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Introduction

Consider a linear time-invariant difference equation
z(n+k)+pxn+k—1)+prn+k—2)+...+px(n) =0, necz, (0.1)

here x € R is a state, py, ..., pr € R, and k£ € N. We study the problem of asymptotic stability of
equation (0.1). Let us construct the characteristic polynomial corresponding to the equation (0.1):

p(N) = X p N 4oy (0.2)

Let \;, i = 1, k, be the roots of (0.2); they are called eigenvalues of the equation (0.1). The
zero solution of (0.1) is asymptotically stable (or, equivalently, equation (0.1) is asymptotically
of exponentially stable) [12, Section 5.1] iff

Vi=1k |\ <1 (0.3)

In this case, the polynomial (0.2) is called Schur stable. There are various criteria for checking
the condition (0.3), for example, the Schur—Cohn criterion [12, Section 5.1], [16, Sections 3.4,
3.5], the Jury criterion [16, Sections 3.9, 3.10], the criterion using reduction to the Routh—-Hurwitz
conditions [16, Section 3.3], and others.

By St = {(p1,...,pr)} C R”* denote the set of values of the coefficients py, .. ., p; of equa-
tion (0.1), for which the equation is asymptotically stable. This set is called the stability region
in the space R*. The problem of constructing a stability region has been studied in the works
of many authors, see, e.g., [3,5,6, 10,14, 19]. Some sufficient conditions for the asymptotic
stability of linear autonomous difference systems, including those with delays, have been ob-
tained in the papers [7, 11, 18,20]. The issues of constructing stability regions of difference and
differential equations, including equations with delays, were studied, in particular, in the pa-
pers [8,9,22-25]. The papers [1,2,4,15] are devoted to the study and construction of stability
regions for linear difference equations with complex coefficients.

In this paper, we consider equation (0.1) of the fourth order. For this equation, we consider
two cases in which one of the coefficients is zero. For these cases, we investigate and construct
stability regions in the three-dimensional space of the remaining parameters.
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§ 1. The set S,

Let k = 4 in (0.1). Let us consider a fourth-order linear difference equation
z(n+4)+ax(n+3)+brx(n+2)+cx(n+1)+dx(n) =0, neZ, (1.1)

where a, b, ¢, d € R are constant. The necessary condition for the Schur stability of the character-
istic polynomial p(\) = A* + aA3 + bA? + c\ + d is the following (see [21]):

—4d<a<4, —-6<b<b6, —4d<c<4, -—-1<d<l.
Consider the stability region S; = {(a, b, ¢,d)} C R* for the equation (1.1).

According to [13, Theorem 1], the convex hull of the set S, is a polyhedron in four-dimen-
sional space with vertices at the points

Ni1(4,6,4,1), No(2,0,—2,—1), N3(0,—2,0,1), DN4(—2,0,2,—1), N;5(—4,6,—4,1).
(see, e.g., [28, (30)]).

According to [16, (3.53)—(3.57)], the stability region S, is determined by the system of in-
equalities

(1+a+b+c+d>0, (1.2)
l—a+b—c+d>0, (1.3)
—a*d+acd — bd* + d* +ac+2bd — ¢ —d* —b—d+1> 0, (1.4)
d>—1+4ad—c<0, (1.5)
(> —1—ad+c<0. (1.6)

Consider the hyperplane H(dy) = {(a,b,c,d): d = dy} C R, dy € (—1,1), and consider the
set HS4(dy) := S, N H(dp). This is a section of the set Sy by the hyperplane H(dy). The set
HS4(do) = {(a,b,c)} is contained in the three-dimensional space R3. The set HS,(0) coincides
with the set S5. The form of the set Sz is well known; see, for example, [13,26,27].

In the paper [28], the structure of the set HS4(dy) was studied for all dy € (—1,1) and
an image of this set in three-dimensional space was constructed.

Let us now consider the hyperplanes G(co) = {(a,b,c,d): ¢ = ¢} C R, ¢y € (—4,4),
and F(ag) = {(a,b,c,d): a = ag} C R%, ag € (—4,4), and consider the sections GSy(cp) 1=
= 84 N G(cy) and FSy(ag) := Sy N F(ag) of the set Sy by these hyperplanes. These sets are
contained in three-dimensional spaces: GSy(cy) = {(a,b,d)} C R3, FS,(ag) = {(b,c,d)} C R3.
We denote C := GS4(0) and A := FS4(0). In this paper, we investigate the structure of the sets C
and A and construct an image of these sets in three-dimensional space.

§ 2. Construction of the set C

Let us consider the set C = GS4(0). This set is the stability domain of the fourth-order
equation

z(n+4)+ax(n+3)+bx(n+2)+de(n) =0, neZ,

or the third-order equation with delay

z(n+3)+ar(n+2)+brx(n+1)+dex(n—1)=0, neZ, (2.1)
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in the parameter space {(a, b, d) € R?}. According to (1.2), (1.3), (1.4), (1.5), (1.6), the stability
domain C is defined by the system of inequalities

(b> gi(a,d) == —a— (1+d), (2.2)

b> go(a,d) :=a—(1+d), (2.3)
2

b < gs(a,d) == ﬁ +(1+d), (2.4)

d>—1+ad <0, (2.5)

(d®> —1—ad < 0. (2.6)

The stability domain C is a region in the three-dimensional space Odab that is bounded by
hypersurfaces

M b=—-a—(1+d), 2.7)
Yo: b=a—(1+4d), (2.8)
—a?d

as (d, a) run through the set Q C {(d,a) € R?} defined by inequalites (2.5), (2.6).
1. Consider the curves

wi: d*—1+ad=0, (2.10)
we: d*—1—ad=0. (2.11)

They bound the set (2. From (2.10) it follows

1
wpsoa=o d. (2.12)
The graph of the function a = a(d) (2.12) is a hyperbola with asymptotes d = 0, a = —d; the
function a = a(d) is decreasing on the interval d € (—o0,0) and on the interval d € (0, +0o0);
the graph of the function a = a(d) (2.12) is shown in Fig. 1. The hyperbola w; consists of two
branches: w; = w;” Uw;; here w; is a branch of the hyperbola w; for d > 0; w is a branch of
the hyperbola w; for d < 0.

From (2.11) it follows

1
Wy : a:d—g. (2.13)

The graph of the function a = a(d) (2.13) is a hyperbola with asymptotes d = 0, a = d; the
function a = a(d) is increasing on the interval d € (—o0,0) and on the interval d € (0, +o0);
the graph of the function a = a(d) (2.13) is shown in Fig. 2. The hyperbola w, consists of two
branches: wy = wy U wy ; here wy is a branch of the hyperbola wy for d > 0; wy is a branch of
the hyperbola w, for d < 0.

Thus, it is easy to see that the domain 2 is the region enclosed between the hyperbolas w;
and w-, containing zero within itself (see Fig. 3).

Denote by A, the point (1,0) € {(d,a) € R?*}, and by A_ the point (—1,0) € {(d,a) € R?}.

2. The surfaces ~; and ~, are planes. The surface 3 is a cubic surface. Let’s find curves of
intersection of the surfaces v, and ~,.

Let
b=—a—(1+4d),

lig =711 N e
12 - =711172 {b:a—(1+d).
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Fig. 1. The graph of the hyperbola w; (2.12) Fig. 2. The graph of the hyperbola ws (2.13)

We get a straight line

- a=20,
Y b= —(1+4).

If a < 0, then g;(a,d) > go(a,d). Therefore, by (2.2), (2.3), and (2.4), the set C is bounded
by the surfaces v, and ;.

If @ > 0, then g3(a,d) > g1(a,d). Therefore, by (2.2), (2.3), and (2.4), the set C is bounded
by the surfaces 7, and 3.

Let us represent the domain €2 as follows: 2 = Q,UQ_UQ,. Here 2, = {(d,a) € Q: a > 0},
Q- ={(d,a) €Q:a <0}, ={(d,a) eQ:a=0} =(A_,A,).

3. Let (d,a) € 2_. Then, the stability domain C is bounded by the surfaces 7, and ~3. Let us
find curves of intersection of surfaces (2.7) and (2.9). Let

b=—a—(1+d),

g == N —a*d (2.14)
b= 14 d).
From the system (2.14), we obtain a quadratic equation
—a?d
——+(14+d)=—-a—(1+4d).
Ao ) == (1d)
After transformation, we get a quadratic equation
—a*d+a(d — 1> +2(1 +d)(d—1)*=0. (2.15)

Let us calculate the discriminant ® of the quadratic equation (2.15). We obtain that
D = (3d+1)*(d— 1)

The quadratic equation (2.15) has a solution
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From here, taking into account (2.14), we obtain that the curve /3 consists of two curves:
l13 = l131 U 130,

i 2d — 2
a = — ) a = —
li31: d l130: ’
131 b:—l—l 132 {b:—?)d—i—l.
d’
The projection of the curve /13, onto the plane Oda = {b = 0} coincides with the curve
1
wi: a=—d+ 7
The projection of the line /330 onto the plane Oda = {b = 0} is a line
it a=2d—2. (2.16)
Let’s find points of intersection of the curves ¢, and wy:
a=2d—2,
d*—1
a=— .
d
. . 1 8 ) 1 8
We obtain two points: (1,0) and 373 ) We denote the point ~3 73 by B;.

Let’s find the intersection point of the curves 1, and wy:

a=2d—2,
1
a=d 7
We obtain the point ( 1,0). This point coincides with the point A .

The line (2.16) divides the domain 2_ into two parts: in the lower part Q' we have a < 2d—2,
in the upper part 2% we have a > 2d — 2 (see Fig. 4). The following properties are easy to verify:

(i) if (d,a) € Q, then g3(a,d) — g1(a,d) < 0; therefore, g3(a,d) < g1(a,d);

(1) if (d, a) € 1, then g3(a,d) — g1(a,d) = 0; therefore, g3(a, d) = g1(a, d);

(ii1) if (d,a) € Q%, then g3(a,d) — g1(a,d) > 0; therefore, g3(a,d) > g;(a, d).

From this, it follows that if (d,a) € Q* = int (A_A, By), then the region C is bounded from
below by the plane v; and bounded from above by the surface 3 (we suppose that the b-axis
is directed vertically); and if (d,a) € Q_ \ Q2, then system (2.2)~(2.6) has no solution, and for
these values of (d, a) the set C is empty.

When the parameters (d,a) of the plane Oda = {b = 0} are located at the vertex points
A_(—=1,0), A, (1,0), By(—1/3,—8/3) of the set 92, one can find the coordinates b of the
corresponding points V_, V.. V; € {(d,a,b) € R®} of intersection of the surfaces v; and 3.
To do this, we substitute A_(—1,0) into l;31, A4 (1,0) into 132, and B;(—1/3,—8/3) into l13;
(or into l;32). We get

V_(-1,0,0), (2.17)

Vi (1,0,-2), (2.18)
Vi(—1/3,-8/3,2).

4. Let (d,a) € Q.. Then, the stability domain C is bounded by the surfaces 2 and ~y;. Let us
find curves of intersection of surfaces (2.8) and (2.9). Let

b=a—(1+4d),

log 1= Yo N ys: —a%d 2.19
23 Y2173 b— (1fd)2+(1+d)' ( )
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wy
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Fig. 3. The set Fig. 4. Parts Q' and Q2 of Q_
From the system (2.19), we obtain a quadratic equation
—a’d
——+(1+d)=a— (1+4d).
Aogp T =a—(1+a)
After transformation, we get a quadratic equation
—a*d —a(d —1)* +2(1 +d)(d — 1)* = 0. (2.20)

Let us calculate the discriminant ® of the quadratic equation (2.20). We obtain that
D = (3d+1)*(d— 1)
The quadratic equation (2.20) has a solution

-1
d )
a=2-—2d.

a =

From here, taking into account (2.19), we obtain that the curve l»3 consists of two curves:

a=—, a=2-2d,

log = la31 U lago,
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The projection of the curve l3; onto the plane Oda = {b = 0} coincides with the curve

we: a=d— —.

d
The projection of the line /o35 onto the plane Oda = {b = 0} is a line
ot a=2-—2d. 2.21)

Let’s find points of intersection of the curves v, and wo:

a=2-—2d,
d*>—1
a = .
d
. . 18 ) 18
We obtain two points: (1,0) and ~33) We denote the point ~33 by Bs.
Let’s find points of intersection of the curves v and wy:
a=2-—2d,
1
= —d+ -.
a + p

We obtain the point ( 1,0). This point coincides with the point A .

The line (2.21) divides the domain €2 into two parts: in the lower part 2} we have a < 2—2d,
in the upper part Q3 we have a > 2 —2d (see Fig. 5). The following properties are easy to verify:

(¢) if (d, a) € QL then gs(a,d) — g2(a,d) > 0; therefore, g3(a,d) > g2(a,d);

(77) if (d, a) € 19, then g3(a,d) — ga(a, d) = 0; therefore, gs(a,d) = g2(a, d);

(#i1) if (d,a) € Q2, then g3(a,d) — g2(a,d) < 0; hence gs(a,d) < ga(a,d).

From this, it follows that if (d, a) € Q) = int (A_A, B,), then the region C is bounded from
below by the plane 7, and bounded from above by the surface 3 (we suppose that the b-axis
is directed vertically); and if (d,a) € €, \ Q}, then system (2.2)~(2.6) has no solution, and for
these values of (d, a) the set C is empty.

Substituting A_(—1,0) into lo31, A4 (1,0) into logo, and By(—1/3,8/3) into loz; (or into lasz),
we find the coordinates b of the points of intersection of the surfaces v, and 3. We obtain the
points V_(—1,0,0) (2.17), V,(1,0,—2) (2.18), and V5(—1/3,8/3,2).

5. Let (d,a) € Q9 = (A_, Ay). Then, a = 0. Substituting a = 0 into g;(a, d) (or into g»(a, d))
and into gs(a, d), respectively, we obtain that the stability domain C is bounded from below by the
line l;3 = {a = 0, b = —1 — d}, and bounded from above by the line I, := {a =0, b = 1 + d}.
Substituting the point A_(—1,0) into /12 and into l;, we obtain the point V_(—1,0,0) (2.17).
Substituting the point A, (1,0) into /;5 and [, we obtain the point V. (1,0, —2) and the point
\7(1, 0,2). The region C is constructed in Fig. 7.

So, we have the following theorem.

Theorem 1. For a linear time-invariant difference equation with delay (2.1), the stability region
C C R? is defined by the system of inequalities (2.2), (2.3), (2.4), (2.5), (2.6). This set is a
connected open set. This set has the following properties.

(a) The convex hull of the set C = {(d,a,b)} C R is the polyhedron V_V.ViVoV with the

vertices V_(—1,0,0), V,(1,0,—-2), Vi(—1/3,-8/3,2), V5(—1/3,8/3,2), V(1,0,2).
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(b) The projection P(C) of the set C onto the plane Oda = {b = 0} forms the interior of the
region A_B1 A, By with vertices A_(—1,0), B1(—1/3,-8/3), A.(1,0), By(—1/3,8/3)
(see Fig. 6); this region is bounded by the curves

1 —d?

d )

_ d*>—1

wy =A_By: a= T del-1,-1/3],

¢2:BQA+Z a:2—2d, de[—l/?),l],
¢1:BlA+Z a=2d-—2, de[—l/g,l]

wy =A_By: a=

del-1,-1/3],

(¢) The edge curves of the domain C are straight lines
liso=V_V,: a=0, b:—(1+d), de[—l,l],
l132:‘/1V+Z a:2d—2, b:—3d+1, de[—l/?),l],
1232:‘/2V+3 a:2—2d, b:—?)d—'—l, dE[—l/?),l],
V.V: d=1, a=0, be[-2,2],

and curved lines

d*—1 1
l131:V_V1: a = — d s b:—l—a, de[—l,—l/?)],

d?—1 1
o b=—1-— de[-1,-1/3]

losi =V_Vo: a=

(d) In the coordinate system (d,a,b):
if a <0, then the set C is bounded from below by the plane

m: b=—-a—(1+d)
(the green front plane in Fig. 7) and bounded from above by the surface

—a?d
(1—d)?

v3: b= +(1+d)

(the blue top surface in Fig. 7);
if a > 0, then the set C is bounded from below by the plane

Y2 b=a—(1+d)
(the magenta back plane in Fig. 7) and bounded from above by the surface

—ad

(1—d)>

v3: b= + (14 4d)

(the blue top surface in Fig. 7).

§ 3. Construction of the set A

Let us consider the set A = FS5,(0). This set is the stability domain of the fourth-order
equation
zn+4)+br(n+2)+cx(n+1)+de(n) =0, neZ,

or the third-order equation with delay

x(n+3)+bx(n+1)+cx(n)+de(n—1)=0, neZ, (3.1)
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in the parameter space {(b, c,d) € R*}. According to (1.2), (1.3), (1.4), (1.5), (1.6), the stability
domain A is defined by the system of inequalities

(b> fi(c,d) :=—c—1—d, (3.2)
b> fole,d) :=c—1—d, (3.3)
2
b<ﬁ@@yzg+dy—a§gp, (3.4)
> —1—-c<0, (3.5)
(> —1+4+¢<0. (3.6)

The stability domain A is a region in the three-dimensional space Odcb that is bounded by
hypersurfaces

Bi: b=—c—(1+d), 3.7)

By: b=c—(1+d), (3.8)
2

By : b:(1+®—(T%EP, (3.9)

as (d, c) run through the set ¥ C {(d, ¢) € R?} defined by inequalites (3.5), (3.6).
1. Consider the curves

o d*—1—c=0, (3.10)

oy d*—14c¢=0. (3.11)
From (3.10) and (3.11) it follows

o1 c=d*—1, (3.12)

oy c=1—d (3.13)

The graphs of the functions (3.12) and (3.13) are parabolas. They intersect at the point C'"_
with coordinates d = —1, ¢ = 0 and at the point C'; with coordinates d = 1, ¢ = 0.

The region Y bounded by the curves (3.10) and (3.11) is the region enclosed between the
parabolas o, and 05, containing zero within itself (see Fig. 8).

2. The surfaces ; and (3, are planes. The surface (35 is a cubic surface. Let’s find curves of
intersection of the surfaces 3; and .

Let
b=—c—(1+4d),

myg = 31N Ba: {b:c—(1+d).

We get a straight line

_— c=0,
P b=—(1+4d).

If ¢ <0, then fi(c,d) > fa(c,d). Therefore, by (3.2), (3.3), and (3.4), the set A is bounded
by the surfaces 5, and [s.

If ¢ > 0, then f5(c,d) > fi(c,d). Therefore, by (3.2), (3.3), and (3.4), the set A is bounded
by the surfaces (3, and [s.

Let us represent the domain X as follows: ¥ = X, U X_ U X, (see Fig. 8). Here ¥, =
={(d,c) €X:c>0},X_={(d,c) €X: <0}, Xy ={(d,c) € X: c=0} = (C_,Cy).
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3. Let (d,c) € ¥_. Then, the stability domain A is bounded by the surfaces ; and 5. Let’s
find curves of intersection of surfaces (3.7) and (3.9). Let

b=—c—(1+4d),
maz := P10 Ps: ? (3.14)
b=(1+d) — —=.
(1+d) =75
From the system (3.14), we obtain a quadratic equation

2

C
14d) — ——==—-c—(14+4d).
(1+d) ~ g = e~ (1+4)
After transformation, we get a quadratic equation
A —c(l—d)?—-2(1+d)(d—1)*=0. (3.15)

Let us calculate the discriminant ® of the quadratic equation (3.15). We obtain that
D = (d+3)*d—-1)>%
The quadratic equation (3.15) has a solution

c=d*—1,
c=2-—2d.

From here, taking into account (3.14), we obtain that the curve m;3 consists of two curves:

miz = My31 U mysz,
c=d*> -1, c=2-—2d,
Myl : M139
B h= —a2 -4, B )Y b=d—3.

The projection of the curve m;3; onto the plane Odc = {b = 0} coincides with the curve o;. The
projection of the line m;35 onto the plane Odc = {b = 0} is a line

X1: c¢=2-—2d. (3.16)

Let’s find points of intersection of the curves x; and o: 2 — 2d = d?> — 1. We obtain the point
C4+(1,0) and the point X; with coordinates d = —3, ¢ = 8.

Let’s find points of the intersection of the curves y; and oo: 2 — 2d = 1 — d?. We obtain the
point C; (1, 0).

Thus, the line (3.16) does not intersect the region > (see Fig. 9).

From this, it follows that the function f5(c,d) — fi(c, d) preserves its sign in the domain ¥ _.
It is easy to verify that if (d,c) € ¥_, then f3(c,d) — fi(c,d) > 0; therefore, f3(c,d) > fi(c,d).

From this, it follows that for all (d,c) € ¥_, the stability domain A is bounded from below
by the plane 3; and bounded from above by the surface 55 (we assume that the b-axis is directed
vertically).

When the parameters (d, c) of the plane Odc = {b = 0} are located at the vertices C_,
C,, we can find the coordinates b of the corresponding points W_, W, € {(d,c,b) € R} of
intersection of the surfaces 3; and (5. To do this, we should substitute the coordinates of the
points C'_ into mq3; and C'; into my3; (or into my32). We obtain

W_(-1,0,0), (3.17)
W (1,0,-2), (3.18)
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4. Let (d,c) € X. Then, the stability domain .4 is bounded by the surfaces 5, and (3. Let’s
find curves of intersection of surfaces (3.8) and (3.9). Let

b=c—(1+4d),

Mmag := Pa N PB3: b= (14d)— ; i2d)2. (3.19)

From the system (3.19), we obtain a quadratic equation

2

(1+d)— s =c—(1+d).

.
(1—d)
After transformation, we get a quadratic equation
A +c(l—d)?—-21+d)(d—1)*=0. (3.20)
Let us calculate the discriminant ® of the quadratic equation (3.20). We obtain that
D = (d+3)*(d —1)%
The quadratic equation (3.20) has a solution

c=1-d?
c=2d— 2.

From here, taking into account (3.19), we obtain that the curve msy3 consists of two curves:
Ma3 = Moz U Masa,

c=1-d? c=2d— 2,
m . m .
U Y b= @ — 4, P2 Y h=d—3.

The projection of the curve my3; onto the plane Odc = {b = 0} coincides with the curve oy. The
projection of the line ma35 onto the plane Odc = {b = 0} is a line

X2: c=2d—2. (3.21)

Let’s find points of intersection of the curves Y and o5: 2d —2 = 1 — d?. We obtain the point
C1(1,0) and the point X, with coordinates d = —3, ¢ = —8.

Let’s find points of the intersection of the curves x5 and o;: 2d — 2 = d*> — 1. We obtain the
point C, (1, 0).

Thus, the line (3.21) does not intersect the region Y. (see Fig. 9).

From this, it follows that the function f5(c,d) — fa(c, d) preserves its sign in the domain X, .
It is easy to verify that if (d,c) € ¥, then f5(c,d) — fa(c,d) > 0; therefore, f3(c,d) > fa(c,d).

From this, it follows that for all (d,c) € ¥, the domain .4 is bounded from below by the
plane 35 and bounded from above by the surface (5.

Substituting C'_ into my3; and C'; into mag; (Or into mo3s), we obtain the points W_(—1,0,0)
(3.17), W (1,0, —2) (3.18) of intersection of the surfaces 3, and fs.
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5. Let (d,c) € X9 = (C_,CY). Then ¢ = 0. Substituting ¢ = 0 into f;(c, d) (or into f5(c, d))
and into f5(c, d), respectively, we obtain that the stability domain A is bounded from below by the
line mis = {¢ =0, b = —1 — d}, and bounded from above by the line my := {¢ =0, b = 1+ d}.
Substituting the point C'_(—1,0) into m;, and into my, we obtain the point W_(—1,0,0) (3.17).
Substituting the point C'; (1, 0) into m5 and m,, we obtain the point W, (1,0, —2) and the point
W(l, 0,2). The region A is constructed in Figures 10, 11, 12 from different viewing angles.

So, we have the following theorem.

Theorem 2. For an autonomous linear difference equation with delay (3.1), the stability region
A C R? is defined by the system of inequalities (3.2), (3.3), (3.4), (3.5), (3.6). This set is a
connected open set. This set has the following properties.
(a) The projection P(A) of the set A onto the plane Odc = {b = 0} forms the interior of the
region bounded by parabolas

o=C_C.: c=d*—-1, del|-1,1],
oy =C_C.: c=1-d* del[-1,1];

(see Fig. 9).
(b) The edge curves of A are straight lines
mp=W_W,: c¢=0, b:—(1+d), de [—1,1],

W.W: d=1, a=0, be[-2,2],
and the curved lines mq3; (green) and mo3, (magenta)
mig =W_W,.: a=d*—1, b=—d*—d, de[-1,1],
m231:W,W+: azl—dQ, b:—dz—d, dE[—l,l]

(¢) In the coordinate system (d,c,b):
if ¢ <0, then the set A is bounded from below by the plane

Bi: b=—c—(1+d)

(the green front plane in Fig. 10) and bounded from above by the surface

C2

By : b:(1+d)—m

(the blue top surface in Fig. 10);
if ¢ > 0, then the set A is bounded from below by the plane

Po: c—(1+4d)

(the magenta back plane in Fig. 10) and bounded from above by the surface
2
b= (14d)— —
(the blue top surface in Fig. 10).

(d) The upper blue surface has the shape of a concave conical surface (a surface with concave
generators) whose directrix curves are my3; and mysy, the convex hull of A is the region
bounded from below by the planes [y and [, and bounded from above by the conical
surface B4 with vertex at W, with straight line generators and with directrix curves mis;
and mi3o.
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Theorem 3].
Proposition 1. The set HS,(0) has a lined-structure property.
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Let us show that this result can be obtained from the results of [28]. In fact, the region
HS4(0) = S; is bounded by the hypersurfaces (22), (23), (24) of [28]. The surfaces (22) and (23)
are planes. The surface (24) b = 1 + ac — ¢? is a hyperbolic paraboloid. The sections of (24) by
planes ¢ = const are straight lines.

Moreover, from [28] one can obtain a more general statement.

Proposition 2. For any dy € (—1, 1), the set HS(dy) has a lined-structure property.

Proof Letthe set HSs(do) = {(a,b,c)} C R? be given where dy € (—1,1). Let us make a
linear change of variables.

a=a+de, c=doa+¢  b=>b(l+dy). (4.1)

From the proof of Theorem 1 of [28], it is easy to see that the linear change of variables (4.1)
maps the set HS,(do) = {(a, b, c)} C R? to the set HS,(0) = {(a, b,¢)} C R3. Now the assertion
of Proposition 2 follows from Proposition 1 and the fact that the change (4.1) is linear. U

Further, the following proposition follows from [17, Theorem 5].
Proposition 3. The set A = FS,(0) has a lined-structure property.

Let us show that this result can be obtained from the results of Section 3 here. In fact,
the region A = FS5,(0) is bounded by the hypersurfaces (3.7), (3.8), (3.9). The surfaces (3.7)
and (3.8) are planes. The sections of the surface (3.9) by planes ¢ = k(d — 1) (where k € (-2, 2))
are segments of the straight lines {c = k(d — 1), b = (1 +d) — k*}.

Let us show that the same statement holds for the set C.

Proposition 4. The set C = GS,4(0) has a lined-structure property.

In fact, the region C = G&,4(0) is bounded by the hypersurfaces (2.7), (2.8), (2.9). The
surfaces (2.7) and (2.8) are planes. The sections of the surface (2.9) by planes a = k(d — 1)
(where k € (—2,2)) are segments of the straight lines {a = k(d — 1), b = (1 + d) — k?d}.
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YIK 517.925.51
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JIist TMHEWHBIX PA3HOCTHBIX YPABHEHUH TPETHETO TOPSIIKA C 3aMa3blIBAHUEM
z(n+3)+ar(n+2)+bx(n+1)+dx(n—1)=0, neZ z€eR,
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