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CONSTRUCTION OF THREE-DIMENSIONAL STABILITY REGIONS FOR TWO

LINEAR THIRD-ORDER DIFFERENCE EQUATIONS WITH DELAY

For linear third-order difference equations with delay

x(n+ 3) + ax(n+ 2) + bx(n+ 1) + dx(n − 1) = 0, n ∈ Z, x ∈ R,

x(n+ 3) + bx(n+ 1) + cx(n) + dx(n − 1) = 0, n ∈ Z, x ∈ R,

stability regions are studied and constructed in three-dimensional spaces {(a, b, d)} ⊂ R
3 and {(b, c, d)} ⊂

⊂ R
3, respectively.
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Introduction

Consider a linear time-invariant difference equation

x(n + k) + p1x(n+ k − 1) + p2x(n+ k − 2) + . . .+ pkx(n) = 0, n ∈ Z, (0.1)

here x ∈ R is a state, p1, . . . , pk ∈ R, and k ∈ N. We study the problem of asymptotic stability of

equation (0.1). Let us construct the characteristic polynomial corresponding to the equation (0.1):

p(λ) = λk + p1λ
k−1 + . . .+ pk. (0.2)

Let λi, i = 1, k, be the roots of (0.2); they are called eigenvalues of the equation (0.1). The

zero solution of (0.1) is asymptotically stable (or, equivalently, equation (0.1) is asymptotically

of exponentially stable) [12, Section 5.1] iff

∀ i = 1, k |λi| < 1. (0.3)

In this case, the polynomial (0.2) is called Schur stable. There are various criteria for checking

the condition (0.3), for example, the Schur–Сohn criterion [12, Section 5.1], [16, Sections 3.4,

3.5], the Jury criterion [16, Sections 3.9, 3.10], the criterion using reduction to the Routh–Hurwitz

conditions [16, Section 3.3], and others.

By Sk = {(p1, . . . , pk)} ⊂ R
k denote the set of values of the coefficients p1, . . . , pk of equa-

tion (0.1), for which the equation is asymptotically stable. This set is called the stability region

in the space R
k. The problem of constructing a stability region has been studied in the works

of many authors, see, e. g., [3, 5, 6, 10, 14, 19]. Some sufficient conditions for the asymptotic

stability of linear autonomous difference systems, including those with delays, have been ob-

tained in the papers [7, 11, 18, 20]. The issues of constructing stability regions of difference and

differential equations, including equations with delays, were studied, in particular, in the pa-

pers [8, 9, 22–25]. The papers [1, 2, 4, 15] are devoted to the study and construction of stability

regions for linear difference equations with complex coefficients.

In this paper, we consider equation (0.1) of the fourth order. For this equation, we consider

two cases in which one of the coefficients is zero. For these cases, we investigate and construct

stability regions in the three-dimensional space of the remaining parameters.

https://doi.org/10.35634/vm260203
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§ 1. The set S4

Let k = 4 in (0.1). Let us consider a fourth-order linear difference equation

x(n + 4) + ax(n + 3) + bx(n + 2) + cx(n+ 1) + dx(n) = 0, n ∈ Z, (1.1)

where a, b, c, d ∈ R are constant. The necessary condition for the Schur stability of the character-

istic polynomial p(λ) = λ4 + aλ3 + bλ2 + cλ+ d is the following (see [21]):

−4 < a < 4, −6 < b < 6, −4 < c < 4, −1 < d < 1.

Consider the stability region S4 = {(a, b, c, d)} ⊂ R
4 for the equation (1.1).

According to [13, Theorem 1], the convex hull of the set S4 is a polyhedron in four-dimen-

sional space with vertices at the points

N1(4, 6, 4, 1), N2(2, 0,−2,−1), N3(0,−2, 0, 1), N4(−2, 0, 2,−1), N5(−4, 6,−4, 1).

(see, e. g., [28, (30)]).

According to [16, (3.53)–(3.57)], the stability region S4 is determined by the system of in-

equalities





1 + a + b+ c+ d > 0, (1.2)

1− a+ b− c+ d > 0, (1.3)

−a2d+ acd− bd2 + d3 + ac+ 2bd− c2 − d2 − b− d+ 1 > 0, (1.4)

d2 − 1 + ad− c < 0, (1.5)

d2 − 1− ad+ c < 0. (1.6)

Consider the hyperplane H(d0) = {(a, b, c, d) : d = d0} ⊂ R
4, d0 ∈ (−1, 1), and consider the

set HS4(d0) := S4 ∩ H(d0). This is a section of the set S4 by the hyperplane H(d0). The set

HS4(d0) = {(a, b, c)} is contained in the three-dimensional space R
3. The set HS4(0) coincides

with the set S3. The form of the set S3 is well known; see, for example, [13, 26, 27].

In the paper [28], the structure of the set HS4(d0) was studied for all d0 ∈ (−1, 1) and

an image of this set in three-dimensional space was constructed.

Let us now consider the hyperplanes G(c0) = {(a, b, c, d) : c = c0} ⊂ R
4, c0 ∈ (−4, 4),

and F(a0) = {(a, b, c, d) : a = a0} ⊂ R
4, a0 ∈ (−4, 4), and consider the sections GS4(c0) :=

:= S4 ∩ G(c0) and FS4(a0) := S4 ∩ F(a0) of the set S4 by these hyperplanes. These sets are

contained in three-dimensional spaces: GS4(c0) = {(a, b, d)} ⊂ R
3, FS4(a0) = {(b, c, d)} ⊂ R

3.

We denote C := GS4(0) and A := FS4(0). In this paper, we investigate the structure of the sets C
and A and construct an image of these sets in three-dimensional space.

§ 2. Construction of the set C

Let us consider the set C = GS4(0). This set is the stability domain of the fourth-order

equation

x(n + 4) + ax(n + 3) + bx(n + 2) + dx(n) = 0, n ∈ Z,

or the third-order equation with delay

x(n + 3) + ax(n + 2) + bx(n + 1) + dx(n− 1) = 0, n ∈ Z, (2.1)
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in the parameter space {(a, b, d) ∈ R
3}. According to (1.2), (1.3), (1.4), (1.5), (1.6), the stability

domain C is defined by the system of inequalities





b > g1(a, d) := −a− (1 + d), (2.2)

b > g2(a, d) := a− (1 + d), (2.3)

b < g3(a, d) :=
−a2d

(1− d)2
+ (1 + d), (2.4)

d2 − 1 + ad < 0, (2.5)

d2 − 1− ad < 0. (2.6)

The stability domain C is a region in the three-dimensional space Odab that is bounded by

hypersurfaces

γ1 : b = −a− (1 + d), (2.7)

γ2 : b = a− (1 + d), (2.8)

γ3 : b =
−a2d

(1− d)2
+ (1 + d), (2.9)

as (d, a) run through the set Ω ⊂ {(d, a) ∈ R
2} defined by inequalites (2.5), (2.6).

1. Consider the curves

ω1 : d2 − 1 + ad = 0, (2.10)

ω2 : d2 − 1− ad = 0. (2.11)

They bound the set Ω. From (2.10) it follows

ω1 : a =
1

d
− d. (2.12)

The graph of the function a = a(d) (2.12) is a hyperbola with asymptotes d = 0, a = −d; the

function a = a(d) is decreasing on the interval d ∈ (−∞, 0) and on the interval d ∈ (0,+∞);
the graph of the function a = a(d) (2.12) is shown in Fig. 1. The hyperbola ω1 consists of two

branches: ω1 = ω+

1 ∪ ω−

1 ; here ω+

1 is a branch of the hyperbola ω1 for d > 0; ω−

1 is a branch of

the hyperbola ω1 for d < 0.
From (2.11) it follows

ω2 : a = d−
1

d
. (2.13)

The graph of the function a = a(d) (2.13) is a hyperbola with asymptotes d = 0, a = d; the

function a = a(d) is increasing on the interval d ∈ (−∞, 0) and on the interval d ∈ (0,+∞);
the graph of the function a = a(d) (2.13) is shown in Fig. 2. The hyperbola ω2 consists of two

branches: ω2 = ω+

2 ∪ ω−

2 ; here ω+

2 is a branch of the hyperbola ω2 for d > 0; ω−

2 is a branch of

the hyperbola ω2 for d < 0.
Thus, it is easy to see that the domain Ω is the region enclosed between the hyperbolas ω1

and ω2, containing zero within itself (see Fig. 3).

Denote by A+ the point (1, 0) ∈ {(d, a) ∈ R
2}, and by A

−
the point (−1, 0) ∈ {(d, a) ∈ R

2}.

2. The surfaces γ1 and γ2 are planes. The surface γ3 is a cubic surface. Let’s find curves of

intersection of the surfaces γ1 and γ2.
Let

l12 := γ1 ∩ γ2 :

{
b = −a− (1 + d),

b = a− (1 + d).
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Fig. 1. The graph of the hyperbola ω1 (2.12)

a

d
−1 1

1

−1

Fig. 2. The graph of the hyperbola ω2 (2.13)

We get a straight line

l12 :

{
a = 0,

b = −(1 + d).

If a < 0, then g1(a, d) > g2(a, d). Therefore, by (2.2), (2.3), and (2.4), the set C is bounded

by the surfaces γ1 and γ3.
If a > 0, then g2(a, d) > g1(a, d). Therefore, by (2.2), (2.3), and (2.4), the set C is bounded

by the surfaces γ2 and γ3.
Let us represent the domain Ω as follows: Ω = Ω+∪Ω−

∪Ω0. Here Ω+ = {(d, a) ∈ Ω: a > 0},

Ω
−
= {(d, a) ∈ Ω: a < 0}, Ω0 = {(d, a) ∈ Ω: a = 0} = (A

−
, A+).

3. Let (d, a) ∈ Ω
−
. Then, the stability domain C is bounded by the surfaces γ1 and γ3. Let us

find curves of intersection of surfaces (2.7) and (2.9). Let

l13 := γ1 ∩ γ3 :




b = −a− (1 + d),

b =
−a2d

(1− d)2
+ (1 + d).

(2.14)

From the system (2.14), we obtain a quadratic equation

−a2d

(1− d)2
+ (1 + d) = −a− (1 + d).

After transformation, we get a quadratic equation

−a2d+ a(d− 1)2 + 2(1 + d)(d− 1)2 = 0. (2.15)

Let us calculate the discriminant D of the quadratic equation (2.15). We obtain that

D = (3d+ 1)2(d− 1)2.

The quadratic equation (2.15) has a solution

a = −

d2 − 1

d
,

a = 2d− 2.
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From here, taking into account (2.14), we obtain that the curve l13 consists of two curves:

l13 = l131 ∪ l132,

l131 :




a = −

d2 − 1

d
,

b = −1 −
1

d
,

l132 :

{
a = 2d− 2,

b = −3d+ 1.

The projection of the curve l131 onto the plane Oda = {b = 0} coincides with the curve

ω1 : a = −d+
1

d
.

The projection of the line l132 onto the plane Oda = {b = 0} is a line

ψ1 : a = 2d− 2. (2.16)

Let’s find points of intersection of the curves ψ1 and ω1:


a = 2d− 2,

a = −
d2 − 1

d
.

We obtain two points: (1, 0) and

(
−
1

3
,−

8

3

)
. We denote the point

(
−
1

3
,−

8

3

)
by B1.

Let’s find the intersection point of the curves ψ1 and ω2:


a = 2d− 2,

a = d−
1

d
.

We obtain the point
(
1, 0). This point coincides with the point A+.

The line (2.16) divides the domain Ω
−

into two parts: in the lower part Ω1
−

we have a < 2d−2,
in the upper part Ω2

−

we have a > 2d−2 (see Fig. 4). The following properties are easy to verify:

(i) if (d, a) ∈ Ω1
−

, then g3(a, d)− g1(a, d) < 0; therefore, g3(a, d) < g1(a, d);
(ii) if (d, a) ∈ ψ1, then g3(a, d)− g1(a, d) = 0; therefore, g3(a, d) = g1(a, d);
(iii) if (d, a) ∈ Ω2

−

, then g3(a, d)− g1(a, d) > 0; therefore, g3(a, d) > g1(a, d).
From this, it follows that if (d, a) ∈ Ω2

−

= int (A
−
A+B1), then the region C is bounded from

below by the plane γ1 and bounded from above by the surface γ3 (we suppose that the b-axis

is directed vertically); and if (d, a) ∈ Ω
−
\ Ω2

−

, then system (2.2)–(2.6) has no solution, and for

these values of (d, a) the set C is empty.

When the parameters (d, a) of the plane Oda = {b = 0} are located at the vertex points

A
−
(−1, 0), A+(1, 0), B1(−1/3,−8/3) of the set Ω2

−

, one can find the coordinates b of the

corresponding points V
−
, V+, V1 ∈ {(d, a, b) ∈ R

3} of intersection of the surfaces γ1 and γ3.
To do this, we substitute A

−
(−1, 0) into l131, A+(1, 0) into l132, and B1(−1/3,−8/3) into l131

(or into l132). We get

V
−
(−1, 0, 0), (2.17)

V+(1, 0,−2), (2.18)

V1(−1/3,−8/3, 2).

4. Let (d, a) ∈ Ω+. Then, the stability domain C is bounded by the surfaces γ2 and γ3. Let us

find curves of intersection of surfaces (2.8) and (2.9). Let

l23 := γ2 ∩ γ3 :




b = a− (1 + d),

b =
−a2d

(1− d)2
+ (1 + d).

(2.19)
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Fig. 3. The set Ω
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Fig. 4. Parts Ω1
−

and Ω2
−

of Ω
−

From the system (2.19), we obtain a quadratic equation

−a2d

(1− d)2
+ (1 + d) = a− (1 + d).

After transformation, we get a quadratic equation

−a2d− a(d− 1)2 + 2(1 + d)(d− 1)2 = 0. (2.20)

Let us calculate the discriminant D of the quadratic equation (2.20). We obtain that

D = (3d+ 1)2(d− 1)2.

The quadratic equation (2.20) has a solution


a =

d2 − 1

d
,

a = 2− 2d.

From here, taking into account (2.19), we obtain that the curve l23 consists of two curves:

l23 = l231 ∪ l232,

l231 :




a =

d2 − 1

d
,

b = −1 −
1

d
,

l232 :

{
a = 2− 2d,

b = −3d+ 1.
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The projection of the curve l231 onto the plane Oda = {b = 0} coincides with the curve

ω2 : a = d−
1

d
.

The projection of the line l232 onto the plane Oda = {b = 0} is a line

ψ2 : a = 2− 2d. (2.21)

Let’s find points of intersection of the curves ψ2 and ω2:




a = 2− 2d,

a =
d2 − 1

d
.

We obtain two points: (1, 0) and

(
−
1

3
,
8

3

)
. We denote the point

(
−
1

3
,
8

3

)
by B2.

Let’s find points of intersection of the curves ψ2 and ω1:




a = 2− 2d,

a = −d+
1

d
.

We obtain the point
(
1, 0). This point coincides with the point A+.

The line (2.21) divides the domain Ω+ into two parts: in the lower part Ω1
+ we have a < 2−2d,

in the upper part Ω2
+ we have a > 2−2d (see Fig. 5). The following properties are easy to verify:

(i) if (d, a) ∈ Ω1
+, then g3(a, d)− g2(a, d) > 0; therefore, g3(a, d) > g2(a, d);

(ii) if (d, a) ∈ ψ2, then g3(a, d)− g2(a, d) = 0; therefore, g3(a, d) = g2(a, d);

(iii) if (d, a) ∈ Ω2
+, then g3(a, d)− g2(a, d) < 0; hence g3(a, d) < g2(a, d).

From this, it follows that if (d, a) ∈ Ω1
+ = int (A

−
A+B2), then the region C is bounded from

below by the plane γ2 and bounded from above by the surface γ3 (we suppose that the b-axis

is directed vertically); and if (d, a) ∈ Ω+ \ Ω1
+, then system (2.2)–(2.6) has no solution, and for

these values of (d, a) the set C is empty.

Substituting A
−
(−1, 0) into l231, A+(1, 0) into l232, and B2(−1/3, 8/3) into l231 (or into l232),

we find the coordinates b of the points of intersection of the surfaces γ2 and γ3. We obtain the

points V
−
(−1, 0, 0) (2.17), V+(1, 0,−2) (2.18), and V2(−1/3, 8/3, 2).

5. Let (d, a) ∈ Ω0 = (A
−
, A+). Then, a = 0. Substituting a = 0 into g1(a, d) (or into g2(a, d))

and into g3(a, d), respectively, we obtain that the stability domain C is bounded from below by the

line l12 = {a = 0, b = −1 − d}, and bounded from above by the line l4 := {a = 0, b = 1 + d}.

Substituting the point A
−
(−1, 0) into l12 and into l4, we obtain the point V

−
(−1, 0, 0) (2.17).

Substituting the point A+(1, 0) into l12 and l4, we obtain the point V+(1, 0,−2) and the point

Ṽ (1, 0, 2). The region C is constructed in Fig. 7.

So, we have the following theorem.

Theorem 1. For a linear time-invariant difference equation with delay (2.1), the stability region

C ⊂ R
3 is defined by the system of inequalities (2.2), (2.3), (2.4), (2.5), (2.6). This set is a

connected open set. This set has the following properties.

(a) The convex hull of the set C = {(d, a, b)} ⊂ R
3 is the polyhedron V

−
V+V1V2Ṽ with the

vertices V
−
(−1, 0, 0), V+(1, 0,−2), V1(−1/3,−8/3, 2), V2(−1/3, 8/3, 2), Ṽ (1, 0, 2).
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(b) The projection P(C) of the set C onto the plane Oda = {b = 0} forms the interior of the

region A
−
B1A+B2 with vertices A

−
(−1, 0), B1(−1/3,−8/3), A+(1, 0), B2(−1/3, 8/3)

(see Fig. 6); this region is bounded by the curves

ω−

1 = A
−
B1 : a =

1− d2

d
, d ∈ [−1,−1/3],

ω−

2 = A
−
B2 : a =

d2 − 1

d
, d ∈ [−1,−1/3],

ψ2 = B2A+ : a = 2− 2d, d ∈ [−1/3, 1],

ψ1 = B1A+ : a = 2d− 2, d ∈ [−1/3, 1].

(c) The edge curves of the domain C are straight lines

l12 = V
−
V+ : a = 0, b = −(1 + d), d ∈ [−1, 1],

l132 = V1V+ : a = 2d− 2, b = −3d+ 1, d ∈ [−1/3, 1],

l232 = V2V+ : a = 2− 2d, b = −3d+ 1, d ∈ [−1/3, 1],

V+Ṽ : d = 1, a = 0, b ∈ [−2, 2],

and curved lines

l131 = V
−
V1 : a = −

d2 − 1

d
, b = −1−

1

d
, d ∈ [−1,−1/3],

l231 = V
−
V2 : a =

d2 − 1

d
, b = −1 −

1

d
, d ∈ [−1,−1/3].

(d) In the coordinate system (d, a, b) :
if a ≤ 0, then the set C is bounded from below by the plane

γ1 : b = −a− (1 + d)

(the green front plane in Fig. 7) and bounded from above by the surface

γ3 : b =
−a2d

(1− d)2
+ (1 + d)

(the blue top surface in Fig. 7);

if a > 0, then the set C is bounded from below by the plane

γ2 : b = a− (1 + d)

(the magenta back plane in Fig. 7) and bounded from above by the surface

γ3 : b =
−a2d

(1− d)2
+ (1 + d)

(the blue top surface in Fig. 7).

§ 3. Construction of the set A

Let us consider the set A = FS4(0). This set is the stability domain of the fourth-order

equation

x(n + 4) + bx(n + 2) + cx(n+ 1) + dx(n) = 0, n ∈ Z,

or the third-order equation with delay

x(n + 3) + bx(n + 1) + cx(n) + dx(n− 1) = 0, n ∈ Z, (3.1)
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Fig. 5. Parts Ω1
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Fig. 6. The projection P(C) of the region C
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Fig. 7. The region C
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in the parameter space {(b, c, d) ∈ R
3}. According to (1.2), (1.3), (1.4), (1.5), (1.6), the stability

domain A is defined by the system of inequalities





b > f1(c, d) := −c− 1− d, (3.2)

b > f2(c, d) := c− 1− d, (3.3)

b < f3(c, d) := (1 + d)−
c2

(1− d)2
, (3.4)

d2 − 1− c < 0, (3.5)

d2 − 1 + c < 0. (3.6)

The stability domain A is a region in the three-dimensional space Odcb that is bounded by

hypersurfaces

β1 : b = −c− (1 + d), (3.7)

β2 : b = c− (1 + d), (3.8)

β3 : b = (1 + d)−
c2

(1− d)2
, (3.9)

as (d, c) run through the set Σ ⊂ {(d, c) ∈ R
2} defined by inequalites (3.5), (3.6).

1. Consider the curves

σ1 : d2 − 1− c = 0, (3.10)

σ2 : d2 − 1 + c = 0. (3.11)

From (3.10) and (3.11) it follows

σ1 : c = d2 − 1, (3.12)

σ2 : c = 1− d2. (3.13)

The graphs of the functions (3.12) and (3.13) are parabolas. They intersect at the point C
−

with coordinates d = −1, c = 0 and at the point C+ with coordinates d = 1, c = 0.
The region Σ bounded by the curves (3.10) and (3.11) is the region enclosed between the

parabolas σ1 and σ2, containing zero within itself (see Fig. 8).

2. The surfaces β1 and β2 are planes. The surface β3 is a cubic surface. Let’s find curves of

intersection of the surfaces β1 and β2.
Let

m12 := β1 ∩ β2 :

{
b = −c− (1 + d),

b = c− (1 + d).

We get a straight line

m12 :

{
c = 0,

b = −(1 + d).

If c < 0, then f1(c, d) > f2(c, d). Therefore, by (3.2), (3.3), and (3.4), the set A is bounded

by the surfaces β1 and β3.
If c > 0, then f2(c, d) > f1(c, d). Therefore, by (3.2), (3.3), and (3.4), the set A is bounded

by the surfaces β2 and β3.
Let us represent the domain Σ as follows: Σ = Σ+ ∪ Σ

−
∪ Σ0 (see Fig. 8). Here Σ+ =

= {(d, c) ∈ Σ: c > 0}, Σ
−
= {(d, c) ∈ Σ: c < 0}, Σ0 = {(d, c) ∈ Σ: c = 0} = (C

−
, C+).
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3. Let (d, c) ∈ Σ
−
. Then, the stability domain A is bounded by the surfaces β1 and β3. Let’s

find curves of intersection of surfaces (3.7) and (3.9). Let

m13 := β1 ∩ β3 :




b = −c− (1 + d),

b = (1 + d)−
c2

(1− d)2
.

(3.14)

From the system (3.14), we obtain a quadratic equation

(1 + d)−
c2

(1− d)2
= −c− (1 + d).

After transformation, we get a quadratic equation

c2 − c(1− d)2 − 2(1 + d)(d− 1)2 = 0. (3.15)

Let us calculate the discriminant D of the quadratic equation (3.15). We obtain that

D = (d+ 3)2(d− 1)2.

The quadratic equation (3.15) has a solution
[
c = d2 − 1,

c = 2− 2d.

From here, taking into account (3.14), we obtain that the curve m13 consists of two curves:

m13 = m131 ∪m132,

m131 :

{
c = d2 − 1,

b = −d2 − d,
m132 :

{
c = 2− 2d,

b = d− 3.

The projection of the curve m131 onto the plane Odc = {b = 0} coincides with the curve σ1. The

projection of the line m132 onto the plane Odc = {b = 0} is a line

χ1 : c = 2− 2d. (3.16)

Let’s find points of intersection of the curves χ1 and σ1: 2 − 2d = d2 − 1. We obtain the point

C+(1, 0) and the point X1 with coordinates d = −3, c = 8.
Let’s find points of the intersection of the curves χ1 and σ2: 2− 2d = 1 − d2. We obtain the

point C+(1, 0).
Thus, the line (3.16) does not intersect the region Σ

−
(see Fig. 9).

From this, it follows that the function f3(c, d)− f1(c, d) preserves its sign in the domain Σ
−
.

It is easy to verify that if (d, c) ∈ Σ
−

, then f3(c, d)− f1(c, d) > 0; therefore, f3(c, d) > f1(c, d).
From this, it follows that for all (d, c) ∈ Σ

−
, the stability domain A is bounded from below

by the plane β1 and bounded from above by the surface β3 (we assume that the b-axis is directed

vertically).

When the parameters (d, c) of the plane Odc = {b = 0} are located at the vertices C
−
,

C+, we can find the coordinates b of the corresponding points W
−
,W+ ∈ {(d, c, b) ∈ R

3} of

intersection of the surfaces β1 and β3. To do this, we should substitute the coordinates of the

points C
−

into m131 and C+ into m131 (or into m132). We obtain

W
−
(−1, 0, 0), (3.17)

W+(1, 0,−2), (3.18)
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4. Let (d, c) ∈ Σ+. Then, the stability domain A is bounded by the surfaces β2 and β3. Let’s

find curves of intersection of surfaces (3.8) and (3.9). Let

m23 := β2 ∩ β3 :




b = c− (1 + d),

b = (1 + d)−
c2

(1− d)2
.

(3.19)

From the system (3.19), we obtain a quadratic equation

(1 + d)−
c2

(1− d)2
= c− (1 + d).

After transformation, we get a quadratic equation

c2 + c(1− d)2 − 2(1 + d)(d− 1)2 = 0. (3.20)

Let us calculate the discriminant D of the quadratic equation (3.20). We obtain that

D = (d+ 3)2(d− 1)2.

The quadratic equation (3.20) has a solution

[
c = 1− d2,

c = 2d− 2.

From here, taking into account (3.19), we obtain that the curve m23 consists of two curves:

m23 = m231 ∪m232,

m231 :

{
c = 1− d2,

b = −d2 − d,
m232 :

{
c = 2d− 2,

b = d− 3.

The projection of the curve m231 onto the plane Odc = {b = 0} coincides with the curve σ2. The

projection of the line m232 onto the plane Odc = {b = 0} is a line

χ2 : c = 2d− 2. (3.21)

Let’s find points of intersection of the curves χ2 and σ2: 2d−2 = 1−d2. We obtain the point

C+(1, 0) and the point X2 with coordinates d = −3, c = −8.

Let’s find points of the intersection of the curves χ2 and σ1: 2d− 2 = d2 − 1. We obtain the

point C+(1, 0).

Thus, the line (3.21) does not intersect the region Σ
−

(see Fig. 9).

From this, it follows that the function f3(c, d)− f2(c, d) preserves its sign in the domain Σ+.

It is easy to verify that if (d, c) ∈ Σ+, then f3(c, d)− f2(c, d) > 0; therefore, f3(c, d) > f2(c, d).

From this, it follows that for all (d, c) ∈ Σ+, the domain A is bounded from below by the

plane β2 and bounded from above by the surface β3.

Substituting C
−

into m231 and C+ into m231 (or into m232), we obtain the points W
−
(−1, 0, 0)

(3.17), W+(1, 0,−2) (3.18) of intersection of the surfaces β2 and β3.
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5. Let (d, c) ∈ Σ0 = (C
−
, C+). Then c = 0. Substituting c = 0 into f1(c, d) (or into f2(c, d))

and into f3(c, d), respectively, we obtain that the stability domain A is bounded from below by the

line m12 = {c = 0, b = −1− d}, and bounded from above by the line m4 := {c = 0, b = 1+ d}.

Substituting the point C
−
(−1, 0) into m12 and into m4, we obtain the point W

−
(−1, 0, 0) (3.17).

Substituting the point C+(1, 0) into m12 and m4, we obtain the point W+(1, 0,−2) and the point

W̃ (1, 0, 2). The region A is constructed in Figures 10, 11, 12 from different viewing angles.

So, we have the following theorem.

Theorem 2. For an autonomous linear difference equation with delay (3.1), the stability region

A ⊂ R
3 is defined by the system of inequalities (3.2), (3.3), (3.4), (3.5), (3.6). This set is a

connected open set. This set has the following properties.

(a) The projection P(A) of the set A onto the plane Odc = {b = 0} forms the interior of the

region bounded by parabolas

σ1 = C
−
C+ : c = d2 − 1, d ∈ [−1, 1],

σ2 = C
−
C+ : c = 1− d2, d ∈ [−1, 1];

(see Fig. 9).

(b) The edge curves of A are straight lines

m12 =W
−
W+ : c = 0, b = −(1 + d), d ∈ [−1, 1],

W+W̃ : d = 1, a = 0, b ∈ [−2, 2],

and the curved lines m131 (green) and m231 (magenta)

m131 = W
−
W+ : a = d2 − 1, b = −d2 − d, d ∈ [−1, 1],

m231 = W
−
W+ : a = 1− d2, b = −d2 − d, d ∈ [−1, 1].

(c) In the coordinate system (d, c, b):
if c ≤ 0, then the set A is bounded from below by the plane

β1 : b = −c− (1 + d)

(the green front plane in Fig. 10) and bounded from above by the surface

β3 : b = (1 + d)−
c2

(1− d)2

(the blue top surface in Fig. 10);

if c > 0, then the set A is bounded from below by the plane

β2 : c− (1 + d)

(the magenta back plane in Fig. 10) and bounded from above by the surface

β3 : b = (1 + d)−
c2

(1− d)2

(the blue top surface in Fig. 10).

(d) The upper blue surface has the shape of a concave conical surface (a surface with concave

generators) whose directrix curves are m131 and m132; the convex hull of A is the region

bounded from below by the planes β1 and β2, and bounded from above by the conical

surface β4 with vertex at W̃ , with straight line generators and with directrix curves m131

and m132.
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§ 4. Lined-structure property

Following [17] we say that a region has a lined-structure property if its boundary is a union of

straight line segments, straight half-lines, and straight lines. In [17], sketches of the HS4(0) and

FS4(0) sets were constructed. They were shown to have a lined-structure property. The study

was conducted using the D-partitioning method. The following proposition follows from [17,

Theorem 3].

Proposition 1. The set HS4(0) has a lined-structure property.
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Let us show that this result can be obtained from the results of [28]. In fact, the region

HS4(0) = S3 is bounded by the hypersurfaces (22), (23), (24) of [28]. The surfaces (22) and (23)

are planes. The surface (24) b = 1 + ac− c2 is a hyperbolic paraboloid. The sections of (24) by

planes c = const are straight lines.

Moreover, from [28] one can obtain a more general statement.

Proposition 2. For any d0 ∈ (−1, 1), the set HS4(d0) has a lined-structure property.

P r o o f. Let the set HS4(d0) = {(a, b, c)} ⊂ R
3 be given where d0 ∈ (−1, 1). Let us make a

linear change of variables.

a = ã + d0c̃, c = d0ã+ c̃, b = b̃(1 + d0). (4.1)

From the proof of Theorem 1 of [28], it is easy to see that the linear change of variables (4.1)

maps the set HS4(d0) = {(a, b, c)} ⊂ R
3 to the set HS4(0) = {(ã, b̃, c̃)} ⊂ R

3. Now the assertion

of Proposition 2 follows from Proposition 1 and the fact that the change (4.1) is linear. �

Further, the following proposition follows from [17, Theorem 5].

Proposition 3. The set A = FS4(0) has a lined-structure property.

Let us show that this result can be obtained from the results of Section 3 here. In fact,

the region A = FS4(0) is bounded by the hypersurfaces (3.7), (3.8), (3.9). The surfaces (3.7)

and (3.8) are planes. The sections of the surface (3.9) by planes c = k(d−1) (where k ∈ (−2, 2))
are segments of the straight lines {c = k(d− 1), b = (1 + d)− k2}.

Let us show that the same statement holds for the set C.

Proposition 4. The set C = GS4(0) has a lined-structure property.

In fact, the region C = GS4(0) is bounded by the hypersurfaces (2.7), (2.8), (2.9). The

surfaces (2.7) and (2.8) are planes. The sections of the surface (2.9) by planes a = k(d − 1)
(where k ∈ (−2, 2)) are segments of the straight lines {a = k(d− 1), b = (1 + d)− k2d}.
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В. А. Зайцев, И. Г. Ким

Построение трехмерных областей устойчивости для двух линейных разностных уравнений

третьего порядка с запаздыванием

Ключевые слова: линейное разностное уравнение, устойчивость по Шуру, область устойчивости.

УДК 517.925.51
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Для линейных разностных уравнений третьего порядка с запаздыванием

x(n+ 3) + ax(n+ 2) + bx(n+ 1) + dx(n − 1) = 0, n ∈ Z, x ∈ R,

x(n+ 3) + bx(n+ 1) + cx(n) + dx(n − 1) = 0, n ∈ Z, x ∈ R,

исследованы и построены области устойчивости в трехмерных пространствах {(a, b, d)} ⊂ R
3

и {(b, c, d)} ⊂ R
3 соответственно.
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ния РФ в рамках государственного задания, проект FEWS-2024-0009.
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15. Jánský J., Tomášek P. On complex trinomial roots distribution // Mathematics for Application. 2023.

Vol. 12. No. 1. P. 49–58. https://doi.org/10.13164/ma.2023.03

16. Jury E. I. Theory and application of the z-transform method. New York: John Wiley and Sons, 1964.

17. Кандаков А. А. Линейчатое представление областей устойчивости некоторых классов разност-

ных уравнений // Прикладная математика и вопросы управления. 2019. № 3. С. 40–53.

https://doi.org/10.15593/2499-9873/2019.3.02

18. Kipnis M., Komissarova D. Stability of a delay difference system // Advances in Difference Equations.

2006. Vol. 2006. Article ID: 31409. https://doi.org/10.1155/ade/2006/31409

19. Kipnis M. M., Komissarova D. A. A note on explicit stability conditions for autonomous higher

order difference equations // Journal of Difference Equations and Applications. 2007. Vol. 13. No. 5.

P. 457–461. https://doi.org/10.1080/10236190601132933

20. Leonard F. A necessary condition of stability for robust linear discrete systems // 1999 European

Control Conference (ECC). 1999. P. 139–141. https://doi.org/10.23919/ECC.1999.7099288

21. Kipnis M. M., Malygina V. V. The stability cone for a matrix delay difference equation // International

Journal of Mathematics and Mathematical Sciences. 2011. Vol. 2011. Issue 1. Article ID: 860326.

https://doi.org/10.1155/2011/860326

22. Мулюков М. В. Устойчивость двупараметрических систем линейных автономных дифференци-

альных уравнений с ограниченным запаздыванием // Известия Института математики и инфор-

матики Удмуртского государственного университета. 2018. Т. 51. С. 79–122.

https://doi.org/10.20537/2226-3594-2018-51-04

23. Мулюков М. В. Устойчивость трехпараметрических систем двух линейных дифференциальных

уравнений с запаздыванием. Часть I // Сибирские электронные математические известия. 2019.

Т. 16. С. 2019–2054. https://www.mathnet.ru/rus/semr1186

24. Мулюков М. В. Устойчивость трехпараметрических систем двух линейных дифференциальных

уравнений с запаздыванием. Часть II // Сибирские электронные математические известия. 2019.

Т. 16. С. 2055–2079. https://www.mathnet.ru/rus/semr1187

25. Николаев Ю. П. Геометрия многомерной области устойчивости в пространстве четных (нечет-

ных) коэффициентов характеристического полинома линейных систем // Автоматика и телеме-

ханика. 2014. № 9. С. 3–20. https://www.mathnet.ru/rus/at14116
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