is a practical overview of numerical solutions to the original problem obtained by the
finite difference method. The results of computations on finer meshes and smaller time steps are
presented. This algorithm enables the simultaneous determination of the time-dependent kernel in
the integral term, together with its solution. Finally, we provide a test example that demonstrates
the effectiveness of the developed numerical algorithm.

The remainder of the paper is organized as follows. Section 1 presents the formulation of
the problem. In Section 2, we introduce some notations and discuss the well-posedness of the
direct problem. Section 3 is devoted to the classical solution of the direct problem. In Section 4,
we formulate an auxiliary inverse problem and investigate its solvability. Section 5 focuses
on the numerical solution of the inverse problem using the finite difference method combined
with the rectangular rule for evaluating integrals. Section 6 presents computational results that
validate the analysis and demonstrate the efficiency of the proposed algorithm. Finally, some
comments and conclusions complete the paper.

§ 1. Formulation of problem

In this paper, we consider the following initial-boundary value problem for the time-fractional
integro-differential diffusion equation

Ofu — Uyy = /tk(T)u(x,t —7)dr + f(z,t), (z,t) € Dr, (1.1)
0

u(z,0) =¢(x), x €0, (1.2)
u(0,t) =0, wu(l,t)=0, ¢0)=p(l)=0, tel0,T], (1.3)

where Dy := {(z,1): 0 <z <[, 0 <t <T}andT is a fixed positive constant, ¢ is the Caputo
fractional derivative of order 0 < v < 1 with respect to time variable (see Definition 2.1), k(¢) is
the kernel, ¢(z) is the initial temperature, f(x,t) is a given smooth function.

The problem of determining a function u(z,t), (z,t) € Dy, that satisfies (1.1)-(1.3) with
known functions k(t), f(z,t) and ¢(x) is referred to as the direct problem.

In the inverse problem, the goal is to determine the kernel k(¢), ¢t € [0,77], in (1.1) using
overdetermination condition based on solution of the direct problem (1.1)-(1.3):

/0 (el ) de = h(t), te [0.7T], (1.4)

where w(x), h(t) are given functions. Besides, h(t) represents measurement data corresponding
the average temperature over a small part of (0,/), since the weight function w(x) is usually
chosen to satisfy supp (w) C (0, 1) in applied sciences [14].

The integral term on the right-hand side of equation (1.1) represents memory effects, which
play a significant role in various physical processes, including those occurring in viscoelastic
media (see [19]) and in the theory of reactive contaminant transport [20, Chapter 15, pp. 517-535].
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Moreover, Gafiychuk et al. [21] emphasized that the inclusion of a nonlinear source term, which,
in particular cases may be linear, as in equation (1.1), enables the mathematical description of
a wide variety of complex phenomena such as oscillations, wave propagation of different types,
excitability, diversity of stationary and spatio-temporal dissipative patterns, and bistability. This
formulation offers a high degree of flexibility for modeling the diversity of self-organization
phenomena and for revealing novel nonlinear effects that depend on the order of the time—space
fractional derivative. The solvability of forward fractional diffusion equations have been studied,
e.g., in [22-24].

In what follows, we define the functional spaces that will be used throughout the paper.
C[0,T] (0 < T < o0) is the space of continuous functions f on [0, 7] with the norm

[fII = max |f(2)].

t€[0,T]

We denote by C™[0,T], m € Ny = {0,1,...}, a space of functions f which are m times
continuously differentiable on [0, 7] with the norm

Ifllem = 30170 = 3 o £, m & No

We introduce the weighted space C,[0, 77, v € (0, 1), of functions f given on (0, 7] such that
the function 7 f(¢) € C[0, T, with the norm

A1l = e F @)l

For n € N, we denote by C7'[0, T'] the Banach space of functions f(¢) which are continuously
differentiable on [0, 7] up to order n — 1 and have the derivative £ (¢) of order n on (0, 7] such
that £ () € C,[0, T):

n—1
CH0, TV = {f: W llepory = YIS @N+ 1,03, G500, T] = G400, T].
k=0
Let C™* (D7) be the class of functions that are m times continuously differentiable with

respect to x in Dy, for which a continuous derivative 0} exists.

Definition 1.1. A function u(z,t) is called a classical solution of the initial-boundary value
problem (1.1)—(1.3) if the following conditions are satisfied:

(1) u(z,t) € C(Dr);

(2) for each t € (0, 7], the function u(-,t) € C*(0,1);

(3) for each = € (0,1), the fractional derivative 0fu(x,t) € C(0,T7;
(4)

4) the equation (1.1) is satisfied pointwise for all (z,¢) € Dy, and the conditions (1.2), (1.3)
are satisfied in the classical sense.

We define the Banach space X1 by

- 0 —
XT = {U € C(DT> N CQ’Q(DT>: a(a?u)u Uggt, Ut € Cﬁ/(DT% Y= 1— Oé}'

We now provide the definition of a classical solution to (1.1)—(1.4).
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Definition 1.2. A solution to the inverse problem (1.1)—(1.4) is a pair of functions
(u(z,t),k(t) € Xr x C,[0,T], v=1-a,
that satisfies equation (1.1) and conditions (1.2)—(1.4).

Throughout this article, the functions ¢, f, w and h are assumed to satisfy the following
conditions:

(A1) @(z) € C*0,1); P () € Ly(0,1); ©(0) = @(l) = 0; ©"(0) = ¢"(I) = 0; ¥ (0) =
=¢W() =0;

(A2) f(x,t) € C*'(Dr); fi2h(-11) € La(0,1); F(0,) = f(L,t) = 05 f1,(0,8) = fL,(1,1) = 0;
(A3) h(t) € C?[0,T);

(A4) w(z) € C?[0,1]; h fo x)dx # 0.

We will introduce the definitions of fractional derivatives and notations used in the next section.

§ 2. Preliminaries

Definition 2.1 (see [25, pp. 90-94]). The Caputo time-fractional derivative of order 0 < a < 1
of the one times continuously differentiable function v is defined by

1 t _o0u(z, T ou(x,t
O u(z,t) = Ti—a) /0 (t—r) 7(87' ) dr, Olu(x,t) = E)t ),

where I'(-) is the Euler’s Gamma function.

Definition 2.2 (see [25, pp. 69-79]). The Riemann-Liouville time-fractional derivative of order
0 < a < 1 of the integrable function u is defined by

1 0

9 1 ' —a
o Iy Gu(w,t) = ma/{)(t—ﬂ u(x, 7)dr.

Two parameter Mittag-Leffler function [25, pp. 40-42]. The two parameter Mittag-Leftler
function E, g(z) is defined by the following series:

Dg gu(z, t) =

;FOJ{Z—Fﬁ

where «, 3, z € C with R(«) > 0, R(«) denotes the real part of the complex number «.

Proposition 2.1 (see [26, p. 35]). Let 0 < o < 2 and [ € R be arbitrary. We suppose that k is
such that ta/2 < k < min{m, 7a}. Then, there exists a constant C = C(«, 3, k) > 0 such that

C
1+ 2]

|Easl2)] < k< |arg(2)] < .

Note that in [27] the following estimate for the Mittag-Leffler function is proved, when
0 < a <1 (not true for a > 1)
1 1
— < <
1471 —a)z
Thus, it follows that
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Proposition 2.2. The generalized Mittag-Leffler function E, 3(—t) with t > 0 is completely mono-
tonic if and only if 0 < o < 1 and B > «. Furthermore, if 0 < o < 1, 8 > «, and t > 0, then,

foralln €N,
dn
—1)"—FE,5(—t) > 0.
(1) () 2

P ro o f The proof for this result can be found in the references [28-31]. O]
Lemma 2.1. For 0 < a < 1 and 3 > «, the Mittag-Leffler type function E, s(—\,t*) satisfies

1
< E,g(—=M\,t%) < E_ 3(— inf N < — >
O — C‘fﬁ( )\nt ) — 04,6( TILQN)\nt ) — F( )7 t_ 07

where \,, > 0, \,, — +00, n — 0.

Proof Inview of Proposition 2.2, we have
Ea7ﬁ(—2) Z 0, Vz Z 0,

and

%Eaﬁ(—z) S 0, Vz Z 0.

These estimates mean that the function £, 3(—z) is positive and non-increasing on the inter-
val [0, 00), i.e., it satisfies the following inequality for all x,y such that x > y > 0

0 < B (=) < Bop(=) € Engl0) = .

These yield the desired results and complete the proof (see [32]). 0

Theorem 2.1 (see [25, pp. 230-231]). The solution y(t) € ACI0,T] of the linear nonhomoge-
neous fractional problem

Ry(t)+ \y(t) =g(t), te€(0,T], X>0,
y(0) = ¢,

where 0 < o < 1, g € L(0,T), c is an arbitrary real constant, is given by the integral expression
t
y(t) = cEa1(=AtY) + / (t = 7)* ' Epa(=A(t —7)%)g(r)dr.
0

Theorem 2.2 (see [25, pp. 221-224)). The solution y(t) € L(0,T) of the linear nonhomogeneous
fractional problem

Dg, () + A y(t) = g(t), te(0,T], A>0,
I7Sy(04) =,

where 0 < a < 1, g € L(0,T), c is an arbitrary real constant, is given by the integral expression

y(t) = cta_lEaﬂ(—)\to‘) + /0 (t — T)O‘_lEma(—)\(t — T)O‘)g(T) dr.

We will use these facts everywhere in this article.
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§ 3. Direct problem

We seek a classical solution u(x,t) of problem (1.1)—(1.3) in the form

2 (o]
u(zx,t) = \/;Zun(t) sin \,z, A\, = ?, (3.1
n=1

5
un(t) = \/;/ u(x,t)sin A,z dx.
0

Then, applying the formal scheme of the Fourier method for determining of unknown coefti-
cient u,,(t) of function u(x,t) from (1.1) and (1.2), we have

O un(t) + Aoun(t) = gn(t), 3.2)
Un(t)],_y = on, n=12,..., (3.3)

where

where

Yn = \@/0190(3:) sinApzde,  gn(t) = fult) + /Otk(t — T)un(7) d,

fu(t) = \/?/Olf(:c,t) sin \,z dz.

According to Theorem 2.1, the solution of problem (3.2), (3.3) satisfies the following integral
equation:

Unlt) = puFas (—N21%) + / (L — 1) B (X2t — 7)) fulr) dr +
(3.4)

+ /0 (t = 7) Baa (< X2t — 7)°) /0 (e — n)un () dn dr.

We seek the solution of integral equation (3.4) by the method of successive approximations in the

form
o0

un(t) = Z(un)m(t) (3.5

m=0
The obtained estimates ensure that this series converges absolutely and uniformly on [0, 7], which
justifies passing to the limit in (3.5) and shows that its sum is a solution of the integral equation.
We consider the sequence of functions

(Up ) (t) = / (t— 7—)0—1Ea,a(—)\i(t — 7-)0‘) /T k(T —n)(up)m_1(n)dndr, m=1,2,...,
" ’ (3.6)
where

(Un)o(t) = PnEai(=A2tY) + /0 (t—7)1Eyq (—)\i(t — 7')0‘) fo(T)dT.

Using the Proposition 2.2 and Lemma 2.1, we estimate the modulus of (u,)q(¢) in the do-
main [0, 7] as

/0 (t = 1) By (—A2(t — 7)) fu(r) dr| <

T
Fa+1)

|(UN)O(t)| < |90nEa,1(_>‘ita)| +
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Similarly, we estimate (u,)1(t), (u,)2(t), (un)s3(t)
|(un)1 |_‘/ T)* By o~ )\2(15—7-))/Tk(7—77)( n)o(n)dndr| <

HkHH n)oll / ! Dot k]|
(t— 7yl dr
™) STt

where ||| = max k(1)
te|0,

[(un)2(t)] = ’/ ) Baa(=A5(t = 1)%) /OTk(T—n)(un)l(n)dndr <

a+1||k|| (I)Ot2a+2||k||2
< t—T7) B0 (=2t — k(r Lo |1k dndr < ———— L
_/0( 7) ( a(t —7)" / [k =)l I'a+2) nar = I'2a+3)

t T
[ (un)s(t)] = (t—T)“_lEava(—Ai(t—T)“)/ k(T = n)(un)2(n) dndr| <
0 0
t T (b ,',]2a+2||k:||2 ©0t3a+3||]€||3
< t—7) L E, (=2 (t — 1) k(r —n)|—L 20 gpar < 2 10
< = Eua (X =) [ Ik =0l T g < T
In this way, for arbitrary m = 4,5, ..., we have
(I)Otm(aJrl) ||k‘||m
nmt S .
()8 < T+ T

It follows from above estimates that the series (3.5) converges uniformly in [0, 7], since it can be
majorized in [0, 7] by the convergent numerical series

i Tm(a+1 Hka
o I'(ma+m+1)

This means that the following estimate for the series (3.5) holds:

SO A L .
1< 203 Fr = YoBena KD, eI 6)

where E, .1 1(.) is the Mittag-Leffler function of a nonnegative real argument defined in Section 2.
Thus, under conditions (A1) and (A2), the series (3.7) is convergent. Therefore, in view of
the above inequalities, the series (3.5) converges absolutely and uniformly on the interval [0, 7.

Theorem 3.1. Let conditions (Al)—(A2) be satisfied. Then the series

o0

up(t) = Z (tUn)m(2)

m=0

converges absolutely and uniformly on [0,T), and its sum w,(t) is a solution of the Volterra
integral equation (3.4).

N
Proof Let us introduce the partial sums Sy(t) = > (un)m(t). By construction, the se-
m=0

quence {(uy,)m(t)} is defined recursively by (3.6). Hence, the partial sums satisfy the integral
relation

Sw(t) = (un)o(t) + / (t— 1) Ban (<2 (t — 7)) / "k(r = ) Sy (n) dn dr.
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From the estimates obtained above, the series
m=0
is absolutely and uniformly convergent on [0, 7']. Therefore,
Sn(t) = uy,(t) uniformly on [0, 7.

Moreover, the estimates (3.7) imply that the integrands are dominated by an integrable func-
tion independent of N. Hence, we can pass to the limit under the integral sign as N — oo (by the
dominated convergence theorem).

Passing to the limit in the above integral relation for Sy (), we obtain

wnlt) = (wnolt) + / (L — 1) B (—22(t — 7)) / " k(r — n)un(n) dydr.

Thus, wu,(t) satisfies the Volterra integral equation (3.4). The proof is complete. U
Using equalities (3.2) and (3.7) we obtain the following estimates for 02 u,, ():
07 un ()] < (A5 + BN T) @ Barra (T HE) + [ fall-
Thus, we have proved the following lemma.

Lemma 3.1. For any t € [0, T] the following estimates are valid:

DI BT 1)

1Sl T
Pla+1)

un(t)] < (m\ n
|0%u,, ()] < (A2 + ||K||T) <|90n\ + )EaH,l(T““HkH) + (1 £all-

Formally, from (3.1) by term-by-term differentiation, we compose the series

ou \/728 u, () sin A\, (3.9)
Uz (T, 1) \/72)\2% sin A,x. (3.9

Let us prove the absolute and uniform convergence of the series (3.1), (3.8), and (3.9).
From (3.1) and Lemma 3.1 it follows

()] < Barra(ToF|K])) \f<2|son|+ p— annll) (3.10)

Proceeding similarly for series (3.8) and (3.9), we have

100u(z, )| < Bapra (TOH|E]) \f<zk2|son|+THkHZ<\<pn\+ ”(f"” 1)>+
a+1 Zv‘f” ) \[ZV"

(3.11)
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and

5 [ T 00
g (2, )] < Ea+171(Ta+1||k||)\/;<Z Xaln] + NCES)) > )\i|fn(t)|> : (3.12)
n=1 n=1

We need the following lemma, which establishes the uniform convergence of series (3.10), (3.11)
and (3.12).

Lemma 3.2. If conditions (A1)-(A2) are valid, then there are equalities

1
ou= e 50 =510, (3.13)

2 [ 2 [
_ \/;/ o (2) cos Az da, o) = \/;/ £ (2, 1) cos Az da
0 0

with the following estimate:

where

D 121 < Hle®u 00, Z PP < D onxcor (3.14)
n=1

P r oo f We prove the corresponding statements for ¢,, and f,(t) separately.

Step 1. By definition, the Fourier coefficients ,, are given by

\/7/ x) sin(A\,x) dx, )\n:ﬁTn.

We then apply integration by parts three times.
First integration by parts yields

1
+ — / ¢'(x) cos(Apx) dz.
An Jo

n

/ ) sin(Ar) i = — ol ) |

0
Since ¢(0) = ¢(1) = 0, the boundary term is zero.
Second integration by parts yields

/Ol ¢’ (z) cos(\,z) dox = [cp/(x) " W /Ol o (x) sin(Anz) d.

Since sin(0) = sin(n7) = 0, the boundary term is zero.
Third integration by parts yields

1

I
+— / ©® () cos(\,x) d.
0

ww} l
An

[ @ sintna) e = - o et)

Since ¢”(0) = ¢”(l) = 0, the boundary term is zero.
Summing up the above integration by parts steps, we arrive at
!

!
1
/ o(z) sin(A\,z) dz = 3, 03 (z) cos(A\p) da.
0
Thus,

1
=33 =%,

5
©® = \/;/ ©®(z) cos(\p) de.
0

where
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Step 2. Similarly, for

_ \@ /0 et sin(Az) do,

using assumptions (A2) and applying integration by parts three times, we obtain
L
falt) = =55 £90),
where fy(Lg)(t) denotes the expression

F3(t \/7/ £ (2,1) cos(Apz) dax.

Step 3. Since the system {\/7 cos(\, :c)} is orthonormal in L, (0, ), by Bessel’s inequality,

n=1
we obtain
Z PP < H<P(3)Hi2(o7z)-
n=1
Similarly,
Z |fT(L3)< — ” :m::v( 7t)H%2(0,l)7 te [O7T]
n=1
The proof of Lemma 3.2 is complete. U

If we ensure the convergence of the series Z A2 onl, Z A2|| fnll, then the series (3.1), (3.8),

and (3.9) will have the absolute and uniform convergence You can see easily from (3.10), (3.11)
and (3.12). We will only prove the convergence of Z A\, |, and for the remaining series this is

proven in a similar way. By the Cauchy—Bunyakovsky inequality and conditions of Lemma 3.2,
we prove convergence as follows

i)\i|@n| :i)ﬁ\/i‘/ )sin(A\,x) da| = i)\i -
n=1 n=1 1
1
l
N _Z |90 (Z ) (Z“pn ) %H@@)HLQ(OJ)-

If the functions ¢(x), f(z,t) satisfy the conditions of Lemma 3.2, then, due to represen-
tations (3.13) and (3.14), series (3.1), (3.8) and (3.9) converge uniformly in the rectangle Dr,
therefore, function u(z,t) satisfies relations (1.1)—(1.3).

Using the above results, we obtain the following assertion.

0¥ () cos(A\nx) d| =

Lemma 3.3. Let k(t) € C[0,T] and (A1), (A2) be satisfied. Then, there exists a unique solution
u(z,t) € C**(Dy) N C(Dr) of the direct problem (1.1)—(1.3).

In the next Section, we consider the inverse problem of reconstructing the function £(¢) from
relations (1.1)—(1.4), employing the contraction mapping principle.
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§ 4. Solvability of inverse problem

Let u(z,t) and k(t) be a classical solution of problem (1.1)—(1.4) (see Definition 1.2), and
assume that f, ¢, w, and h are sufficiently smooth functions. The following theorem presents an
equivalent auxiliary problem.

Lemma 4.1. Problem (1.1)—(1.4) is equivalent to the auxiliary problem of determining the func-
tions ¥(x,t), k(t) from the following equations:

D, 0 = Vpe = k() o(x) + /0 k(r)d(x,t —7)dr + fi(z,t), (x,t) € Dy, 4.1)

B0 = ¢'@)+ f@.0), @ e, 42)

)| =d@n| =0 telnT], 4.3)

/Olw(a:)ﬁ(a:, t)dx = h'(t), (4.4)

where V(x,t) = wuy(x,t), Dg, ;¥ is the Riemann-Liouville fractional derivative (see Defini-

tion 2.2).

Proof The auxiliary problem (4.1)-(4.4) is equivalent to problem (1.1)—-(1.4). This result
was proved in [11] for a similar problem. Introducing a new function J(z,t) := u.(z,t), we
differentiate equation (1.1) with respect to ¢. For this purpose, we use the following relations:

0 . 0 1 “u(z,T) 1 o " I(x,T) N
T TG e e B et ) A e

Hence, we obtain the following equation:

t
D8‘+,t19(x, t) — Ve, t) = k(t) () +/ kE(T)d(x,t — 1) dT + fi(x,t).
0
To obtain the initial condition (4.2), we use the following relation:

N B 1 b un(x,T) o 1 b9 (x,T) = [y
)= 5y J, G0 = Ty fy G e 7 = )

After that, we substitute ¢ = 0 into equation (1.1) and, using the initial condition (1.2), obtain

L90(x, )| = ug(w,t)
’ t=0

o + /Ot k(T)u(z,t —7) dT‘

(.0 = ¢'(@) + [(,0).
To obtain the boundary condition (4.3) and the additional condition (4.4), we differentiate
both sides of equations (1.3) and (1.4) with respect to ¢, and using the relation v = u;, we derive
the required results. We have established that problem (1.1)—(1.4) leads to the auxiliary prob-
lem (4.1)—(4.4). We now prove the reverse implication, i.e., that (4.1)—(4.4) implies (1.1)—(1.4).

Step 1. Let ¥(z,t) be a solution of the auxiliary problem (4.1)—(4.4). Define the function u(z, t)
by
t
u(z,t) = n(x) +/ Iz, T)dr. 4.5)
0
Setting ¢ = 0 in (4.5), we obtain u(x,0) = n(z). Comparing this with the initial condition (1.2),

we conclude that the condition is satisfied if and only if n(x) = ¢(x). Thus, the initial condi-
tion (1.2) holds.
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Step 2. From (4.3) we have 9(0,t) = 9(l,t) = 0, t € [0,T]. Usmg the condltlons 0(0) =
= ¢(l) =0 and substltutmg x = 0and x = [ into (4.5), we obtain u(0, t) +f0 (0,7)dr =

=0, u(l,t) )+ fo (I,7)dr = 0. Thus, the boundary conditions (1. 3) are fulfilled.
Step 3. Integratlng (4.4) with respect to ¢ and using the (4.5), we get

/Olw(x)U(x,t) do = /Olw(x)gp(x) dx+/0t W (r) dr.

/o w(z)u(x,t) de = h(t),

provided that the matching condition

Hence,

/0 w(z)p(z) dx = h(0)

holds. Therefore, the overdetermination condition (1.4) is satisfied.

Step 4. To derive the original equation (1.1), we integrate both sides of (4.1) with respect to ¢
over the interval (0,¢). Thus, we obtain

t
/D0+T x,T dT—/"&‘m(:c,T)dT:
0

= cp(x)/o k(T)dr + /0 (/0 kE(s)d(z, T —s) ds)d7-+f(x,t) — f(z,0). o

After that, we consider each term of (4.6) separately. For the first term on the left-hand side,
using the J(x,t) = uy(x,t) and (4.2), we have

D¢ )dr = =
/ 0+ 0 (2, 7) dT 1—a/d7'/ (1 — ) dr

_ us(, s) 1—a _ na "
-t [ - ot = ot - ) - sla.0)

Furthermore, for the second term on the left-hand side, using (4.5), we obtain

[ Dt = s ) = ) = tasnt) — ().

Consider the convolution term on the right-hand side of (4.6). By changing the order of integration

(Fubini’s theorem), we obtain
t T
/ (/ k(s)d(x, T —s) ds) dr =
0o \Jo

_ /Otk(s) (/Ot_sﬁ(x,g) dg)ds _ /Otk(s)(u(x,t— 5) — o(x)) ds.

By substituting all the obtained equalities into (4.6), we simplify the expression to arrive at (1.1).
Lemma 4.1 is proved. ]

So, we will study direct and inverse problems for the auxiliary problem (4.1)—(4.4).
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Lemma 4.2. Let k(t) € C,[0,T] and (A1), (A2) be satisfied. Then, there exists a unique solution
J(x,t) € C2*(Dr) of the direct problem (4.1)~(4.3).

Proof We will seek a solution to the problem (4.1)—(4.3) in the form

2 — ) ™
I, t) = \f; > (0 sinhr), =T 4.7)
where
5
In(t) = \g / 9(z, ) sin(Az) da. 4.8)
0
We obtain the following Cauchy problem:
(DG 0n) () + Xo0n(t) = Fu(t;9,k, 0, f), n=1,2,..., (4.9)
fél?‘ﬁn(t)) = —A\2@n + fu(0), (4.10)
where

F.(t;9,k, 0, f) = k(t)pn +/0 k(T)0,(t — 1) dr + f1(t).

Using Theorem 2.2, it is easy to derive the following Volterra integral equation from (4.9), (4.10)
t
Un(t) =t By o (= A2E) (= X205 + f4(0)) + / (t —7)* " Eaa (=Xt — 7)) k(T)pn dT +
0
t T
+ / (t = 7) " Eqa(=A2(t —7)%) / k(s)0, (T — s)dsdr + (4.11)
0 0

+ /0 (t — T)aflEa,a(—)\fl(t — T)a)f,;(T) dr.

We prove the existence of a solution to (4.11) in the space C,[0,T], v = 1 — , using the method
of successive approximations. For this equation, we consider the sequence of functions

() m(t) = tl—a/o (t—7) " Eqa(—A2(t—1)%) /OT k(s)(Dn)m_1(T—8)dsdr, m=1,2...,

where
t

(90)0(t) = Eaa(=A2t") (= A2pn + fa(0)) + tlo‘/o(t — 1) B o (=Nt — 7)) k(T)pn dT +

+ /0 (t — T)O‘*lEa,a(—)\fl(t — T)a)f,;(T) dr.

Using Propositions 2.1, 2.2 and Lemma 2.1, we obtain

1 [(a)T* T
(0,)0(t)] < —— (X2, (0 ————|pnll|k — || fn =: FY
90000 < gy Ohlenl + 1FaO) + ey enllIblh + gy Moleron = £
_ 11—«
where | k||, = trer%&% [t' k(1)
In the same way, for m = 1,2,... we derive the following estimates
t
PO =7 [ (¢ = 1) B (-2 = )7) x
0
T FQ t2a
X /0 |1 7k()] [ (T — 8) (W )o(T — 8)[s* (T — 5)° Vs dr < % &l £
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R e N R

"lica 1-a a1 a—1 Fg( )t 2 o
X/o }s k(s)H(T—s) (ﬁn)l(T—s)’s (1 —5)* "dsdr < T(5a) ||k || n,
17 (9 (1)] < tl—“/o (t = 7)* ' Eaa(=A2(t — 7)%) x
"l ita l-a a-1 a—1 T(a)T™(a) (£*)™ m 70
X/o }s k(s)H(T—s) (19n)m_1(7'—s)’5 (T—s)* "dsdr < I(Zam + o) k[ F, -

It follows from the last estimates that the series

70, ( Z (0

converges uniformly in [0, T, because it can be majorized in [0, 7] by the convergent numerical
series

F(Q)ﬁf:(r(a)”k”JT&ﬁano

I'2am+a) ™
This means the following estimate for the solution of the integral equation (4.11) takes place:

[0 (8)] < T() F Eaao(T**T()|[Elly) < CL(N |l + [l fullero). (4.12)

where the constant C; depends on T, a, ||k[-.
Further, using equality (4.9), we obtain an estimate for t”(Dg, ,,)(t):

[£7(Dgy 9n) ()] < Co(Aplul + X3l fulleriom). (4.13)

where the constant C, depend on T, a, ||k]|.
Formally, from (4.7), by term-by-term differentiation, we obtain

7Dy (1) \/7275 Dy 4 On(t) sin(Apz), v=1-a, (4.14)

(2, ) \/72)\275719 ) sin(A,x). (4.15)

Let us prove the convergence of the series (4.7), (4.14), and (4.15). From (4.12) and (4.13),
it follows that

[9(x, 1) < Cy (Z Alal + llfnllcl[o,ﬂ> , (4.16)
n=1 n=1
1D, (. t)| < Cy (Z Aalonl + > Aillfnllcl[o,ﬂ) (4.17)
n=1 n=1
|70 (2, )| < Cs (Z Aalon] + ZAinnllcqo,T}), (4.18)
n=1 n=1

where the constants C;, i = 3, 4, 5, depend only on T, [, o and k]|
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If we prove the convergence of the series

ZA;HQOTJ’ ZAinnHCl[O,T]a
n=1 n=1

then the series in (4.16), (4.17), (4.18) are convergent. In general, if the conditions of (A1)-(A2)
are satisfied, then the series (4.7), (4.14), and (4.15) converge absolutely and uniformly in Dr.
Thus, the function ¥(z,t) defined by the series (4.7) is a solution to the problem (4.1)—(4.3)
n ET.

Let us now prove the uniqueness of the solution. For ¢(z) = 0 and f(z,t) = 0, we obtain
on =0, f,(t) = 0. Then, from formula (4.11), it follows that ¥,, = 0, since J,, is a solution of
the homogeneous equation

I (t) = /0 (t = 8)* ' Ega(=Au(t — 5)%) /OS k(s — )0, (7) dt ds.

Substituting ¥,, = 0 into equation (4.8), we obtain

5 [l
\/;/ Yz, t) sin \,x dx = 0.
0

Since the system {\/g sin )\nx} is complete in L4 (0, 1), it follows that ¥(x,t) = 0 almost every-

where in (0,1), ¥t € [0, T). Since ¥(z,t) € C(Dr), we conclude that ¥(z,t) = 0 in Dr. O

Lemma 4.3. Let U} (t) and 92 (t) be solutions of (4.11), corresponding to the functions k'(t)

and k*(t), respectively. Then, for t € [0,T] and fixed n € N, the following estimate holds:

L(a)T|¢n|
I'(2a)

% T() Baaa(TT() [K%]).

T2ar2 (&>

A GO}
TVl —rEay] (4.19)

w%m—%@wq#—wﬁ

Here, B
19011y < Cr(A2leonl + | fullcrpor)-

Proof To prove estimate (4.19) for ¢ € [0, T], we write
(05 (t) —92(t)) =t /0 (t = 7) " Eaa(=A2(t — 7)) [[kl(T) — k()] pn +
+ /0 T([kl(T —8) = K37 — )] 04(5) + K(r — $)[Uh(s) = 2(5)]) ds] dr. (4.20)

Further, applying the method of successive approximations to the integral equation (4.20), and
taking into account estimate (4.12) with k!, we obtain (4.19). 0

Multiplying (4.1) by w(z) and integrating over = € (0, (), and taking into account (4.3)—(4.4),
we obtain

l
DE (0~ [ ().t do =
0

= k:(t)/o w(z)e(x) d:p+/0 k(T)h'(t —7) d7'+/0 w(z) fi(z,t)dx, 0<t<T.
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Thus, we arrive at the following of integral equation with respect to unknown function k(t):

k(t) = [Z N2, (t; k)wn + /t/{:(T)h'(t —7) dT], 0<t<T, (4.21)
0

ko(t) = h(l()) [D§+th’ ZA? wn], h(0) = /0 w(z)p(x) de.

Equation (4.21) can be rewritten as the operator equation
k= Alk], (4.22)
where the operator A is defined by

Alk] = ko [Z)\Q (t: k)wn + /t/{I(T)h/(t—T)dT].

Here, 9,,(t; k) denotes the solution of the integral equation (4.11), which depends on the func-
tion k(t), i.e., ¥, = U, (t; k). B
Consider the functional space of function & € C,(Dr) with the norm given by the relation

k|l = Oh(t —1—a.
(L] tg}ggﬁ“ 0], v a

Consider the set Ry (ko, p) := {k € C,[0,T]: ||k — ko, < p}, where p > 0 denotes the radius,
which will be chosen later. For any k& € Ry (ko, p), the following inequality holds:

1Elly < p+[[Kolly == Rao.
The main result of this work is presented as follows.

Theorem 4.1. Let (Al)—(A4) be satisfied. Then, there exist a number T > 0 and a radius p
such that for any T € (0,T*), the operator equation (4.22) has a unique solution in the ball Ry.
Consequently, there exists a unique classical solution to the problem (4.1)—~(4.4).

Proof Letusshow that for a sufficiently small 7" > 0, the operator A is a contraction mapping
on Ry (ko, p). Let k € Ry(ko, p). Then, we obtain the following estimate:

IA[K] — Koll, = max [7(A[K] — ko)| < - 7 (0) [z:AQIt1 O (t; ) Jwn| +

t€[0,T]

HP?A#%%k%xnwu—ﬂW1 |%;F%a@“N>W%0X

(X T()llk], T &
XPQ@*?M)WMMWEZWWW+

Tk
T ZA I ulletomlenl | + |”( ’)‘rn lowor (423)
(o) > A2 T(a)ReT?\ .,
< L Q, 0 T R . A n n
wmﬂ* @@;Q@+m@ el +
+ —ZVanHIw T ZA2||fn||cloT]|wn|
TR
- Slhll oo =2 ma(T).

|7.(0)]
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Note that the function m4(7") is monotonically increasing in 7', and the following relation holds:

1 0 )
my(0) = (0] > Xalenllwnl + D A falllwnl | -
n=1 n=1

Let p > my(0) be fixed. Then, by the monotonicity and continuity of m;(7'), the equation
m1(T) = p admits a unique solution, which we denote by 7. Consequently, for any 7" < T}, the
operator A maps the ball Ry (ko, p) into itself, i.e., A[k] € Rr(ko, p).

Now we verify the second condition of contraction operator. Let k7 € Ry(ko,p), j = 1,2.
Using the (4.19), we obtain

IA[K]" — A[k]*[l, = max [£(A[k]" — A[K]*)| <

t€[0,T] o

[B(0)]
+ - a/ K (r) — K2()||B(t — )| dr| <

[Z A2 |9 (4 kY k) — 02 (8 kY K2 Jwa| +

(4.24)

)TN} |om]

[(0) Baaa(T*T(a) Fo) lr( fea)

<
— [n(0)]

+ LNl eml + Al fallerom)

TQQFQ(OZ)
W} |ewn| + T”h”cl[O,T}] Hkl - kQHW =

= ma(D)|K — K]l

If the conditions (A1)—(A4) are met, then all series in (4.23), (4.24) are convergent. Note that
the expressions on the right sides of this inequality is monotonically increasing function mq(7")
of T" and m»(0) = 0. It follows that the equation my(7") = 1 has a unique positive root, which
we denote this by 75.

If the radius p satisfies the inequality p > max{m;(0),m2(0)} and we set T* < min{T}, T>},
then for all 7" < T™ the operator A is a contraction in the ball Ry (ko, p). Then, according to
the Banach principle [33, pp. 84-88], there exists a unique solution of equation (4.22) in the
space Rr(ko, p). O

Remark 4.1. The double of functions ¥(z, t), k(t) constructed above, is the classical solution of
the problem (4.1)~(4.4) in the domain D7, the double of functions u(z,t), k(t) are the classical
solution to the inverse problem (1.1)-(1.4), where

u(z, t) = p(r) + /0 I(z,7)dT.

§ 5. Numerical solution of the inverse problem

In this Section, we use the forward Euler difference formula for the Caputo time-fractional
derivative 0fu(z,t) in Equation (1.1) to construct an explicit scheme, which we refer to as the
fractional forward-time centered-space method.

Let N, be the total number of discretization points. We define Az = Niz as the spatial step
size and denote the discretized points as, z; = iAx, where 0 < ¢ < N, is a positive integer.
Let u}' be an approximation of u(x;, t,), where ¢, = nAt and At = % is the temporal step size,
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and NV, is the total number of time steps. For 0 < a < 1, the Caputo derivative can be discretized
using the following method [34]

At il .
8fu<x,t>%m2bj|:ui+1]_ui ]]’
7=0

where I'(+) is the Euler’s Gamma function, b; = (j + 1)'~> — j'~°.
At a grid point (x;,t") with n > 0, using the forward finite difference approximation
for 0fu(x,t) and the central finite difference approximation for u,,, we obtain

n n—1
1 ; ; ult = 2ul +ul L
e Y b ) - = L =AY R
AtaF(Q - Oé) j=0 ’ (ul uz ) A;CQ = ul + fz )

where the dots denote higher-order terms, so the discretization is O(At“ + ASL’Q). When n = 0,
u? is the initial condition at the grid point (z;,0) and from the values u? at the time level n the
solution of the finite difference equation at the next time level n + 1 is

1 ul . — 2ul 4+ ul .
n+l _  n - @ _ i+1 v i—1 Jq, ] ny _
ul =l + b (AT (2 a))( = +Atzok u; "+ fi )
) i= (5.1)
= by (u Tt —ul )

The unknown function £" can be determined by discretizing the integral equation (4.21) us-
ing the forward finite difference method, while the integrals are approximated by the rectangle
and trapezoidal rules. First, substituting inverse transform v = u;, we rewrite the integral equa-
tion (4.21) as follows:

1 Ng—1 An _ An—l n

K =05 [HQ — Az Y wt— N L P ALY k:jH”J} : (5.2)
i=1 j=0

where h¥ = h(0), H* = D, (1), H" = = [ w(@) fula, 1) d, Ap = o2,
After transforming (5.2), we obtain the followmg scheme for £"
Ny—1 _ _
1 = A — A7 1 , A
n—__—  _|H*— A i————— —F"— Aty KH"|. 53
= o A e Ser] e

=0

Yu and Chen [35] proposed high-order finite difference and spectral schemes for fractional

diffusion equations governed by the Caputo—Fabrizio fractional derivative, demonstrating high

accuracy and computational efficiency. In particular, [35, Theorem 3.4] establishes the stability

condition for an explicit difference scheme applied to a one-dimensional time-space Caputo—Riesz
fractional diffusion equation as follows

At TE—4)(1-27)

0< ’
(Az)Y 7 4]k |Craxl'(2 — a) (1 — 2177)
1

c(z,t) =1, v = 2, the equation reduces to the time-fractional diffusion equation. Using this
Theorem, we obtain the following conditional stability restriction
At 1—27¢

0< L < T (5.4)
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Hence, for a fixed spatial step size Az, the stability condition (5.4) determines the maximal
admissible time step

1
1—2-\=
Atpax = | (Az)?=—"— ) . 5.5
(00 ) 5.5

Therefore, in the numerical implementation, after choosing the spatial mesh size Ax, the time
step At must satisfy 0 < At < Atfn,.c. Consequently, the number of time levels is selected

as N, = [A%], where T' denotes the final computational time. This condition provides a prac-

tical criterion for selecting the discretization parameters (Ax, At, N;) in order to guarantee the
conditional stability of the explicit finite difference scheme.

Based on these equations, Algorithm 1 has been constructed for the simultaneous determi-
nation of wu(z,t) and the unknown function k(¢), and it has been implemented in open-source
Python.

Algorithm 1: Finite difference scheme for the evolution of u(z,t) and k(t)

1: Set parameters: o, T, N, | =27
!

2: Compute the spatial step size: Az = 5~

3: Determine the stability condition: 0 < {L; < 1227

Az?2 — T'(2—a)

1—2\""
4: Compute the maximal admissible time step: Afp.c = <A:c2m)
—

5: Choose a safety factor: 0 < 0 < 1
6: Define the stable time step: At = 0At .y
7: Compute the number of time levels: N, = [%} ,
8: Correct the time step: At = -
9: Verify the stability quantity: S = ﬁ—f;
10: if S > ——— then
' I'2—a)
11: Stop computation and reduce At
12: end if

13: Generate the grids: x; = iAx, i=0,1,...,N,, t,=nAt, n=0,1,...,N,
14: Given initial and boundary data:

ud = o(x;), uy =0, uy, =0
15: Given terms [, w;, and A"

16: forn=0,1,..., N, — 1 do

17: for:=1,2,...,N, —1do

18: i
ul o — 2ul + u?
An — +1 7 1—1
¢ Ax?
19: for j=0,1,...,ndo
20:
bj — (] + 1)1—a _jl—a
21: end for
22: if n = 0 then
23: BY =0

24: else
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25: "
By =3 by (w7 )

j=1
26: end if
27: Evaluate k" using Equation (5.3)
28: )

AtoT(2 — S one
R e CRT ) ey
bo :
7=0

29: end for
30: Note that by = 1
31: Apply boundary conditions: uj ™! = 0, u’]v”:l =0
32: Compute the error for k(t): p(k™) = |k — k(t,)]
33:  Compute the discrete L>°-error for u(z,t): p(u™™) =  max ul ™ — (g, te)|
34: Store or display the numerical solutions and errors o
35: end for

§ 6. Numerical example

In this Section, we present the numerical results obtained using Algorithm 1 for the test
example (5.1), (5.3). The results are shown for three different values of o = 0,5;0,6;0,75; 1.
In this example, we take [ = 27 and 7" = 1. The computational details are provided in Section 5.
The results have been analyzed by calculating the absolute error the between the exact and
numerical solutions, defined as,

= max [ui" — (@i ton)l,  p(K") = K" — k(ta)].

n+1)
0<i<Ng

p(u

We solve the fractional inverse problem (1.1)—(1.4) with the following input data

p(x) =sin(z), flz,1) = (% +1- % - % + t2) sin(x),

w(z) =sin(z), k() =7r{t*+1)

forz € (0,l=27r)and t € (0,7 =1).
The exact solution is given by

u(w,t) = (1 +t*)sinw, k() =t

The one-dimensional domain was discretized using N, = 32 grid points with spatial step
size Ax = NLZ, [ =2m.

The time step At was selected according to the conditional stability restriction of the ex-
plicit finite difference scheme, (5.4) which imposes a stability-dependent upper bound on the
admissible time increment. In particular, for a prescribed spatial discretization Az, the maxi-
mal allowable time step is given by (5.5). Accordingly, the value of At was chosen such that
0 < At < Atpax, thereby ensuring the conditional stability of the numerical scheme. Moreover,
smaller values of At and finer spatial discretizations (larger N,) may further improve the accu-
racy of the reconstructed coefficient k(¢) and the numerical solution u(z,t), at the expense of
increased computational cost.

In Figure 1, 2, we depict the exact and reconstructed functions u(z,t) and k(t) for « = 0,5,
a = 0,6, «a = 0,75 and o = 1. We observe that for all three values of the fractional order, the
accuracy of the restored function is very similar.
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Fig. 1. (a), (b), (¢) (d): comparison between the numerical and analytical solutions of u(z,t)

The values of the absolute errors p(u™"!) and p(k™) between the exact and numerical solutions
of u(x,t) and k(t), respectively, are shown in Tables 1 and 2. The computations were performed

using N, = 32,1 =2n,T = 1.
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Fig. 2. (a), (), (¢), (d): comparison between the numerical and analytical solutions of % (¢)

Table 1. The absolute error p(u) between the exact and numerical solutions of u(z, t)

a=0.5

a=0.6

a=0.75

a=1.0

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.00000
1.13074e-03
1.59305e-03
1.94721e-03
2.24770e-03
2.51707e-03
2.76845e-03
3.01129e-03
3.25345e-03
3.50215e-03
3.76444e-03

0.00000
8.23561e-04
1.21536e-03
1.52449¢-03
1.78819¢-03
2.02533e-03
2.24390e-03
2.44917e-03
2.64766¢-03
2.84153e-03
3.03605e-03

0.00000
2.63448e-04
3.39790e-04
3.78074e-04
3.96697¢-04
4.00610e-04
3.90209e-04
3.62258e-04
3.11904e-04
2.32317e-04
1.14786¢-04

0.00000
5.77187e-04
1.11916¢-03
1.53761e-03
1.92963¢-03
2.23816¢-03
2.51766¢-03
2.81509e-03
3.10245e-03
3.47317e-03
3.89785¢-03
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Table 2. The absolute error p(k) between the exact and numerical solutions of & (t)

t a=0.5 a=0.6 a=0.75 a=1.0
0.0 | 3.14612e-01 | 6.21643e-02 | 1.33447e-02 | 3.19834e-03
0.1 | 4.87237e-03 | 4.33933e-03 | 2.61352e-03 | 3.41166¢-03
0.2 | 2.32395e-03 | 2.24725e-03 | 1.26278e-03 | 3.38707¢-03
0.3 | 6.65906e-04 | 7.77824e-04 | 1.82402¢-04 | 3.04575e-03
0.4 | 6.92886e-04 | 4.79524e-04 | 8.65110e-04 | 2.22179e-03
0.5 | 1.87812e-03 | 1.63035¢-03 | 1.94756e-03 | 9.79391e-04
0.6 | 2.92186e-03 | 2.69354e-03 | 3.06921e-03 | 8.12339¢-04
0.7 | 3.82716e-03 | 3.66748e-03 | 4.29890e-03 | 3.50510e-03
0.8 | 4.58660e-03 | 4.55507e-03 | 5.62466e-03 | 6.68321e-03
0.9 | 5.18917e-03 | 5.33964¢e-03 | 7.05633e-03 | 1.10582e-02
1.0 | 5.62313e-03 | 6.01599¢-03 | 8.56630e-03 | 1.53712e-02

Table 3. Stability parameters and maximum admissible time step At,,., for different values of o

Q@ Ax

0.5 1.96350e-01
0.6 1.96350e-01
0.75 1.96350e-01
1.0 1.96350e-01

At o At (used) N,
1.62349e-04  8.11688e-05 12320
8.905675e-04 4.452360e-04 2246

4.45477e-03  2.22717e-03 449

1.92766e-02  9.61539¢-03 104

It is important to note that in Figures 1, a, b and 2, a, b a relatively larger discrepancy
between the numerical and exact solutions is observed near ¢ = (. This error can be attributed
to the limited accuracy of the numerical approximation at early time steps, where the fractional
derivative has a singularity point at ¢ = 0. Moreover, since we chose a modest number of spatial
grid points N, = 32, the spatial accuracy is also slightly reduced. Despite this, as ¢ increases,
the numerical solutions rapidly improve and closely match the exact solutions. This convergence
is ensured under the condition 7' < 7™ which arises from the stability and contraction estimates
of the underlying operator. More precisely, for 7' satisfying this restriction, the corresponding
solution operator remains contractive in the chosen functional space, guaranteeing both stability
and convergence of the iterative scheme. This behavior is consistent across all fractional orders
a = 0,5, 0,6, 0,75, 1, as supported by the absolute error values presented in Tables 1 and 2.
Table 3 presents the stability-related discretization parameters for different values of the fractional
order av. The time step At is chosen as At = 0At,.., 0 = 0,5, where 6 is the safety factor. This
choice guarantees that the conditional stability restriction of the explicit finite difference scheme
is satisfied, thereby ensuring numerical stability of the proposed method.

Conclusion

In this paper, we investigated an inverse problem for a time-fractional integro-differential dif-
fusion equation subject to initial-boundary conditions and an integral overdetermination condition
in a rectangular domain. Firstly, the direct problem is transformed into an equivalent integral
equation using the Fourier method. We proved the existence and uniqueness of the solution to
this equivalent problem by applying of estimates of the Mittag-Leffler function and the method
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of successive approximations. In the second part, we studied the inverse problem, which was
reduced to an equivalent auxiliary problem. Using the contraction mapping principle, we proved
local existence and uniqueness of the solution to the inverse problem. In addition, we devel-
oped an approach for numerically recovering the time-dependent kernel using observations at a
finite number of time and space points. We have experimentally demonstrated the efficacy of
the proposed method. The order of the fractional derivative does not significantly affect the re-
sults. The numerical tests with perturbed data demonstrated accurate recovery of the kernel with
a satisfactory level of error.
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKHN

MATEMATUKA 2026. T. 36. Bem. 2. C. 205-233.

K. K. Kymaes, /I. K. /Typoues

PazpemrnMocTh 00paTHOI 3a1a4M A1 HHTerpo-1uddepeHnnanbHoro ypapuenus aupgysun ¢ 1pood-
HOWl NPOM3BOIHOH IO BpeMEHHM, HAYAJbHO-TPAHUYHBIMHM YCJOBHSIMH M MHTErPAJIBHBIM YCI0BHEM
nepeonpeneaeHus

Knouesovle crosa: ypasaenune nuddysun ¢ n1poOHOM TTPOU3BOMHON MO BPEeMEHH, OOpaTHas 3ajada, WHTe-
rpajJbHOE ypaBHEHUE, CYNIECTBOBAaHHUE, EAMHCTBEHHOCTh, METOJ KOHEUHBIX Pa3HOCTEH.

YIK 517.968.74
DOI: 10.35634/vm260202

B nanHOif cTatee paccMarpuBaeTcs oOpaTHas 3aja4a Il HHTerpo-anddepeHmansHoro ypaBHeHus audg-
¢by3uu ¢ ApoOHON MPOU3BOJHOM 1O BpEMEHH C Ha4YalbHBIMH, TPAHUYHBIMU M HHTETPaJbHBIMU TIepeonpee-
JISIOMIMMH yCJIOBUSAMH B IPSAMOYTOJIBHOM 00nacTi. BHavyane gaercs ornpeeneHne KIAaCCHYECKOTO PelIeHus
WCXOMHOH 3a1auu. 3aTeM mpsiMasi 3a7ada mpeoOpasyeTcs B 9KBHUBaJICHTHOE HHTETPAIbHOE YpaBHEHHUE C HC-
nosib3oBaHueM Merona dypee. Jloka3pIBalOTCS CyIIECTBOBAHUE M €IMHCTBEHHOCTh PELICHUS 3TOI SKBUBaA-
JIEHTHOU 3aJ]a4¥ Ha OCHOBE OIECHOK (hyHKIMU Mutrar-Jleduiepa u MeTona mociieioBaTeNIbHBIX TPHOIIKe-
Huil. Bo BTOpOI yacTh cTaThM paccMarpuBaeTcsi oOpaTHas 3ajada, KOTOpas CBOIAMTCS K SKBHBaJCHTHOM
BCIIOMOTIaTelIbHON 3ajade. [ 1oka3aTenbCTBa JIOKAIbHOIO CYLIECTBOBAHUS U €IMHCTBEHHOCTH PELLCHUS
00paTHOH 3a/1a4K UCTIOJIb3YeTCs MPUHIIMIT CKUMAIOIIEro oToOpakeHus. Kpome Toro, qaercst mpakTHUECKUHA
0030p YHCIIEHHOTO PEIICHUs] MCXOMHON 3aJa4d C MCIIOJb30BaHNEM METO/Ia KOHEUHBIX paszHocTel. [lemoH-
CTPHPYIOTCS Pe3yJbTaThl YHCIEHHOTO SKCIIEPUMEHTa Ha 0oJiee MEJIKUX CeTKaX M NPU MEHBIIUX IIarax
Mo BpeMeHHU. Pa3paboTaHHBINA alXropuTM TO3BOJISIET OIXHOBPEMEHHO ONPEAETSTH 3aBHCAIIEE OT BPEMEHHU
SJIpO B MHTETPabHOM WIEHE M pelleHue 3a7a4yd. B 3akiroueHue MpUBOIUTCS TECTOBBIM MpHUMEp, MILTIO-
CTpUpPYIOMUH 3P PEKTHBHOCTD MPEIIOKEHHOTO YHUCIEHHOTO ajrOPUTMA.

®unancupoBanme. VccnenoBanue BoinoaHeHO B CeBepo-KaBka3ckoM LieHTpe MaTeMaTHUYECKHUX HCCIIEN0-
BaHU BilagykaBKa3CKOr0 Hay4HOIo LieHTpa PoccHiiCKOM akaJeMHU HayK IIpU HOAJAEp:KKe MHHHCTEPCTBA
HayKH M BEICIIeTo oOpa3zoBanus Poccuiickoit ®denepanun (cormamenne Ne 075-02-2026-738).
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