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Introduction

The theory of differential games deals with conflicted situations in systems represented by
differential equations. Interesting results have been obtained in the theory of multi-pursuer and
single-evader differential games, which constitute a significant part of the theory of differential
games. There are many works dedicated to the theory of differential games such as Isaacs [1],
Pontryagin [2], Friedman [3], Hajek [4], Petrosyan [5], Pshenichnyi et al. [6], Azamov et al. [7,8],
and Chikrii [9]. While several studies considered simple motion evasion differential games with
many players such as Ibragimov and Salleh [10], Petrov [11], Bannikov [12], Liu et al. [13],
Pan and Yuan [14], Salimi and Ferrara [15], Shiyuan and Zhihua [16], von Moll et al. [17,
18], Ye et al. [19], Ramana and Kothari [20], Fuchs et al. [21], Le Menec [22], Pashkov and
Terekhov [23], Zak [24,25].

The multiple capture of an evader in a differential game with fractional derivatives and phase
restrictions is investigated in the work of Petrov [26]. Conditions have been derived on parameters
and initial state that are sufficient for the trajectories of the players to meet at a certain instant of
time for any counteractions of the evader.

Blagodatskikh [27] obtained the necessary and sufficient conditions for multiple capture in
the group pursuit problems with equal opportunities in the presence of a group of defenders for
an evader. Blagodatskikh and Petrov [28] studied a simple motion differential game of a group
of pursuers and a group of evaders where all evaders use the same control.

Garcia and Bopardikar [29] considered a pursuit-evasion differential game in which a coop-
erative group of slow pursuers aims to capture a high-speed evader. In that paper, the notion of
Cartesian ovals is used when the pursuer’s capture radius is positive. Bopardikar and Suri [30]
studied a k-capture problem in discrete time game and considered that k-capture occurs if at least
k pursuers simultaneously reach the evader’s position. They obtained a necessary and sufficient
condition for the possibility of k-capture. A framework for solving pursuit-evasion games with
multiple pursuers and one evader is provided by Kopparty and Ravishankar [31]. They presented
two algorithms to capture the evader.

On manifolds with Euclidean metric, a simple motion differential game of many pursuers
and one evader was studied by Kuchkarov et al. [32]. In the work of Kuchkarov et al. [33],
a differential game of optimal approach of many pursuers and one evader was studied, and an
estimate for the game’s payoff functional was obtained. Also, a pursuit—evasion differential game
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of many pursuers and one evader with integral constraints on control functions of players was
considered by Ibragimov and Kuchkarov [34], Ibragimov [35], and Ibragimov et al. [36].

In the present work, we construct a new evasion strategy for any initial positions of the players.
The strategy guarantees that the evader can escape from any finite number m of pursuers, even
though the evader is surrounded by the pursuers at the initial time. We introduce the concept
of approach times, and show that the number of approach times doesn’t exceed m(m + 1)/2.
We closely follow the work of Ibragimov [37], where evasion differential game of one evader
and many slow pursuers was studied. The paper Ibragimov et al. [38] studied a linear differential
game with coefficient A > 0. In the present paper we examine the case A < 0.

§ 1. Statement of problem

We consider an evasion linear differential game of m pursuers zy, ..., x,, and one evader y
that moves in space R", n > 2. The dynamics of the game are described by the following
equations

i = Avg g, 2i(0) =@, Jui <1, i=12,...m, (1.)
y=Xy+v, y0)=wv, [0, |

where ;, T, Y, Yo, Ui, v € R", A < 0; it is assumed that x;0 # 4o, @ = 1,2,...,m, 0 > 1 1is
a given number, u; is the control parameter of the pursuer x;, and v is that of the evader y.

Definition 1.1. Lebesgue measurable functions w;(t), |u;(t)| < 1, and v(t), |v(t)| < o, t > 0, are
called controls of the pursuer z;, i € {1,2,...,m}, and the evader y, respectively.

Let U and V be the sets of Lebesgue measurable functions u: [0,4+00) — Bj, and
v: [0,4+00) — B,, respectively, where B, is the ball in R with the radius r and center at
the origin.

Definition 1.2. The operator
V(yo, T10y -« - s Ty U1 ()5« -+ um()), V(R x U™ >V,

is called a non—anticipating strategy of the evader if, for any ¢ > 0, yo, 10, ..., Tmo € R",
and for any ugl)(-), : ,ufﬁ)() € U, i = 1,2, such that ugl)(t) = uf)(t),...,u%)(t) = ufﬁ)(t),
0<t<6,wehave forall 0 <t <¥6,

V (Y0, 210, - - > Ty SV (), o uD OV @) = V (o, 10, -+ om0, 1 (), uP () (1),

Definition 1.3. We say that evasion is possible in game (1.1) if there exists a strategy V' of the
evader such that, for any controls of pursuers, we have z;(t) # y(t) forallt > Oandi = 1,...,m.

Problem 1.1. Construct a strategy V' for the evader, for which evasion is possible in game (1.1).

§ 2. Evasion from one pursuer
In this section, we consider a linear evasion differential game problem of one pursuer and one
evader in R?. The dynamics of the pursuer z and evader y are described by the equations
= r+u, x(0)=ux,
| (0) = o @.1)
g=xy+v, y(0)=yo,

where z, o, ¥, Yo, 4, v € R%, A < 0; 2(0) = z¢ and y(0) = y are the initial states of the players
at t = 0 and suppose xy # ¥o; the vectors u, v are the control parameters of the pursuer and
evader, respectively. The controls satisfy the constraints

lu(t)| <1 and |v(t)| <o, o>1, t>0. (2.2)
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Of course, in this formulation, a control of the evader v(t) = %
Yo — To
evasion. However, we would like to suggest and justify another evader’s strategy, which is useful

for the case of multiple pursuers.
If some controls u(-) and v(-) are chosen, the solutions of equations (2.1) are

o, t > 0, provides

t t
z(t) = zoeM +/ ADy(s)ds,  y(t) = yoe + / N9y (s) ds.
0 0

Let £(t) = e Ma(t), n(t) = e My(t). Clearly, the equation z(t) = y(t) is equivalent to the one
&(t) =n(t). Then, £(0) = zg, n(0) = yo, and

£(t) = zo +/0 e Mu(s)ds, n(t) =1yo +/0 e Mu(s) ds.

From now on, we refer to £ and 7 as the pursuer and the evader, respectively.
We fix the numbers o and a

1
O<Oz<min{1,§(a—1)}, 0<a<|zo—yol (2.3)

The pursuer ¢ applies an arbitrary control u(t) = (uy (), ua(t)), t > 0, and let £(t) = (&1(2), &(t))
be the corresponding trajectory.

We now construct a strategy for the evader. First, the evader 7 starting from the initial
time ¢ = 0 moves with the constant control

o(t) =V = (0,0), tel0,7), (2.4)

i.e., Vi(t) = 0, Va(t) = o, parallel to the Oy-axis, where 7 is the first time when |£(t) —n(t)| = a.
We call 7 the a-approach time of pursuer £ to the evader 7. The segment between the points ¥
and 7(7) in Fig. 1 is the trajectory of the evader corresponding to (2.4).
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Fig. 1. The trajectory of the evader when &;(7) < ny(7)
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Note that time 7 may not occur at all. In this case, we have |£(¢) — n(t)| > a for all ¢ > 0
and, clearly, £(t) # n(t) for all £ > 0. Therefore, we assume that the time 7 occurs. In addition,
we define the number 7/ = —1 In(e™*" — —22%)_ Note that the evader will apply a maneuver on
the time interval [7, 77).

We temporarily use the notation V'(t) = (Vi (t), Va(t)) only in this section, where

_ |U1(t)| +a, §1(7-> < 771(7->7 _ 2 _ 172
Vl(t)_{—ﬂul(tﬂw), Q) >m(n, WSV @9

Clearly, |Vi(t)| < |ui(t)| 4+ 3(0 — 1) < 0, and so V() in (2.5) is defined. The evader applies the
following strategy on [, 7):

v(t) = (Vi(t), Va(t)), telrnT). (2.6)

We call V() defined by (2.6) a maneuver of the evader n against the pursuer £. For the final part
of the evader’s strategy, we let

V(it)=Vy=(0,0), t>T1. (2.7)

Strictly speaking, strategy (2.5)—(2.7) is not written in the non-anticipative form of Defini-
tion 1.2, since it is expressed through the players’ positions at time 7. However, these posi-
tions are uniquely determined by the initial states and the pursuer’s control on [0, 7]. Therefore,
strategy (2.5)-(2.7) is a non-anticipative strategy in the sense of Definition 1.2. An analogous
observation applies to the evader’s strategy in the multi-pursuer case discussed in Subsection 3.2.

The main result of this section is the following statement which will be used to prove the
main result of the paper in Section 4.

Lemma 2.1. Let the evader use strategy (2.4), (2.6), and (2.7), where T is the a-approach time of
the pursuer & to the evader 1. Then

In(t) —&t)| >a, 0<t<T, (2.8)
nt) ¢l > 5, T<t<r, 2.9)
m(t) = &(t) >a, t>7" (2.10)

P ro o f We will prove this lemma by considering the three parts of the evader’s strategy defined
by formulas (2.4), (2.6), (2.7), respectively. First, the evader n moves with the velocity V (t) =
= (0,0), 0 <t < 7, along a vertical line. The corresponding trajectory of the evader is a segment
with the endpoints y, and n(7) (see Fig. 1). By definition of 7 we have |£(t) — n(t)| > a for
0 <t <7,and so (2.8) is true.

To prove (2.9), we consider the case & (7) < n:(7), hence, by (2.5) Vi(t) = |ui(t)] + o
The argument when &;(7) > n;(7) is completely analogous. The curve between the points 7(7)
and 7(7') in Fig. 1 is the trajectory of the evader corresponding to the maneuver (2.5). We have,
forr <t<7,

Int) — E@)] = m(t) — &4(8) = m(r) — E(7) + / e MVi(s) ds — / ey (s) ds
> n(n) =60+ [ e (us)+a)ds— [ e )l ds

t

o

> a/ e Mds = —
T

(6—)\7' . e—At) )

>
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On the other hand, in view of (2.2), we obtain

n(t) — £ > ln(r) — ()] — / eV (s) ds / e u(s) ds

t t
Za—/ e_’\S|V(s)|ds—/ e |u(s)| ds

Za—ail (67)\T_€7>\t).

Hence,
In(t) —&(6)] > (1) = max{%(e_)” C M0 T G_M)}'

Since the function fi(t) = $(e™* — e), t > 7, is increasing, and the function f5(t) =

=a— T (e — e, t > 7, is decreasing, therefore the function f(t), ¢ > 7, achieves its
minimum at ¢ = t* where f1(t) = fo(t). We can see that t* = — 5 In(e™" — a+)\<f+1) € [r,7].
Hence, for any ¢ € |7, 7'], by (2.3) we have
Q . aa aa
t) — )] > ) = = —AT =AMt - =
()~ €0 > 7(17) = e o) = 4 2

which proves (2.9).
Next, to prove (2.10), we first establish that

() = &(7') > a

Indeed, for 7 < t < 7/, due to the obvious inequality 7:(7) — &(7) > —|n(7) — &(7)| = —a
we have

w0 -6l = mr) -6+ [ s [ ) ds
> —a+/ <\/02 (Jui(s)] + a)? — 1—u§(s)) ds.  (2.11)

— o (e = VT2, e,

achieves its minimum at p9 = =%, it follows from (2.11) that

mo(t) — &lt) > —a+§(h_m><¢az L \/ﬁ)

Noting that the function

1
=—a+ X(e’” —e M)/ (0 —1)2— a2
In particular, for ¢ = 7/, we obtain e " = e~ — —2% and so,
B(r) &) = —a+ — o -1~ >a
2 2 - c—1—«a '

Since |uz(s)| < 1, and in view of (2.7) Va(s) = o for t > 7/, we have

Blt) = &) = ()~ &) + [ e Vals)ds— [ e us)ds

!

> a+ %(6)‘7/ —e M (o-1)>a

The proof of the lemma is complete. UJ
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In particular, Lemma 2.1 implies that even though the pursuer is on the same vertical line of
the evader and above the evader, the evader can avoid from capturing using the maneuver.

§ 3. Evasion from many pursuers
We prove the following statement.

Theorem 3.1. Let A < 0. Then, for any initial positions of players, evasion is possible in
game (1.1).

We divide the proof into subsections.

3.1. Definitions of parameters

Let a and a; be any fixed numbers that satisfy the following relations

1 —1-—
0<a<min{1,§(0—1)}, 0<a1<min{%,‘_r{lin |y0—xio|}. 3.1

We say that ¢ = 71 > 0 is the a;-approach time of a pursuer &;, to the evader, if |¢;, (71) —n(71)| =
=ay and |§(t) —n(t)| >ay forall 0 <t <mandi=1,2,...,m.

Let ( | )
oc—1—a)a
f= 26520 AT (3.2)
where T = 71 + —%—. We observe
c—1—« c—1—« 1
IS e P g Py ()

We define a decreasing geometric sequence {ax}3>; by the equation a1 = PBag, k = 1,2,....
It is easy to check that this decreasing geometric sequence has the following property:

> a
Proposition 3.1. Z W = 7 p+; < 2a,; for any integer p > 0.
k=p+1

Next, we assume that the evader is moving under some strategy. Let
t
fz(t) = Z;0 + / e*)‘sui(s) dS, gl(t) = €7At$i(t), gl(O) = Tj0, 1= 1, 2, o,y
0
t
n(t) = yo —i—/ e u(s)ds, n(t) =eMyt), n(0)=yo,
0

Clearly, z;(t) # y(t) is equivalent to &;(t) # n(t).

In general, if 7,1, kK > 2, is the a;_1-approach time, then we define the time t = 7, > 7,4
to be the aj-approach time for a pursuer §;, if |§;, (1) — 1(7)| = ax and |&;(t) — n(t)| > a; for
al0<t<mandi=1,2,...,m.

Thus, we have defined a monotone increasing sequence 7, < 7» < ... of the approach times.
Notice that the same time 7, can be the a;-approach time of several pursuers to the evader. Fig. 2
illustrates such a situation, where 7, is an a;-approach time of the pursuers ¢;, {; and &, to the
evader.

If there are more than one pursuers, for which 7, is the ag-approach time, we choose any of
these pursuers and, without restriction of generality, relabel it by &,. Hence, by the definition
of 7, we have

Int) —&@t)| >ar, i=1,2,....m, 0<t<m, |n(m)—_E& ()| = a. (3.4)
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fj(qu)

fi(kal)

N(Tk-1)

Fig. 2. 7;, is the aj-approach time of the pursuers ¢;, ; and ¢, to the evader n

It is worth noting that the same pursuer &, can have several other approach times 7/, 77, . . .,
after the approach time 7.
Let

1 2A
T,;=—X1n<e—m—7a’“ ) k=1,2,..., 1=0, 75 =+o0.

Notice that the sequence 77, 75, T3, . .. is not necessarily monotone increasing.

3.2. Strategy for the evader

Without loss of generality, we assume that yo = (0, 0), that is, the evader is at the origin at
the initial time. For £ = 1,2, ..., we define the maneuvers Vj,(t) = (Vi1(t), Via(t)), as follows

N (T E TSy 17
—(Jup ()] + o), & (Ti) > mi(78),

First, the evader moves starting from the time 75 = 0 along the Oy-axis with the velocity
v(t) = Vo = (0,0). If the a;-approach time 7; > 0 doesn’t occur, that is, |n(t) — &(t)| > a; for
alli =1,2,...,mand t > 0, then, clearly, &(t) # n(t),t > 0,i=1,2,...,m, and so evasion is
possible in the game.

Let the aj-approach time 74 > 0 occur. In general, the evader constructs its strategy as
follows. Let the time 73, £ > 1, occur.
(i) if the time 75, occurs in the interval 7y, 71), then v(t) = Vi (¢) on [7x, 7x+1). (Fig. 3, @)
(i7) if the time 731 occurs in [7}, 00), then v(t) = Vi (t) on |1, 74) and v(t) = Vj on [, Tg11).
(Fig. 3, b)
(79) if the time 741 never occurs, then v(t) = Vi(t) on [, 74) and v(t) = V4 on [7], 00).
(Fig. 3, ¢)

In other words, we construct the strategy of the evader according to the following reason-

ing Ry: If 7, occurs, then the evader will start applying the maneuver Vj, from time 7;,. The
evader’s subsequent behavior depends on the time of occurrence of 7441. If 7411 < 7, then the
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Vi(t)
(CL) —= L ® e
Tk Tk+1 T]é
Vi(t) Vo
(b) ® >0 e—— T
Vi(t) Vi
(c) ° e o

Fig. 3. The applications of V() and 1 depending on occurrence 7y ;.

evader will continue applying Vj until 7, ;. If 7, > 77, then the evader will apply Vj, until 7/,
and then apply V; until 7,4. If 744, does not occur, the evader applies V} until 77, and then
applies V. Starting from 7, the reasoning Ry, is applied.

According to the description of evader’s strategy (7)—(ii7) there are two possible cases.

Case A. The finite approach times 7, 7o, ..., T, With ;3 < 7 < ... < 7}, occur so that
Ty < T, T3 < Ty ..., Ty < T}, 1, and there is no an approach time in [73,, 77 ) for some k; > 1.
Then, we say that the evader is under a group attack of the pursuers &1, &s,. .., {, on the time

interval 71, 7;, ). Thus, the first group attack of pursuers ends at 7 in Case A.
By items (i)—(ii7), the strategy of the evader on the interval [, 7;, ) can be written as follows:

Vo, To <t <71,
v(t) =< Vi(t), m<t<m1, k=1,2,...k —1, (3.5)
Vig (), 7 <t < T,gl.

By item (i), starting at 7; the evader starts to apply v(t) = V; and after some time the evader
may undergo another group attack of pursuers.

Fig. 4 illustrates the three sections of the evader’s trajectory between the points 7(71), 7(72),
n(r3), and 7(74) corresponding to some maneuvers v(t) = Vi (t), v(t) = Va(t), and v(t) = V5(¢),
where 75 < 7, T3 < 75 and there is no an approach time in |73, 75).

Since, by the definition of approach times, we have 7, < 741, k > 1, therefore, in view of

the conditions 741 < 7, k =1,...,k; — 1, we get in Case A the following inclusion:
k11 k1
) = U e 7o) Uk ) € (U e 7). (3.6)
k=1 k=1
Case B. Let infinitely many successive approach times 7y, 7o, ... of pursuers &, &, ...
to the evader occur satisfying the conditions 7, < 7,41 < 73, for all £ = 1,2,.... Then,

Ties Tea1) C [T, 71.) and so, for any [ > 1, we have
[ +1) C k Yy

); (3.7)

[7_17 Tl)

[
-
5‘
=
+
~—
N
-
5‘
ol
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§a(T2)

Yo
Fig. 4. The trajectory of the evader

We use the inequality In(a — b) < Ina — b, for any a > 1, b < 0, to obtain

3.8
< 1 A\ 2)\ak . 2ak ( )
- A Tk c—1—« N o —1—a
Therefore,
-1 -1
T —T = Z(Tk_;,_l —Ti) < Z(Tk — Tk)
k=1 k=1
> 2ak 2&1
< = < 0. 3.9
Za—l—a (c—1—a)(1-0) > (39)

This means that the increasing sequence 7; is bounded. Then, the limit 7, = lim;_, ,, 7; exists.
From (3.9), we have

(a_l_QCs)<1_ﬁ)<ﬁ+L—T. (3.10)

c—1l—-a
Note that in Case B inclusion (3.7) holds for any [ > 1, and passing to limit as [ — oo in (3.7)
we obtain

Too§7-1+

[e.9]

(71, 700) € (e ) (3.11)

k=1
By items (i)—(ii7), the evader’s strategy on the interval [, 7,) (see Fig. 5) is

v(t) =Vi(t), te€[m 1), Te<Thy, k=1,2,....
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1 T2 T3 Ti—1 Tl Ti+1 Too

Fig. 5. The approaches

From now on we use 7 to denote T,gl in Case A, and to denote 7, in Case B. We’ll discuss
in detail the first group attack, which starts at the time 7; and ends at 7. Another group attack
may occur after the time 7 as well, which can be studied in a similar fashion. We will prove that
Case B is impossible.

3.3. Estimation of distance between evader and fictitious evader

Take any a,-approach time 7, of the pursuer &, to the evader 7, where p € {1,2,...,k;}
in Case A, and p is any positive integer in Case B, and estimate the distance between §p(t)
and 7(t) for t > 7,. In order to obtain the desired estimate, we introduce for ¢ € [, 7]
a fictitious evader (FE) ¢, whose motion is described by the equation

¢p = eiAtwpv Go(7p) = n(7p),
where w, is the control parameter of FE (,. We let

wp(t) = Vp(t) = (Vi (t), Vo)), T € [7, 7). (3.12)

p

Then, by (2.9), we have
G = &M > 55 <t (3.13)

Moreover, by (2.10)
Cp2(7'> Epa(T, ) > Qp. (3.14)

Note that FE (, moves only on the time interval [7,, 7)) and its initial state ((7,) coincides with
the initial state 7)(7,) of the real evader (see Fig. 6).

Cp(ﬁ;)

G(?)

() = C(7p)

Fig. 6. Evader 7 and fictitious evader (.
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In Case A, by (3.5), the strategy of evader on the interval [7,,, 7} ), k1 > p, is

Vi(t te k= ... k1 —1
(t) _ k( )7 [TlmTkjrl)a p,p+ 1 s vl ’ (315)
Via(t), t € [m, k),
where
Tk<7—l;—17 k::p+]-7p+2aakjla
and in Case B, by the description (7)—(i77) the evader’s strategy on the interval [7,, 7o) is
v(t) =Vi(t), t€|mmi), Tw<T.y. k=pp+1,.... (3.16)

We now estimate the distance between the points 7)(t) and (,(¢) on [7,, 7], where 7 = 7/,
in Case A, and T = 7, in Case B. Since 7,1; < TII), we have the inclusion

[75,t) C [Tpy1,t) C U [Tk 1)y Tpr1 <t < T, (3.17)

k>p+1,
Tkgt

from (3.6) and (3.11) for both Cases A and B. We recall

4
om0
c—1—«

since 7; < 7/_,, and by (3.8), and Proposition 3.1, we then have

T = 7_]2‘1 =Tk, + (7_12‘1 - Tk‘l)

= T —+ Z(TZ — Ti—l) + (T]gl — Tkl)

=2

< 11+ Z(Ti/fl — Tl'fl) + (7'12,1 — Tk1>
=2

IN

2ai 4&1
- < . 3.18
7’1+ZJ o 7’1+0 ( )

Hence, the inequality
T<T (3.19)

follows from (3.18) in Case A, and from (3.10) in Case B.

Proposition 3.2. Foranyp € {1,...,k;— 1} in Case A4, and for any positive integer p in Case B,

we have
4

W L€ [Tl

t_Tp—f—l S

Proof Byusing (3.17), (3.8) and Proposition 3.1, we have

Qak
D WUTERD s

k>p+1, 7, <t k>p+1, 1<t
o
2 < 4
< — E ap < ——————apt1.
c—1—« c—1—a ?
k=p+1

The proof of the proposition is complete. 0J
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Lemma 3.1. Let the evader use strategy (3.15) in Case A and (3.16) in Case B. Then,

160"

~ap1, t € [, 7] N [1, 7). (3.20)

t) — () <
1(t) = G 0] < =
Proof This lemma says that if 7, < 7 (see Fig. 7, a), then estimate (3.20) is true on 7, < ¢ <
7, It should be noted that 7, can also be greater than 7 (see Fig. 7, b). If 7, > 7, then (3.20) is
true on [7,, 7|.

/ _ = /
T ™ T T T Tp
° ° *~—n o ° *~—n
t t
a b

Fig. 7. The location of times 7, and 7

Note that 7)(7,) = ((7,) and if there is no an approach time in the set [7,, 7,] N [7,, 7], then,
by (3.12) and (3.15), v(t) = w,(t) = V,(t), t € [7p, 7,] N [7p, T]. Therefore,

p

0 = G0 = () + [ e Ps)ds = G(n) — [ e PUs)ds =0, t€ ) (5

and so (3.20) is satisfied.

We let now one or several approach times 7,11, 742, ... occur in the set [7,, 7] N [7, 7.
In Fig. 8, the sections of the trajectory of the evader correspond to distinct maneuvers. Since
by (3.12) and (3.15) v(t) = wy(t) = V,(t), t € [7, Tpt1), we have n(t) = (), t € [T, Tpr1),
therefore (3.20) is true for ¢ € [7,, 7,11]. In particular, we have 1(7,41) = (p(Tps1)-

Next, for any ¢ € [7,41,7)] N [741, 7], We obtain

e Mu(s)ds — Co(Tps1) — /t e’)‘sz(s) ds

p+1 p+1

/ e () V() ds) < / e fu(s) = Vils) | ds

¢ ¢
< / e (Ju(s)] + [Vp(s)]) ds < 20/ e ds
Tp+1 Tp+1

_ _QTU(QM . 67,\7,)+1): _270

Then, we obtain from Proposition 3.2 and (3.21) that

2
n(t) = GO £ —Sre Ve (e — 1)

< _2_Ue—>\7p+1 (ea:fiaapﬂ _ 1)
—_— A .

0 =G0l = [+ |

e At (e AT 7). (3.21)

We now use the inequality ¢ — 1 < 2z for 0 < 2 < 1, where z = U:ffaapﬂ. By (3.1),
r < —2-a; < 1. Then, using 7,,,; <7 < T (see (3.19)), we have

200 _ —8\ 160e AT
n(t) = GO < <__>\e AT) . (7_&ap+1) T o1 gt

oc—1 oc—1

and so (3.20) is satisfied. This completes the proof of the lemma. U
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3.4. Estimation of distance between evader and pursuer

We now estimate the distance between the evader 7 and the pursuer &,.

Lemma 3.2. Let the evader use strategy (3.15) in Case A or (3.16) in Case B. Then,

n(t) = &) > appa, 7 <t ST

Proof Lett€ [r,7]N[n,7]. We use inequalities (3.13) and (3.20) to obtain

In(t) — &) = 16(t) — G| — [¢(2) — n(D)]
a 160e*T a

> —q,— ——— Ay = —a
2P g—-1—a*f 40

where we used (see (3.2))
(0 —1—-a)x
1 = By = o e

Consequently, (3.23) yields that

Qp.

(6% _
In(t) — &(t)] > Eap > fa, = apy1, tE€ [TP7T]/)] N [7, 71,

and (3.22) is proved.

(3.22)

(3.23)

(3.24)

Hence, if 7, > 7, then [, 7| N[7,, 7| = [7,, 7] and (3.22) is true. If 7/ < 7, then (3.24) implies
that (3.22) is true on [7,, 7] N 7, 7] = [, 7;]. What remains is to prove (3.22) for 7, <t < 7

(see Fig. 8).

Tp Tp+1 Tp

L Y

~+

Fig. 8. The case where 7, <t < 7

Indeed, since (y2(7;,) — &(T)) > a, by (3.14) and

160e=*T

In(7,) = Gp(7))| < 1 a

by (3.20), therefore, in view of @ < o, we have

ma(T)) — &pa(T,) = (sz(T;/)) - fp2(7}/;)) + (772(71/)) - Cp2(7}/>))
>y Inlg) — G| 2y T

160e™ (0 —1—a)a

a’p+1 )

(p+1

—= a, —
P —1—« 6do2e— AT P
a >3
= a,— —a —a,.
P 40_17 4])

For 7 <t < 7, using (3.25), va(s) > 0, and the fact that u,,(s) < 1, we have

t t

mlt) = 6a(t) = mlr) ~ Galr) + [ Nuls)ds— [ Nua(s)ds

Tp p

3 t t
Zap+/ e M y(5s) ds—/ e ds

v

LS

(3.25)

(3.26)

(3.27)
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We now estimate the second summand in (3.32). From (3.17) and Proposition 3.2, we have
t—7 <t—Tp1 < —2 —a,,,. Using this and by (3.19), we have

o—1—a

_i(e—kt _ 6_>‘Tll’) _ _ie—krz’, (e—)\(t—rz’,) _ 1) < _le—AT (6%%“ _ 1).

Using the relations e” — 1 < 2z for 0 < < 1, where z = —=2-q,,; < —2-a; < 1 by (3.1),
the right-hand side can be easily estimated from above by

e~ T —8\ _ Re AT oc—1—a 1
. a . a, = —a
Y oc—1—a P! o—1—a 64e T P8P

here we used the inequality

api1 = Pa, < 6T ay

following from (3.3).
According to this estimate and the fact that |7)(t) —&,(t)| > 12(t) —&p2(2), it follows from (3.27)
that

3 1 1 _
n(t) = &(E)] = ma(t) — Epa(t) > 1% T g%~ 5% > Gpi1s T, St < T (3.28)

Thus, we conclude that, if 7, > 7 for the pursuer &, then, by (3.24),
n(t) = &@) > apr1, 7 <t ST, (3.29)

and if 7, < 7, then combining the inequalities (3.24) and (3.28), we obtain (3.29). Hence, (3.29)
is true for each pursuer ¢, in the group attack in both Cases A and B. The proof of Lemma 3.2
is complete. U

An important conclusion to draw from the inequality (3.29) is that, for £ > p + 1, there is no
an ag-approach time 75, of the pursuer ¢, to the evader on the time interval 7, < ¢ < 7. Indeed, if
there was an aj-approach time 75, with 7, < 7, < 7 for some £ > p + 1, then we would have had
(1) — &y(7)| = ax. However, this is impossible since a;, < a,1 for & > p + 1 and by (3.29)
(1) — &,(T)| > ap+1, a contradiction.

Consequently, each pursuer ¢, has only one approach time 7, in this group attack on the time
interval 7, < ¢ < 7. Therefore, all the pursuers participated in a;-approaches in the group attack
in [, 7] are distinct. Thus, Case B is excluded and there are only finite number of pursuers &,
&y ooy &, With k1 < m in the first group attack. Hence, we deal with only Case A where 7 = 7',;1
and the first group attack ends at 7, .

The following lemma shows that some pursuers who participated in the first group attack no
longer have another an a-approach time after 7, .

Lemma 3.3. Let 7/, < 7, for the pursuer &,. Then,

m(t) = &a(t) > aprr, t =7, (3.30)

Proo f Clearly, the inequality 7, < 7; is satisfied at least for p = k;, that is, for the pursuer &, .
We now estimate the right-hand side of (3.26), for ¢ > 7; . Note that if several group attacks
occur on the time interval [7;, ,t), then, by the description of evader’s strategy (i)—(ii7), the evader
moves with v(t) = 1 between the group attacks and after the last group attack as well.

Fig. 9 illustrates three group attacks on the intervals 71,77, ), [Tk, 41, 77, ) [Thot1s Thy)-
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Vo Vo Vo Vo

o & >0 . O 2O 2

! / /
To 1 T, Tk, Thy+1 Tk, Tho+1 Thy t

Fig. 9. Evader is under a group attack on the intervals [71, 7. ), [Tk, 41, Thy)s [Thot15 Thy)

To estimate the integral f:, e *uy(s) ds in (3.26), we use the representation [7/,¢) = P U Q,
p

P N Q = 0, where the evader undergoes a group attack of some pursuers on P, and the evader
moves with v(t) = V5 on Q. For example, for the interval [7),¢) in Fig. 9, we have

P = [7_1/;7 Tl/cl) U [kal-f—l) 7—122) U [Tk2+17 Tl/cg)v Q= [7—1217 Tk1+1) U [Tl/cga Tk2+1) U [7—12:371:)'
Since, by definition of P, each time t' € P, t' > 7, (recall 7,,; < 7)) belongs to an interval

[7j,7;) for some j > p + 1, therefore,

pc | [mm). (3.31)
k>p+1,
Tkgt

Since vy(t) > 0 for all ¢ > 0, therefore, | P e *v,(s) ds > 0. Using this, we obtain

t
/ e Muy(s)ds = / e M y(s) dSZ/e’\SUQ(S) ds—i—/ oe M ds
p PUQ P Q
t
> a/ e_)‘sds:a/ e_)‘sds:a(/ e ds—/e_AS ds). (3.32)
Q [TI’),t]\P T P

We now estimate the last integral in (3.32). By using (3.31), the inequality (3.8),and 7, < 7 < T
(see (3.19)), we have

1 /
/1;(9)\3 ds < / Y ds < Z / —As ds = __)\(ef)ﬂ'k . €7>\Tk>

kngf-H[Tk’Tk) k>p+1 k>p+1
—A\T

S 63?’“ (6—)\(712—%) _1)§ 3 6_)\ (eff“’; _1) (3.33)

k>p+1 k>p+1

Then, using the inequality e* —1 < 2x for 0 < x < 1, and Proposition 3.1, (3.33) can be estimated
from above as follows:

AT _4)a e
—)\s k
< . = .
/ ds Z c—1—« a—l—ozapJrl

k>p+1

Then, from (3.32), it follows that

t t AT
8oe
e Muy(s)ds > o [ e Mds — ————apy1.
- - c—1—-a

/ /
P P

Hence, using (3.3), we have from (3.26) that

3 t 8 —\T t
)= alt) = Jata [ ¥ S a - [ e
T, —Q T,

3 Sae t
— ot = 1) [ s
5
3 ge A

v

4T e 1=
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- 3 8oe ™ o—-1-a
_a[ p— . a
47" o—-1—a 320e AT 7
3 1 1
= 3% 3% = 5% = Aprts
which is the desired conclusion. The proof of the lemma is complete. U

We now prove Theorem 3.1.

Proof Let7, <7 ,p <k fora pursuer {, in the first group attack of pursuers. Note that
this condition is satisfied at least for p = k;. Combining the inequality in (3.4) with £ = p,
inequality (3.22), and inequality (3.30) we obtain that |n(t) — &,(¢)] > a,y, for all ¢ > 0.
Therefore, the pursuer &, for which 7, < 7; , can never reach the a,,-vicinity of the evader 7.
Hence, £, will not participate in the further group attacks starting from the second one satisfying
the inequality 7y (t) — &pa(t) > apr1 > agy+1, t > 7'1;.

If the time 74,41 occurs, then the evader undergoes the second group attack of some pursuers
on an interval [Tk1+1,7-]22> for some ky > k; + 1. We can use similar arguments to obtain
[n(t) — &(t)] > agyy for all t > 0 and for some ¢ € {ky + 1,..., ky}, for which 77 < 7; . The
pursuer &, will not participate in further group attacks starting from the third one staying “behind”
the evader satisfying the inequality 7y (t) — €p(t) > ag41 > agy41, t > 7,, and so on,

Thus, after the first group attack of pursuers &1, &s, . .., &, we can ignore at least one pursuer,
for example, &, , after the second group attack of pursuers &, 11, &gy 12, - - -, €k, WE can ignore at
least one pursuer from this group of pursuers, for example, &i,, and so on. Since the total number
of pursuers is m, therefore, after at most m group attacks of pursuers all the pursuers remain
“behind” the evader. The proof of Theorem 3.1 is complete. t

§4. Conclusions

We have studied a linear evasion differential game of m pursuers and one evader. The fact
that the control sets of the pursuers are the unit ball and that of the evader is the ball of radius o,
o > 1, indicate that the evader has an advantage in dynamic capability.

We have proposed an evasion strategy for the evader. Unlike the strategy constructed by [37],
the strategy we have developed depends on the parameters of the linear differential equations and
approach times 7;, for which we gave new formulas.

It is important to note that, for the strategy we have constructed, any pursuer who participated
in a group attack cannot have another approach time in the same group attack. Therefore, in the
first group attack, there are at most m approach times while in the second one there are at most
m— 1 approach times and so on. This fact leads us to one of the main results that the total number
of approach times 73, of m pursuers during the game cannot exceed

m+(m—1)+-~-+1:w.
It is also worth noting that in the proof of Theorem 3.1, the inequality 7, < 7 plays the key
role. If 7, > 7, for some pursuer &, then this pursuer can participate in the next group attack.

Next, using the finiteness of the approach times we can estimate the minimum distance be-
tween pursuers &;(t) and evader n(t), t > 0. If we let 75, denote the last approach time, then we
have k;, < m(m + 1)/2 and, therefore,

&) —n@)] >r=ak,+1, >0, i=12,...,m.

This means that the evader can avoid capture from all pursuers moving at a distance no less than
r from its position. Clearly, » depends on the initial states of the players and parameters « and .



G. L. Ibragimov, T. G. Tursunaliev 271

b

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

REFERENCES

Isaacs R. Differential games, New York: John Wiley and Sons, 1965. https://zbmath.org/0125.38001
Pontryagin L. S. Izbrannye trudy (Selected works), Moscow: MAKS Press, 2004.

Friedman A. Differential games, New York: Wiley-Interscience, 1971. https://zbmath.org/0229.90060
Héjek O. Pursuit games: An introduction to the theory and applications of differential games of pursuit
and evasion, Mineola: Dover Publications, 2008. https://zbmath.org/1209.91009

Petrosjan L. A. Differential games of pursuit, Singapore: World Scientific, 1993.
https://doi.org/10.1142/1670

Pshenichnyi B. N., Chikrii A. A. An efficient method of solving differential games with many pursuers,
Soviet Mathematics. Doklady, 1981, vol. 23, pp. 104-109. https://zbmath.org/0517.90105

Azamov A. A., Kuchkarov A. Sh., Holboyev A.G. The pursuit-evasion game on the 1-skeleton graph
of a regular polyhedron. II, Automation and Remote Control, 2019, vol. 80, issue 1, pp. 164-170.
https://doi.org/10.1134/S0005117919010144

Azamov A., Ibragimov G., Mamayusupov K., Ruziboev M. On the stability and null-controllability of
an infinite system of linear differential equations, Journal of Dynamical and Control Systems, 2023,
vol. 29, issue 3, pp. 595-605. https://doi.org/10.1007/s10883-021-09587-6

Chikrii A. Conflict-controlled processes, Dordrecht: Springer, 1997.
https://doi.org/10.1007/978-94-017-1135-7

Ibragimov G., Salleh Y. Simple motion evasion differential game of many pursuers and one evader
with integral constraints on control functions of players, Journal of Applied Mathematics, 2012,
vol. 2012, issue 1, article ID: 748096. https://doi.org/10.1155/2012/748096

Petrov N. N. On the problem of pursuing two coordinated evaders in linear recurrent differential games,
Journal of Optimization Theory and Applications, 2023, vol. 197, no. 3, pp. 1011-1023.
https://doi.org/10.1007/s10957-023-02230-3

Bannikov A.S. On one problem of simple pursuit, Vestnik Udmurtskogo Universiteta. Matematika.
Mekhanika. Komp yuternye Nauki, 2009, issue 3, pp. 3—11 (in Russian).
https://doi.org/10.20537/vm090301

Liu Shih-Yuan, Zhou Zhengyuan, Tomlin C., Hedrick K. Evasion as a team against a faster pursuer,
2013 American Control Conference, Washington: IEEE, 2013, pp. 5368-5373.
https://doi.org/10.1109/acc.2013.6580676

Pan Tuyu, Yuan Yuan. A region-based relay pursuit scheme for a pursuit-evasion game with a single
evader and multiple pursuers, /EEE Transactions on Systems, Man, and Cybernetics: Systems, 2023,
vol. 53, issue 3, pp. 1958-1969. https://doi.org/10.1109/TSMC.2022.3210022

Salimi M., Ferrara M. Differential game of optimal pursuit of one evader by many pursuers, Interna-
tional Journal of Game Theory, 2019, vol. 48, issue 2, pp. 481-490.
https://doi.org/10.1007/s00182-018-0638-6

Jin Shiyuan, Qu Zhihua. Pursuit-evasion games with multi-pursuer vs. one fast evader, 2010 8th World
Congress on Intelligent Control and Automation, IEEE, 2010, pp. 3184-3189.
https://doi.org/10.1109/wcica.2010.5553770

von Moll A., Casbeer D. W., Garcia E., Milutinovi¢ D. Pursuit-evasion of an evader by multiple pur-
suers, 2018 International Conference on Unmanned Aircraft Systems (ICUAS), 1EEE, 2018, pp. 133—
142. https://doi.org/10.1109/icuas.2018.8453470

von Moll A., Casbeer D., Garcia E., Milutinovi¢ D., Pachter M. The multi-pursuer single-evader game,
Journal of Intelligent and Robotic Systems, 2019, vol. 96, issue 2, pp. 193-207.
https://doi.org/10.1007/s10846-018-0963-9

Ye Jianfeng, Wang Qing, Ma Bei, Wu Yongbao, Xue Lei. A pursuit strategy for multi-agent pursuit—
evasion game via multi-agent deep deterministic policy gradient algorithm, 2022 [EEE International
Conference on Unmanned Systems (ICUS), 1IEEE, 2022, pp. 418-423.
https://doi.org/10.1109/icus55513.2022.9986838

Ramana M. V., Kothari M. Pursuit-evasion games of high speed evader, Journal of Intelligent and
Robotic Systems, 2017, vol. 85, issue 2, pp. 293-306. https://doi.org/10.1007/s10846-016-0379-3


https://zbmath.org/0125.38001
https://zbmath.org/0229.90060
https://zbmath.org/1209.91009
https://doi.org/10.1142/1670
https://zbmath.org/0517.90105
https://doi.org/10.1134/S0005117919010144
https://doi.org/10.1007/s10883-021-09587-6
https://doi.org/10.1007/978-94-017-1135-7
https://doi.org/10.1155/2012/748096
https://doi.org/10.1007/s10957-023-02230-3
https://doi.org/10.20537/vm090301
https://doi.org/10.1109/acc.2013.6580676
https://doi.org/10.1109/TSMC.2022.3210022
https://doi.org/10.1007/s00182-018-0638-6
https://doi.org/10.1109/wcica.2010.5553770
https://doi.org/10.1109/icuas.2018.8453470
https://doi.org/10.1007/s10846-018-0963-9
https://doi.org/10.1109/icus55513.2022.9986838
https://doi.org/10.1007/s10846-016-0379-3

272

Evasion differential game

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Fuchs Z.E., Garcia E., Casbeer D. W. Two-pursuer one-evader pursuit evasion differential game,
NAECON 2018 - IEEE National Aerospace and Electronics Conference, IEEE, 2018, pp. 457-464.
https://doi.org/10.1109/naecon.2018.8556827

Le Ménec S. Linear differential game with two pursuers and one evader, Advances in dynamic
games: Theory, applications, and numerical methods for differential and stochastic games, Boston:
Birkhéuser, 2011, pp. 209-226. https://doi.org/10.1007/978-0-8176-8089-3 11

Pashkov A.G., Terekhov S.D. A differential game of approach with two pursuers and one evader,
Journal of Optimization Theory and Applications, 1987, vol. 55, issue 2, pp. 303-311.
https://doi.org/10.1007/bf00939087

Zak V. L. Strategy of evasion from many pursuers, Optimal Control Applications and Methods, 1986,
vol. 7, issue 4, pp. 389-410. https://doi.org/10.1002/0ca.4660070406

Zak V.L. On a problem of evading many pursuers, Journal of Applied Mathematics and Mechanics,
1979, vol. 43, issue 3, pp. 492-501. https://doi.org/10.1016/0021-8928(79)90097-2

Petrov N. N. Multiple capture in a group pursuit problem with fractional derivatives and phase restric-
tions, Mathematics, 2021, vol. 9, issue 11, 1171. https://doi.org/10.3390/math9111171

Blagodatskikh A.I. Problems of group pursuit with equal opportunities in a presence of defenders for
an evader, Izvestiya Instituta Matematiki i Informatiki Udmurtskogo Gosudarstvennogo Universiteta,
2015, issue 2 (46), pp. 13-20 (in Russian). https://www.mathnet.ru/eng/iimi297

Blagodatskikh A. 1., Petrov N. N. Konfliktnoe vzaimodeistvie grupp upravlyaemykh ob”ektov (Conflict
interaction of groups of controlled objects), Izhevsk: Udmurt State University, 2009.
https://www.elibrary.ru/item.asp?id=22947344

Garcia E., Bopardikar S.D. Cooperative containment of a high-speed evader, 2021 American Control
Conference (ACC), IEEE, 2021, pp. 4698-4703. https://doi.org/10.23919/acc50511.2021.9483097
Bopardikar S. D., Suri S. k-Capture in multiagent pursuit evasion, or the lion and the hyenas, Theoret-
ical Computer Science, 2014, vol. 522, pp. 13-23. https://doi.org/10.1016/j.tcs.2013.12.001

Kopparty S., Ravishankar C. V. A framework for pursuit evasion games in R", Information Processing
Letters, 2005, vol. 96, issue 3, pp. 114-122. https://doi.org/10.1016/j.ipl.2005.04.012

Kuchkarov A., Ibragimov G., Ferrara M. Simple motion pursuit and evasion differential games with
many pursuers on manifolds with Euclidean metric, Discrete Dynamics in Nature and Society, 2016,
vol. 2016, issue 1, 1386242. https://doi.org/10.1155/2016/1386242

Kuchkarov A. Sh., Ibragimov G. 1., Khakestari M. On a linear differential game of optimal approach
of many pursuers with one evader, Journal of Dynamical and Control Systems, 2013, vol. 19, issue 1,
pp- 1-15. https://doi.org/10.1007/s10883-013-9161-z

Ibragimov G.I., Kuchkarov A.Sh. Fixed duration pursuit-evasion differential game with integral con-
straints, Journal of Physics: Conference Series, 2013, vol. 435, 012017.
https://doi.org/10.1088/1742-6596/435/1/012017

Ibragimov G.I. A game of optimal pursuit of one object by several, Journal of Applied Mathematics
and Mechanics, 1998, vol. 62, issue 2, pp. 187-192. https://doi.org/10.1016/S0021-8928(98)00024-0
Ibragimov G., Ferrara M., Ruziboev M., Pansera B. A. Linear evasion differential game of one evader
and several pursuers with integral constraints, International Journal of Game Theory, 2021, vol. 50,
issue 3, pp. 729-750. https://doi.org/10.1007/s00182-021-00760-6

Ibragimov G. Evasion differential game of one evader and many slow pursuers, Dynamic Games and
Applications, 2024, vol. 14, issue 3, pp. 665-685. https://doi.org/10.1007/s13235-023-00501-2
Ibragimov G., Tursunaliev T., Luckraz S. Evasion in a linear differential game with many pursuers,
Discrete and Continuous Dynamical Systems - B, 2024, vol. 29, issue 12, pp. 4929-4945.
https://doi.org/10.3934/dcdsb.2024072


https://doi.org/10.1109/naecon.2018.8556827
https://doi.org/10.1007/978-0-8176-8089-3_11
https://doi.org/10.1007/bf00939087
https://doi.org/10.1002/oca.4660070406
https://doi.org/10.1016/0021-8928(79)90097-2
https://doi.org/10.3390/math9111171
https://www.mathnet.ru/eng/iimi297
https://www.elibrary.ru/item.asp?id=22947344
https://doi.org/10.23919/acc50511.2021.9483097
https://doi.org/10.1016/j.tcs.2013.12.001
https://doi.org/10.1016/j.ipl.2005.04.012
https://doi.org/10.1155/2016/1386242
https://doi.org/10.1007/s10883-013-9161-z
https://doi.org/10.1088/1742-6596/435/1/012017
https://doi.org/10.1016/S0021-8928(98)00024-0
https://doi.org/10.1007/s00182-021-00760-6
https://doi.org/10.1007/s13235-023-00501-2
https://doi.org/10.3934/dcdsb.2024072

G. L. Ibragimov, T. G. Tursunaliev 273

Received 13.12.2024
Accepted 20.05.2026

Gafurjan Ismailovich Ibragimov, Doctor of Physics and Mathematics, Professor, Department of Dynamical
Systems and Their Applications, V.I. Romanovsky Institute of Mathematics, Uzbekistan Academy of
Sciences, University street, 9, Tashkent, 100174, Uzbekistan;

Department of Natural Sciences, University of Public Safety of the Republic of Uzbekistan, Chorsu village,
Zangiota district, Tashkent region, 100109, Uzbekistan.

ORCID: https://orcid.org/0000-0002-4282-7482

E-mail: ibragimov.math@gmail.com

Tuychivoy Ganijon ugli Tursunaliev, PhD, Tashkent International University of Financial Management and
Technologies, Amir Temur shoh street, 49, Tashkent, 100047, Uzbekistan.
E-mail: toychivoytursunaliyev@gmail.com

Citation: G.I. Ibragimov, T.G. Tursunaliev. Evasion differential game of a faster evader from multi-
ple pursuers, Vestnik Udmurtskogo Universiteta. Matematika. Mekhanika. Komp yuternye Nauki, 2026,
vol. 36, issue 2, pp. 255-276.


https://orcid.org/0000-0002-4282-7482
mailto:ibragimov.math@gmail.com
mailto:toychivoytursunaliyev@gmail.com

BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKH

MATEMATUKA 2026. T. 36. Bem. 2. C. 255-276.

I' U. Hopazumos, T. I. Typcynanues

JAudpepennmaibHasg urpa ykJoHeHUs! ObICTPOro yberarmiero 0T HeCKOJIbKHX NpecJiefnoBaresei

Knrouesvie cnosa: nmunerinas nuddepeHnaibHas urpa YKIOHCHHs, YIpaBICHHE, CTPATeTus YKIOHCHHUS,
MaHeBp, yOeraromuii, HECKOJILKO TpeciieoBaTeieH.

YIK 517.977

DOI: 10.35634/vm260204

Mp&1 n3ydaeM JTHHEHHYIO MU GepeHINATFHYI0 TPy YOeTaHUsT OMHOTO YOETAIOIIero 1 1m MpecieIoBaTesci,
m > 2, B R". MHoXecTBa ynpaBieHuil nmpecienoBaTenel — eIMHIYHBIE Iapbl, @ MHOXXECTBO yIPaBICHUS
yOeratomiero — map paamyca o, rae o > 1. MBI cunTaeM, 9TO YKJIOHEHHE BO3MOXKHO, €CITH COCTOSHHE
yOeraroiero He COBIMaAaeT ¢ COCTOSHUEM HM OJHOTO U3 mpecienoBarenei ans Beex ¢t > 0. s perieHus
3a/a4il YKJIOHEHUS TpeAaraeTcs CTparerus JUis yOeraromiero, W MOKa3aHo, YTO YKJIOHEHHE BO3MOXKHO
U3 JIOOBIX 3a/JaHHBIX HAaYaJIbHBIX TOJIOKEHUH UTPOKOB. MBI MOKa)KeM, YTO KOrJa yOeraroumid IpuMeHseT
9Ty CTPaTETHIO, MAKCHMAJIbHOE YHCII0O MOMEHTOB CONM)KEHUS TpeciefioBaresell ¢ yOerarnmM orpaHnIeHo
cBepxy BbipaxkeHneM m(m + 1) /2.
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