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O BAHAXOBBIX ITPOCTPAHCTBAX ITPABIJIBHBIX ®YHKIIUI MHOT' X
INEPEMEHHBIX. AHAJIOI' UHTEI'PAJIA PUMAHA

B pabore BBOAMTCS MOHATHE MPAaBUIBHOW (QYHKIMH MHOrMX mepeMeHHblx f: X — R, rme X C R™.
B ocHoBe omnpeneneHns JEXUT NOHATHE CIIEUANBHOTO pa3OneHuss MHOXXKecTBa X M TIOHATHE KojeOaHUs
¢ynkuun f Ha snemeHTax pasOuenus. [lokazaHo, 4TO Besikas (yHKUMS, 3aJjaHHasi U HENpEphIBHAS Ha 3a-
MBIKaHAHU X OTKPBITOTO OTpaHW4YeHHOro MHokecTBa X C R"™, sBisercs mpaBuibHON (NMPHUHAIIIEKUT
npocrpanctBy (G(X), || - ). Jokasana nonrora npocrpanctsa G(X) mo sup-aopme || - ||. OHo sBsieTcs
3aMBIKaHHEM MPOCTPAHCTBA CTyNeH4YaThIX QyHKuuii. Bo Bropoii yacTi paboThl OmpenesaeHo U HCcienoBa-
Ho mipoctpancto G (X)), ormmuaromeecs ot mpoctpanctsa G(X) Tem, UTo B €ro ONMpeieNeHnH BMECTO
pa3OueHni ucmonb3yroTes J-pa30reHus], SIeMEHThl KOTOPBIX — H3MepuMble 1o JKopaaHy OTKpBITBIE MHO-
ecTBa. [lepednciennbie BhIme cBoiicTBa mpocTpancTsa G(X) mepeHocarcs ma mpoctpanctBo G7 (X).
B 3akmtountenbHOH 4acTH pabOTHl ONMpEAeieHO MOHATHE J-MHTErpupyeMocTH (QYHKIMH MHOTHX Iepe-
MeHHBIX. JlokazaHo, uTo ecnu X — 3T0 m3Mepumoe 110 JKopraHy 3aMbIKaHHE OTKPBITOTO OTPaHUYEHHOTO
mHOXecTBa Xg C R", a ¢pynxkusa f: X — R unrerpupyema no Pumany, To ona J-unrerpupyema. [Ipu
TOM 3HAYEHHS HHTETPATOB coBnanaioT. Bee dynxmmn f € G/ (X) aBnsorcs J-MHTErpHpyeMBIMHL.

Kntouesvie cnosa: crynenyaras (GpyHKIWS, TpaBriIbHas QYHKINSA, H3MEPUMOCTH 110 JKopaaHy, HHTETpupye-
MOCTb 110 Pumany.
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BBenenne

HenpepsiBabie ¢pynkuun f: K — R, rme K — 3T0 0Tpe30K, UHTEpBAJ WIN MOJYyUHTEpPBA,
00JIa1at0T JTIOCTAaTOYHO BBICOKOM CTENEHBIO PETYISAPHOCTH (KIOPSAAKa»), 3aKIIOYAIOIIEHCsS B TOM,
4TO OJM30CTh apryMEHTOB BiieueT ONM30CTh 3HaueHWil HempepbiBHOW ¢(yHkIMH. «He ciumikom
pa3pbIBHBIE» NpaBUJIbHBIE (YHKIMHM TOXKE 00Ja/lal0T XOpOIIed peryispHOCTbIO. TepMHUH «mpa-
BUJIbHas (pyHKIMsA» npemioxeH B [1, c. 197] kak nepeBox cioB «regulated function», B Gomnee
paHHeM nepeBoze [2, ¢. 167] ucnonap30BaH TEPMHUH «IIPOCTask PyHKIHS», Mo3/1Hee B paboTax [3,4]
UCTIOJIb30BaH TEPMUH «IpepbIiBUCTas pyHKIMA». OTMETHM ellle, yTo B pabote [5] maercs ompe-
JeneHne MpaBmwiIbHbIX GyHKIMA f: [a,b] — B, neiictByromunx u3 orpeska [a,b| B mpou3BoiIbHOE
OaHaxoBo mpocTpaHcTBO B. B onpenenenuu mpezamnonaraercs, YTo CyIECTBYIOT OJTHOCTOPOHHUE
npenenst f(x—0), x € (a,b], f(z+0), x € [a,b), Takue, uro f(z —0), f(x+0) € B (cm. [3,5]).
[IpoctpancTBO MpaBmibHBIX QyHKIHHA f 0603HaunM depe3 G([a,b]), B). B cayuae B = R numiem
G([a, b]). CornacHo [5, c. 16] cnpaBeannBo

Yreepxnenne 1. [Jus ¢pynxyuu f: [a,b] — R credyrowue ymeepoicoenus sxeueanrenmmuol:

() f € G([a, b]);

(2) ynryus f ecmo pasnomepnwiii (na |a, b)) npeden nocredosamenvrnocmu {hy}, cocmosueti
uz cmynenuamoix gyuxyui hy,: [a, b — R;

(3) ona moboeo € > 0 cywecmgyem pasdouenue a = vy < x1 < ... < T, = b makoe, umo

max  sup |f(z) = fy)| <e.

=L...,m 2,y €(Ti—1,T4)
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DBOJIONMS 33/1a4, B KOTOPBIX MCIIOIB3YIOTCS 0000IIEHUS IPAaBMIIBHBIX (DYHKLUH, POUCXOAUT
B pa3HbIX HampasieHusx. Hampumep, B paborax [6,7] ¢urypupyroT orpaHHYEHHbIE MPaBHIIb-
Hble (YHKIMH, OIpe/leJIeHHble Ha HEOrpaHMYEHHBIX MHTEpBaiax, a B [§] mccienoBaHo MOIHOE
METPUYECKOE HEJTMHEHHOE MPOCTPAHCTBO, COCTOSIIEE U3 MPABUIbHBIX (PYHKUWH, AEHCTBYIOMINX
W3 OTpe3Ka [a, b] B PaCIIMPEHHYIO YHCIOBYIO OCh RR.

[IpaBusbHbIE (QYHKIMM WUTPAIOT BAXHYIO POJIb B MEPEOIPEeICHUN PACUIMPUTEIbHBIX TOJ-

KoBaHMI nMHTerpasa Pumana—-Crunteeca. X0opomo M3BECTHO, 4TO MHTerpas Pumana-Crunteeca
b

(RS)/ fdg cymectByer B aByx ciy4asx: xorma (f,g) € C([a,b]) x BV([a,b]), wim xorma
(f,9) € G([a,b]) x CBV([a,b]). Yepes C([a,b]), BV([a,b]), CBV([a,b]) oGosmasemnsr mpo-

CTpPAHCTBA HEMPEPHIBHBIX (DYHKUNH, PyHKIMIA OrpaHUYEHHON BapUally, HETPEPhIBHBIX (DYHKINH
OrpaHUYEHHOM BapWallik COOTBETCTBEHHO. BO MHOTHX TpPaKTHYECKHX M TEOPETHYECKUX 3aja-
Y4aX BO3HHKACT MOTPEOHOCTh MHTErpupoBanus mpaBmwibHol (yHkuun [ € G([a,b]) no dyHKIHN
g € BV([a,b]) C G([a,b]) (byHkImu, oqHAKO, MOTYT HMETh OOIIHE TOYKH pa3pbiBa; B 3TOM CITy-
Jae MHTErpan 3aBefoMo He cymiectByer). B pabore [3] mis maper (f, g) € G([a,b]) x BV([a, b])
B TEPMUHAX MpABHIEHEIX ¢yHKumit epeonpeneneHo noHsTue nHTerpana Ilepporna—Cruntbeca

(PS) / f dg. B [9] B 3TuX xe TepMHUHAX IepeonpeeneHbl MoHATU uHTerpanoB KOura—Ctunrsb-

eca, ymuuka—-Crunrtbeca, Kypuseitna—Crunteeca. [TomyueHsl cooTHOIIEHUS MEX/ly UHTErpasia-
MHU.

B craresax [10-13] B tepmunax unrerpana Kypuseina—Crunteeca NpuUBEAECHbI JOKa3aTelb-
CTBa psAJla U3BECTHBIX YTBEpKJIeHUI. B HUX MoOIy4yeHbl HOBBIE PE3YNBTAaThl O peleHusX audde-
PEHIMANBHBIX YpaBHEHUH, aCCOIMMPOBAHHBIX C UHTETPAIbHBIMU YPABHEHUSMH, MTOPOXKIEHHBIMU
omneparopaMu BOJIBTEPPOBOTO THIA, 3aaHHBIMU Yepe3 uHTerpan Kypuseins—Crunteeca. Pan pa-
OOT MOCBSILEH MCCIIEOBAaHUIO YPAaBHEHUH, MOPOXKIECHHBIX OleparopaMu (pearoJbMOBOrO THIIA,
3ajaHHbIX yepe3 unterpan Kypuseitna—Crunrteeca, Harpumep, B [14] durypupyer kBagparudHoe
UHTErpajibHOE ypaBHeHue ['ammepiurenisa.

Omeparop Hewmsitkoro (omeparop cymepmosutmu F': x(-) —  f(-,z(+))), mOpoXICHHBI
(GUKCHpOBaHHON (QyHKIMEW f, ONpeneieHHbI B MPOCTPAHCTBE MPABHIBHBIX (DYHKIWH, H3yda-
ercs B paborax [15,16]. JlokazaHO CyIIeCTBOBaHHE DELICHUI HENIWHEHHBIX (DyHKIIMOHAIBHO-
MHTETPAJIbHBIX YPABHEHUI YaCTHOTIO BHJA.

B crarpe [17] uccienoBansl BONPOCH CYyIIECTBOBAHUS U BHIOOpA MPaBUIIbHBIX (PYHKIUN B Ka-
YeCTBE pelIeHu Ui 10CTaTouHo ol1iero tuna auddepeHnanbHbIX BKIIOYEHUH.

B [18, 19] npaBunbHble (pyHKIMH MHOTHUX HEPEMEHHBIX OMNPENETICHbl KaK (YHKIUH, UMEIO-
Ke B KOXJIOW TOYKe OOJIACTH OMpEIeNICHUs MpeneNbl M0 BCEM HAlpaBICHUSM, MMOPOKICHHBIM
TOYKaMHU €MHUYHON cepbl. ABTOpHI HacTosIIeld paboThl MpeaIaraloT WHOE ONpeAeeHHe: Mo-
HATHE TIpaBWIIbHOW (YHKIMH MHOTHX mepemeHHbIX f: X — R, rme X C R", BBomutcs Ha 06a3e
TPETHETO IMyHKTa yTBepKAeHus 1. B ocHOBe omnpeneneHus JIeXKHUT MOHATHE CIEUAIbHOTO pa3ou-
€HMsA MHOXKECTBa X M MOHATHE KojeOaHus GyHKUMU [ Ha 31eMeHTax pa3ouenus. [lokazaHo, 4To
BCsIKasi (DYHKIHMS, 3aJJaHHAsi U HETpepbIBHAS Ha 3aMbIKaHUU X OTKPHITOTO OTPaHWYEHHOTO MHO-
xectBa Xy C R", sBisiercst npaBuinbHO# (mpuHaaiexut npoctpanctBy (G(X), || - ||)). Hokazana
nonuaota mpoctpanctBa G(X) mo sup-Hopme || - ||. OHO siBIsieTCs 3aMbIKaHHEM MPOCTPAHCTBA
CTYIEHYaThIX (QyHKIUI.

Bo BTOpOii yacTH paGoTHI onpeeieHo U uccienoano npoctpanctBo G/ (X)), ornmuarome-
ecs ot npoctpanctBa G(X) TeM, 94TO B €ro OMPEACICHHH BMECTO Pa30MEHHI HCIONB3YIOTCS
J-pa3buenus, 3eMeHTbl KOTOPBIX — u3MepuMsble 1o JKopaaHy OTKpbITbie MHOXecTBa. [lepeunc-
JIeHHBIE BhIE cBolcTBa npocTpanctia G(X) mepenocsarcs na mpoctpanctso G7(X).

B 3akmounTenbHON YyacTH pabOTHI OMPEAETCHO MOHATHE J-HHTErPUPYEeMOCTH (QYHKIIMA MHO-
rux nepemMeHHsIxX. /lokazaHo, yto ecan X — 310 u3Mepumoe 1o JKopaaHy 3aMbIKaHHE OTKPBITOTO
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orpannueHHoro MHoxxectBa Xg C R”, a pynkmusa f: X — R unterpupyema no Pumany, To oHa
J-unrerpupyema. ITpu 5TOM 3HaYeHHs MHTErpanoB coBmaaaiot. Bee ¢pynkiuu f € G/ (X) apus-
I0TCS .J-HHTETPUPYEMBIMH.

§ 1. OcHoBHBIE OnpeeIeHUsI H IPUMeEPbI

Yepe3z O(R™) 0603HaYUM COBOKYITHOCTh BCEX HEMYCTBIX OTKPBITHIX MHOXECTB, OIpEICIICH-
HBIX B mpocTpancTBe R™. 3ambikanue MHO)kecTB X C R™ Oymem o6o3Hauath uepes X.

Onpenenenne 1. [Tycts X, € O(R"), a MOxectBo X Takoso, uto Xy C X C X,. Cucrema

{X1,..., X,,} maoxectB u3 O(R") naszeiBaercs O-pazbuenuem MHOXKecTBa X, ecin
(1) X;NX; =@ nnaBeex 4, = 1,...,m TaKux, 4T0 @ # j;
m
) UX:=X.
i=1
3ameuanne 1. O-pazouenus {Xq,..., X} u {Y7,...,Y,} MHOKecTBa X HOPOKAAIOT MHOXe-
ctBa Z;; = X;NY;,i=1,...,m,j=1,...,r. Yepe3 S 0003HaUNM COBOKYITHOCTb BCEX Map (i, j)

TaKMX, 4T0 Z;; 7 . Jlerko yOenuThes, uto cucteMa {Z;;}(; jjes Takxke spnserca O-pasonueHneMm
MHOXKecTBa X .

Onpenenenne 2. [Tycts X, € O(R"), a MHOkecTBO X TakoBo, uTo Xg C X C X. OrpaHuyen-
Hasg ¢yHkus h: X — R HazpBaeTcs xycouno-nocmosauHou (cmynenuamott), €CIu CyIIECTBYET
O-paszouenne {X1,...,X,,} MHOKecTBa X Takoe, 4TO MpH BceX i = 1,...,m CyXeHHe (QyHK-
UK h Ha MHOXecTBO X; siBiseTcs (PyHKUMEH-KOHCTaHTOM Ha X;.

Mpumep 1. Iycts X = R?, X = {(u,v) € X: v <0}, Xo = {(u,v) € X: v > 0}, a pynkuus
h: X — R TakoBa, uto h(u,v) = 0 ams Beex (u,v) € Xy, h(u,v) = 1 s Beex (u,v) € Xy
u, Hakonetl, h(u,0) = p(u) aast Becex u € R (toe ¢: R — R — 310 Kakas-HUOyIb OrpaHruICHHAS
¢yukuust). Muaoxectsa { X, Xy} cocraBustor O-pazbueHne MHOKecTBa X TaKOe, UTO CYKEHHUS
hi: X1 = Ru hy: Xog = R pynkuuu h gBistorcs pyHKuusMU-KoHcTaHTamMu. ClieZJ0BaTeNbHO,
h — ctynendaras ¢yHKIMs (He3aBUCUMO OT BbIOOpa GYHKIMH ). DyHKIUS / UMEET «JTF00OTIBIT-
HBII» BHI B Clydae, korja ¢ — 310 ¢yHkuus Jupuxie, To ectb ¢(u) = 1 mpu panrHoHATIbHOM
u € Ru p(u) =0 — npu uppannoHaaIbLHOM.

Onpenenenne 3. [Tycts Xy € O(R™), a MHO)ecTBO X TakoBo, uto Xo C X C X,. Orpanu-
yenHast QyHkius f: X — R HaspBaercs npasunvrou, ecnu s moboro € > (0 cymiecTByer
O-pazouenne { X1, ..., X,,} MmHOXecTBa X Takoe, 4TO

max w(f; X) < 2,

P

=1,...m

e w(f; X;) = sup |f(x) — f(y)| — 910 KOREOAHUE DyHKUMM f HA MHOXKecTBE X;.

z,yeX;
3ameuanue 2. ITycts X, Yy € O(R™), a MmHO)ecTBa X, Y TakoBbl, uto Xg C X C Xou Yy C
CY CYy, npuuem X NY = &. Oynkuus f: XUY — R gBugercs npaBUiIbHON TOTAA U TOIBKO
Torna, korna ee cyxxenust fx: X — Ru fy: Y — R — npaBunbHbie QyHKIHH.

3ameuanue 3. B coorBercTBHM C 3ameuaHueM | cymma f + g W mpousBeneHue fg IBYX Ipa-
BWIBbHBIX (yHKIUH f,g: X — R Taxke sABIAIOTCS NpaBUIbHBIMU. (AHAJOTMYHOE yTBEP)KICHUE
CHpaBeNIMBO M JUIs cTyneH4yarbix (yHkuuii.) [IpoctpanctBo (anreOpy) npaBUIIbHBIX (DYyHKIUI
f: X — R 6ynem ob6o3nadars uepe3 G(X). B Hem onpeznenena Hopma

1fII = sup [f ()] ()
zeX
Iycrs f € G(X) u fr € G(X), k=1,2,.... CxomumocTs f; — f 1mo HopMme || - || sKkBUBaNeHTHA

paBHOMepHO# (Ha X)) cxomumocTH fr =% f, k — oo.
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[Tpumepom npaBUIbHOM (DYHKIIMU MOXKET CIYXKHUTb JIt00asi HenpepbIBHAsA (YHKLUS, 3aaHHAs
Ha KOMIIAKTHOM MHOXECTBE, KOTOPOE SBIISETCA 3aMBIKAHUEM OTKPBITOTO OTPAaHUYEHHOIO MHOMKE-
CTBa.

YrBepxaenue 2. [lycmo ocpanuuennvie muodxcecmsea Xo u X maxosvl, umo X, € O(R"),
a X = Xy. Bcakas nenpepwienas ¢ynkyus f: X — R asnsemca npasunvhoil.

JJokxaszaTenbcTBO. YTBepKICHHE 00 OrpaHMYCHHOCTH (PyHKIHMH [ XOpOIIO HM3BECTHO.
3adukcupyem € > (. Tak kak [ — HempepbIBHas QYHKIUS, TO AJs J1I000oro x € X CyIIecTBY-
er 0 = 0(e,x) > 0 Takoe, uro |f(y) — f(x)| < /2 mna Beex y € Bs(x) N X (tne Bs(z) —
9TO OTKPBITHIA mIap paamyca § ¢ IEHTPOM B Touke x). Kak ciencTBue, CrpaBeinBa OLCHKA
w(f; Bs(x) N X) < e. CoBOKYMHOCTb {Bj(z 2)()}zex ABIACTCS MOKPHITHEM KOMIIAKTHOTO MHO-
’ecTBa X, CIIeJOBATENBHO, CYIIECTBYET KOHEUHOE MOANOKphITUE { Bs, () }ic; 3TOr0 MHOXECTBA,
npuaeM w(f; By, (z;) N X) < e s Beex ¢ € [ = {1,...,m}. YMECTHO TakKe OTMETHTb CIIEIy-
Iolee BXKHOE 0OCTOSATENBCTBO: Juis Jitoboro x € X cymiecTByer ¢ € [ Takoe, uto = € By, (x;).

Jlns moboro ¢ € [ obosznaunMm Y; = By, (z;) Nint X (rze int X — 3To0 COBOKYMHOCTH Bcex
BHYTpeHHHX Touek kommakta X ). OueBnaHo, V; C int X, V; € O(R") u w(f;Y;) < . Kpome
TOTO, JJIs JIF0OoTro = € int X cymecTByer ¢ € [ Takoe, 4T0 = € Y.

Yepes 2! 0603HauMM COBOKYMHOCTh BCeX MOAMHOXKeCTB o C I, U mycThb

Xo=(NY)\( U Y), aec2l

i€a i€\

Yepes A 0003HaYMM COBOKYNMHOCTH Beex Tex « € 2!, s xotopeix X, # &. ITockombKy
w(f;Y;) <enmngeeex i € I, Tow(f; X,) < e nns Beex a € A. U3 onpeneneHuss MHOXECTB X,
cnenyet, uto ecnmi « € Aux € X,, Tox € Y; pmsiBeex ¢t € aux € Y; mis Beex i € I\a.

[ToxaxkeM, uto eciu «, 3 € A TakoBbl, 4to o # [, 10 X, N X3 = &. JlomycTiM IpOTHBHOE,
unycte v € X, N Xpg # . Tak xak o # [3, To HalijeTcd MHAEKC ¢ € [, MpUHAIISKAIIUI
OZIHOMY M3 MOZIMHOXECTB U He MPHHAIeXKaIUi Apyromy. bes orpaHuueHust 0OIHOCTH CUMTAEM,
uto i € a ui ¢ [ (to ectb i € I\[3). C omHo#t cToponsl, © € X, U i € a, HOdTOMY T € Y},
a ¢ apyroii croponsl, © € Xg ui € I\, nostomy x ¢ Y;. [IpoTuBopeune.

Tax xax X, NXp = @ npu a # 3, o int X, Nint X3 = &. Taxxke nerko yoeauTsCs, 4TO IpH
a € A HepaBeHcTBo X, # & Bredert int X, # &, a u3 HepaBeHctBa w(f; X,) < & crmenyer, 4To
w(f;int X,) < e. ITokaxem, uto cuctema {int X, },c4 aBmstercs O-pasouennem X .

Jlns Beex ¢ € I o6o3naunm Y, = (int X)\Y; (Hanomumm, uto Y; C int X). Jlns Bcex k € [
onpenenum MHoxectBa [, = {1,..., k} u

XE=(NY)N( N YY), ae2h @)

1€ ie]k\oz

[onsTHO, uTO [,,, = I, a B cuity oO11el TEOPHUH MHOXKECTB CIpPaBEeUITMBO paBeHCTBO X' = X,,.

[ycrs, nanee, 7, = |J X 2, k € I. Napgykuueit mo k mokaxxem paBeHCTBO /j = int X.
Oégfk

Ipu k = 1 cpasemuso I; = {1} u Z; = CLgl}Xé =X UX[, =Y/UY =int X,

Badukcupyem k > 2. CripaBeayiuBO paBech;o Zy = Z;, U Z]!, tne

Zi= U Xi r= U Xe= U Xxi= U X

aCly: k€a aCly: kea aCly: k&Ip\a BCI: k&Zp
B mocrieqiHeM paBeHCTBE 3aMEHWIH TiepeMenHyto « Ha (3 = i\ «. CiemoBarensHo,

Zrv= U [XQUXZ\Q] = U [XQUXZ\Q}. (3)
aCly: k€a aCli_q
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B cuny (2) nns mo6sx o C [, 1 cripaBesIuBBI paBEHCTBA

=(NY)N(C N Y)nyi=Xnyy

i€ iel,_1\a
XrL=(NYNNY)=xn( N Y)N(NY)=YnXi",,
1€lp\o i€ 1€l_1\ i€

a B cuity (3) UMeeT MeCTO IeMoYKa PaBeHCTB
Zo=[ U (X ny)jul U (MnxgZlo)] =
aCl,_1 aCly 1

=[vyn U xFuvin U X5 =[YiNZa] U [YeN Zea] =

aCl_y BCIx_1

= YUY NZi =it X N Zpy = Z1.

Takum obpazom, 7, = int X mnsa Bcex k € I. B wactHocrtu, Z,, = int X, moatomy

X -miX-Z,- UXr-UX.- UX.— U X
aClp, aCrl acA acA

CrenoBarenso, cucrtema {int X, },cq sBusercs (O-pazbueHueM MHOKecTBa X TaKHM, YTO
w(f;int X,) < e nms Beex o € A, mostomy f € G(X). O

CYH_[CCTBYIOT HCIIPCPBIBHLIC ITPABUJILHLBIC (bYHKI_[I/II/I, OMMPCACIICHHBIC HC TOJIbKO Ha KOMIIAKT-
HBIX MHOX>KCCTBAX, HO U Ha OTKPBITLIX (ﬂaxce HEOr paHHqCHHLIX) MHOXKCCTBax.

Ipumep 2. ITycte X = {(u,v) € RZ' u+v > 1}, a dynxmus f: X — R takosa, uro f(u,v) =

= ——. Ilycts a = inf f(u,v) u b = sup f(u,v) npu (u,v) € X. OueBuano, a = 0 u b = 1
3adukcupyem £ > 0, ¥ MyCcTh HaTypadbHOE YHCIO 1M TaKoBO, 4To me > 1. O003HaUMM h =

= 1/m < e. Onpenenum uucina ¢; = ih, i = 0,1, ..., m, 1 MHOXXeCTBa

Xi ={(u,v) € X: f(u,v) € (¢i-1,¢)}, ie€l={1,...,m}.

Jlerko ybeanTbest, 4To X — 9TO MONYIUIOCKOCTh {(u,v): u + v > m}, a ISl BCEX OCTaIbHBIX
i = 2,...,m MHOXecTBO X; — 3TO HeorpaHWueHHas momoca {(u,v): % < u + v < %5}
OquH;[Ho, cucrema {X1,..., X,,} sBuasercs O-pazoucanem muoxecrBa X. Jlmst Bcex i € [
u (u,v) € X; cipaBemmuso ¢;_; < f(u,v) < ¢;, no3tomy konebanue QyHkuuu [ Ha JTH060M

MHOXeCTBe X; He MPEBOCXOINT Pa3sHOCTH ¢; — ¢;_1 = h < &, cnefoBarensho, f € G(X).

Hwxe nmpuBeneHs! Ba npuMepa pa3pbIBHBIX MPAaBUIBHBIX (DYHKUWH, MEepBas U3 HUX OMpere-
JIeHa Ha OTPaHUYECHHOM MHOXECTBE, a BTOpas — Ha HEOTPAaHUYCHHOM.

Mpumep 3. [ycte X = {(u,v) € R*: v +v? < 1}, a pynkumsa f: X — R Takosa, uto
f(0,0)=0u f(u,v) = (u® + v*){ =1z} mpu (u,v) # (0,0) (Bepaxenne {0} oGosHaua-
et apobHyro dacth uncna o € R). Babukcupyem k = 1,2,.... JIna Bcex (u,v) € X Takux,
yro u? +v? € (k%rl,%], crpaseInBo k < ug—}rvg < k + 1, nostomy {ug}wQ} = UQ}FUQ — k.
CrentoBarenbo, i Beex map (u,v) w3 komeua Ry, = {(u,v) € X: 747 < v* +0® < 1}
umeeT Mecto paBeHcTBO f(u,v) = 1 — k(u? + v?). Takum o6pa3oM, GpyHKIHS [ HENpepbIBHA
B Ka&XI0M Konblle ;. OHa pasphiBHA BO BCEX TOMKAX CEMEMCTBA KOHIEHTPUYECKHX OKPYIKHO-
creii Iy = {(u,v) € X: u? +0” = 25}, k= 1,2,.... B touke (0,0) dyHKums HenpeprisHa.

[Mokaxem, uto f € G(X). Bapurcupyem ¢ > 0, U IyCTh HATYPAIBHOE YUCIIO 1M TAKOBO, YTO
(m + 1)e > 1. Umeer mecto paBenctBo X = Ry U...UR,, UC, rae

Ci{(u,v)eX:u2+v2<m—+1}.
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Just mo6eix (u,v) € C\{(0,0)} cnpasemmBo 0 < u? 4+ v < —io <en0< { =5} <1,
cnenoBarenbho, 0 < f(u,v) < &, mostomy w(f;C) < e. 3apukcupyem k = 1,...,m. Cyxe-
mue fi: R, — R dynxmum f: X — R ects ¢yHkuus HempepsiBHas. Ecim Rj, — 3aMbIKaHHe
MHOXKecTBa Ry, To R, = Rj, U T, — KOMIIAKT, Ha KOTOPOM OTIpefieieHa HelpephIBHAs (yHKIHS
gr: Ry — R rakas, uto g (u,v) = 1—k (u?>+0?), (u,v) € Ry. OueBuano, GyHKUUH gj, U fi COB-
MagalT Ha MHOXKECTBe Ry. B cuiny yrBepkaenus 2 cymectsyer O-pazoucnue {X fk), e ,Xﬁ,’f)}
MHOJKECTBAa R, Takoe, 4To w(gk;Xi(k)) < ¢ (mpum Bcex ¢ = 1,...,r,). DTa e COBOKYIHOCTH
sisiercst (O-pa3bueHneM MHOXeCTBa Ry, mpuyeM w( fi; Xi(k)) < ¢. Takum oOpasom, KosebaHue
byHKIMK f HA KaXKIOM U3 MHOKECTB
o, xW o xW xP L x® X x(m

) “dp ro ) )
He mpeBocxXoauT . Tak Kak 3ta cOBOKymHOCTH siBisiercst O-pazouenuem X, 1o f € G(X).

Mpumep 4. [ycts X = {(u,v) € R?:u > 1,v > 0, uv < 1}, a pynxmms f: X — R ume-
er Bun f(u,v) = ﬁ (BeIpakeHHe [0] 0003Ha4YaeT Ienyr 4acTh uncna o € R). 3adukcupy-
eM k=1,2,.... Ipu u € (k,k + 1) nmeem [u] = k, cnenosarensHo, f(u,v) = ; A Beex
(u,v) € Xy, e X, = {(u,v) € X: k <u < k+ 1}. OueBnzno, w(f; X;) = 0.

[Mokaxewm, uro f € G(X). 3adukcupyem € > 0, U MycTh HATYPAITBHOE YUCIIO 11 TAKOBO, YTO
(m+1)e > 1. Oyere M = {(u,v) € X: m+1 < u}. na Beex (u,v) € M cnpaBeminBo
[u >2m+1u0< f(u,v) = ﬁ < 15 <&, movromy w(f; M) <e.

Taxk kak cucrema { X, ..., X,,, M} sBusercs O-pa3buenuem muoxectsa X, 1o f € G(X).

BamernM, 9TO QYHKIHS f «IOXOXa» Ha CTYNEHYATYI0, OJHAKO TAKOBOM HE SBIISIETCS.

§ 2. TomoJsioruyeckue CBOMCTBA MPOCTPAHCTBA NPABWIBHBIX (PyHKIMH

OueBHIHO, BCAKAsl KyCOYHO-TIOCTOSIHHAsA (PyHKIUS sIBiIsieTcs nmpaBuibHOM. bonee Toro, crpa-
BEJINBA CIICAYIOIIAs

Teopema 1. Ilycmv X, € O(R"™), a muoxcecméo X makoso, umo Xg C X C X,. Dyuxyus
f: X — R ssmaemcs npasunvhoi moz2oa u moavko moeda, Ko20a OHA AGNSAemcs PasHoOMep-

HBLM npedeom HeKomopot nociedosamensviocmu {hy}, cocmosweii us cmynenvamoix Qynxyuii

JokaszaTeabcTso. Heobxomumocts. Ilycts f € G(X). [ns moboro € > 0 Haiinercs
O-pasbuenne { X, ..., X,,} mHOXecTBa X Takoe, 4TO

max - sup [f(z) - f(y)| <e. (4)

=L...,m z,y€ X;

s xaxaoro ¢ € I = {1,...,m} 3abukcupyem Kakywo-HHOyIb TOUKY x; € X; U COCTABUM
¢yukumio h: X — R Takyro, uTo

(1) h(z) = f(x;) s Beex x € X; (npu Kaxaom i € I);

(2) h(x) = f(x) s seex x € X\ J X;.

i€l
Ouesuano, h(t) — crymenvaras ¢pyukims. [pu x € X\ |J X; umeem |h(x) — f(z)] = 0,
iel
a B cmwty (4) wit Beex @ € [ ux € X; cnpasemmuBo |h(z) — f(z)| = |f(x;) — f(x)] < e,
nostomy ||h — f|| < e. IlpunaBas napamerpy € 3HadeHus ¢, = 3+, k = 1,2,..., momyunm

HOCIIeIOBATeIbHOCTD { hy } cTynenuarsix GpyHkiwmid hy: X — R takyto, uto ||hy — f|| < ex — 0.
Jocrarounoctb. Ilycts mociemoBarenbHOCTh {hy} crynendarsix ¢yHkumit hy: X — R
u ¢ynkuus f: X — R takoBwl, uto hy = f, k — oo. 3apukcupyem ¢ > (. Haiigercs
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k takoe, uto |hi(x) — f(x)| < £ omHOBpemeHHO /i Bcex x € X, MOITOMY U3 OTPaHUYCH-
HOocTU (pyHKIMU hj ciemyeT orpaHuueHHOCTh ¢yHkuuu f. ns mannoro k Haipercs O-pas-
ouenne {Y},...,Y,} muHoxectBa X Takoe, 4to hj(x) = const Ha KaXIOM H3 MHOXECTB Y,
jedJ=A{1,....,r}h
Jsi Beex j € J ux,y € Y; cupasennuso | f(z) — f(y)| < o1 + 02 + 03, 1€
)

o =|f(x) = ()] <&, o2 = |hy(z) = hi(y)| = o3 = [h(y) — f(y)| <e,
cienoBarenbHo, | f(x) — f(y)| < 2¢, noatomy f € G(X). O

CaencrBue 1. ITyems Xy € O(R™), a mnoscecmeo X maroso, umo Xo C X C X . Ecau cywe-
cmeyem pasHomephulil npedel nociedogamenvhocmu { fi.}, cocmosueti uz npasunoHvix yHKyuil
fr: X — R, mo on aenrsemca npasunvroii ¢hynkyuei.

HokaszaTtenbcTtso. [lonaraem, uro ¢ynkuus f: X — R u nocienosarensHocTs { fr}
npaBWIbHBIX QyHKIMA f: X — R TakoBel uto f) = f, k — 00. adukcupyem £ > 0. Haiiner-
e N takoe, uto | fi(z) — f(z)| < e msa Beex k > N u x € X. 3apukcupyem k > N. Tak Kak
fr € G(X), To B cuny Teopemsl | cymiectByer crymnenuaras ¢yskuus hy: X — R rtakas, 4to
|hi(x) — fr(z)| < € nmpu Becex x € X. CnenoBarensHo, |hy(z) — f(z)| < 2¢ npu Bcex z € X.
Takum 00pa3oM, MOCIEIOBATEIBHOCTD { /1 } cTyneHuarsix QyHKIMIA paBHOMEPHO HA X CXOIUTCS
K ¢yukuun f. B cuny Teopemsl | cripaBemuBo BrimoueHne f € G(X). O

Teopema 2. ITycmb Xy € O(R"), a muoxcecmso X maxoso, umo Xo C X C X . IIpocmpancmeo
(G(X), || - ||) #sraemcsa noanvim no nopme (1).

JlokazaTenbcTBO. 3apuKcupyeM Kakylo-HHOyIb (GyHAaMEHTAIbHYIO MOCIEI0BATEb-
Hocth {fi}, fr € G(X). Jna moboro ¢ > 0 Haiigercs Homep N Takoif, 4To s BceX k H T,
Oonpumx N, BbIIOIHSETCS HepaBeHCTBO || fr, — f,|| < e. CnemoBarensno, st groboro z € X
CTIPaBE/TUBO

| fr(@) = fr(2)] < Sup |fe(y) = £ = lfx = il <& (5)

Takum o6pasoM, B kaxa0# Touke x € X mocnenoBarenbHocTh { fr(z)} dyHnmamenransHa B R,
II09TOMY OHA CXOIHTCS H, CJIEI0BATEeNIbHO, onpeneneHa Gynkmus f: X — R rtakas, uro

(@) = lim fi(z). (6)

B 3akmiounTeNnbHON YacTH JT0Ka3aTenbCcTBa MOKaXKEeM CHavala, uTo f — mpaBuiibHas QyHKIHS,
a 3aTeM yCTaHOBHM, YTO MOCIEIO0BATENbHOCTD { f;} cxomutcs k f paBHOMepHO Ha X . 3adukcu-
pyem € > 0. B cuny (5) cymectByer N Ttaxoe, 4to | fi(z) — f(x)| < ¢/3 mnaBeex k > N, r > N
u r € X. Badpukcupyem 3tor HOMep N U Kakoil-uuOyns unHaekc r > N. Tak kak f. € G(X),
to cymectByer O-pasbuenne { X, ..., X,,} MHOKecTBa X Takoe, 4TO

sup |fr(z) — fr(y)] <&/3 ()

npu mobom i € [ = {1,...,m}. Dt Bcex i € [ u k > N mMeeT MeCTo HEPaBEHCTBO

sup |fi(@) = f)l < sup |filw) = frl@)] + sup [fo(z) = )l + 5w |f:(y) = fe()],

T, yeX; z,yeX;

a B cuny (7) muist Bcex k > N (B TOM umcie U UIsl k = r) CIpaBeAIuBO

max w(f; Xi) = max sup [fi(x) — fi(y)| <e.
i€l el z,yEX;
Takum o6pazom, st Jgr06oro € > 0 cymectByor Homep N u O-pasouenue { Xy, ..., X,,} MHO-
kecTBa X Takue, 4To JJst Bcex k& > N crpaBeiuBa OICHKA _max w(fe; Xi) < e.
i

=1,...,
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JU1s cxonsiieiicss YMCIIOBOM IMOCIEI0BAaTEIbHOCTHU {zk}, zr € R, cripaBeayiuBa UMIUIMKALUS
(21 = 2 = |2| = |2]), moaromy lim |z | = |lim 2;,|. CiienoBarensHo, B COOTBETCTBHHU C (6) st
Bcex 1 € [ m x,y € X, cupaBensuBbl paBEHCTBA

@) = F@)] = [tim(file) — fil))| = lim | file) = fuly)| = Tim [ fie) = o).

|
N<k—
Tak xak |fy(z) — fr(y)| < e mpu Bcex k > N, 10 |f(2) — f(y)| < €, mo3TOMY

max w(f; X)) = max sup |f(x) — f(y)| <e

i=1,...,m i=1,....,m z,yEX;

u, cienosarensho, [ € G(X).

Badukcupyem ¢ > 0. B cuny (5) cymectByer N Takoe, uto |fix(x) — f.(x)| < e mis Bcex
k> N,r > Nuax € X. YeTpeMUM B MOCJIEJHEM HEPABEHCTBE MHJAEKC © B OECKOHEYHOCTH
(npu dukcupoBanHbiX 3HadeHusx k > N u x € X), torna |fx(z) — f(x)| < €. Takum o6pazom,
|fe(x) — f(z)| < e mmaBeex k> N ux € X, nosromy || fr, — f|| < e nmst Beex k> N. O

§ 3. IIpocTpancTBO J-IPpaBUIbHBIX (PYHKIUIH

Yepes J(R™) ob6o3naunm moacemeiicteo B O(R"™), cocrosimiee u3 uzmepumbix 1o YKopaany
(10 YKOpAAaHOBOM Mepe [1) MHOXKeCTB. Mepy MHOkecTBa X 06o3Hauaem udepe3 X wm i X).

3ameuanue 4. 1. Bce maoxectBa X € J(R™) otkpsiThl, orpanuuetsl u (00X ) = 0 (cM., HanpH-
mep, [20, c. 293]), a mu3broHKTHOE 00BeauHeHne X = X UOX mopoxmaer paBeHCTBO X = 11X .
(YMECTHO OTMETHUTh, 4TO MHOKecTBa OX U X M3MEPUMbI U OTPaHUYEHBL.)

2. Iyers X, € J(R"), a MuHOkecTBO X TakoBo, uto Xg C X C X,. Tak kak X\ X, C 90X,
u 1(0Xg) = 0, To (X \X) = 0, cnenoparensho, X = puXy (= pXo).

B HacTosimem naparpade ompeneneno npoctpanctBo G (X)), ommyaromeecs or nmpocTpaH-
crBa G(X) Tewm, uto B ero onpeneneHuu BMecto (O-pazbuenuii Gurypupyror J-pa3ouenus, sie-
MEHTBI KOTOPBIX — U3MepHuMbIe 10 JKOpiaHy OTKPBIThIE MHOXKECTBA.

Onpenenenne 4. [Tycts Xy € J(R"), a MmHoxkecTBO X TakoBo, uto Xg C X C X,. Cucrema

{X1,..., X,,} maoxectB u3 J (R") naswiBaercs J-pazouenuem MHOXKeCTBa X, €Clii
() X;NX; =2 anaBeex 4,] = 1,...,m Takux, 4T0 @ # 7;
m —_ —_
@) UX: =X.
i=1
3ameuanue 5. J-pazouenus {Xi,..., X, } u {Y7,...,Y,.} MHOKecTBa X MOPOXKIAIOT MHOXKE-
crBa Z;; = X;NYj;,i=1,...,m,j=1,...,r. Uepe3 S 0003Ha4NM COBOKYIHOCTb BceX map (7, j)

TAaKuX, 4T0 Z;; # J. Jlerko ybeauThbes, 4To cucreMa {Zij}(m)eg Takke sBIsieTcs J-pa3oneHueM
MHOXKecTBa X .

Omnpenenenne 5. [Tycte Xy € J(R"), a muoxectBo X TakoBo, uto Xy C X C X,. Orpa-
HudyeHHas ¢yHkuus h: X — R HaszeBaercs J-cmynenuamoii, eclnyu CylecTBYeT .J-pazoueHue
{Xi,...,X,,} mHOXeCTBa X Takoe, 4TO IpH BCeX ¢ = 1, ..., m cyeHue GyHKIUH h HA MHOXe-
cTBO X; sABNseTcs QyHKIUEH-KOHCTaHTO Ha X;.

Onpenenenne 6. [Tycts X, € J(R"), a MHOkecTBO X TakoBo, uto Xg C X C X,. Orpanu-
yeHHast ¢ynkius f: X — R waswsiBaetcs J-npasunvhoil, ecau st moboro € > 0 cymiecTByeT
J-pazouenue { X1, ..., X, } MmHO)ecTBa X Takoe, uto max w(f;X;) <e.

i

=1,...,m
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3ameuanue 6. [Tycts Xy, Y, € J(R"), a mHOxkecTBa X, Y TakoBbl, uto Xg C X C Xou Yy C
CY CYy mpuuem X NY = @&. Oyuxmua f: X UY — R saBasgercs J-npaBuibHOM TOTAa
¥ TOJIBKO TOTAa, Korna ee cyxkenus f,: X = Rwu fy: Y — R — J-npaBunbHble QyHKIUH.

3ameuanue 7. B cooTBeTCTBUM C 3aMeuyaHueM 5 cymMa [ + ¢ U mpousBeneHue f g AByX J-mpa-
BWIBbHBIX QyHKuui f,g: X — R Takxke sBnsiorcs J-npaBUiIbHBIMU. (AHAJOTMYHOE YTBEPKIe-
HUE MMEET MecTo M Juia J-crymeHdarsix (yHkimid.) IIpoctpanctBo (anreOpy) J-mpaBUIIBHBIX
ynkumit f: X — R Oymem o6osnadars uepes G/(X). B nem onpenenena nopma (1). Iycts
feG/(X)n fr € G/(X), k= 1,2,.... CxomumMoCTh f), — f 1O 3TON HOPME SKBMBAJIECHTHA
paBHOMepHO# (Ha X)) cxomumoctu fr = f, k — oo.

Jloka3aTenbCTBO KaX0Tr0 U3 MEPEUYMCICHHBIX HUXKE YETBIPEX YTBEPKACHUNM BO MHOIOM I10O-
BTOPSIET JI0KA3aTeIhCTBO aHAJIOTHYHBIX YTBEpKAeHUH u3 maparpados 1 u 2. Crneayer Juib 3ame-
HUTH TepMUHBI «OD-pa30OreHNeY, «CTyNeHYaTass QYHKIHUS» U «IPaBHIbHAS (QYHKIHSD» HA TEPMHHBI

«J-pazbuenue», «.J-cryneHuaras GyHKIUS» U «.J-TpaBUIIbHAS (QYHKIHD» COOTBETCTBEHHO, MHO-
xectBo O(R") — na J(R"), a npocrpanctso G(X) —na G/(X).

YrBep:knenne 3. ITycmo mnoocecmea Xy u X maxosel, umo Xy € J(R"), a X = X,. Beskas
nenpepwienas Qyukyus f: X — R aersemcs J-npasunvhotl.

Teopema 3. Ilycms Xy € J(R"), a mnoxcecmeo X maxoso, umo Xy C X C Xo. DyHxyus
f+ X — R asnaemca J-npasunvnou mozoa u moavko moeod, K020a OHA AGNAEMCA pagHOMep-

HbIM npedelom Hekomopoi nociedosamenviocmu {hy}, cocmosiweil uz J-cmynenuamoix QyHx-
yuit hy: X — R.

CaencrBue 2. [lyemv Xy € J(R"), a muoocecmseo X maxoso, umo Xy C X C X,. Eciu
cywecmeyem pasHomephwlil npeden nociedosamenvhocmu { fr}, cocmosweti uz J-npagunvnvix
Gyuxyuil fr.: X — R, mo on sensemesn J-npasunvhoti gpynkyuetl.

Teopema 4. ITycmo X, € J(R"), a muoncecmso X maxoeo, umo Xo C X C X. Ipocmpan-
cmeo (GY(X), || - ||) aersemcs noansim no nopme (1).

§4. J-unterpupoBanmne QGyHKIM

3ameuanue 8. [Tycts X, € J(R"), a MHOxkecTBO X TakoBo, uto Xo C X C X,. [lycTs, manee,
I'=A{1,....,m}, Iy = {0} UT u {Xi}ie; — J-pasOuenue muoxecrBa X. [lng Beex i € I
cnpaseqmuBo X; € J(R™), X; N0X; = @ u X; U0X; = X;. Kpome Toro,
Xo=UX;=UXivuUox,=[UX;]UT,

iel i€l i€l i€l

e I' = |J0X;. B coorBeTcTBHM ¢ 3aMeyaHueM 4 CIPaBEIJIMBO CIICIAYIONIEC yTBEPKICHUE.
el
IMockonbky p(0X;) = 0 mst Beex @ € I, To ul’ = 0, cemoBarensHo,
pXo = pX = pXo = p _UIXZ-} = ;uXi-
1€ 1€

3ameuanne 9. [lns moboro X C R"™ onpeneneno uucio diam X = sup o(z,y) (kak 3IeMeHT
pacmmpenHoi uucioBoi ocu R), rne z,y € X, a p — eBknngoBa meTpuka B R™.

Hycts X, € J(R"), a MHOkecTBO X TakoBo, uTo Xg C X C X,. Ilycts, nanee, m € N
ul = {1,...,m}. Babuxcupyem ¢ynkuuro f: X — R, J-pazouenue {X,};c; MHOKecTBa X,
TOYKH {X;};c; TaKue, 910 T; € X;, U COCTABUM J-UHMEZPANLHYIO CYMMY

o(f {X}ier, {wi}ier) = Z fz)pX;.

el



396 O GaHaxoBBIX IPOCTPAHCTBAX MPABHIBHBIX (PYHKIMH MHOTHUX NMEPEMEHHBIX

Onpenenenne 7. [lycts X, € J(R"), a MmuoxectBo X TakoBo, uto Xg C X C X,. Yucno
F € R nassiBaercs J-unmeepanom ot pynkmun f: X — R Ha MHOXecTBe X, ecnu s J1000T0
e > 0 cymectByer 0 > ( Takoe, 4TO

o (fi{Xi}ier, {wi}ier) — F| <,

KaKoBoO ObI HU ObLTO J-pazoueHue {X; };c; MHOXKecTBa X Takoe, uTo max diam X; < J, ¥ KakoBbI
icl

Ob1 HE ObLTH TOUKH {T; },c; Takue, uTo 7; € X;. B 9TOM ciydae dyHkuuo [ HasbiBaeMm J-unmee-

pupyemoti Ha MHOXeCTBe X U THIIEeM

F= (J)/X f(2) dx.

Teopema 5. Ilycmo muoocecmea Xo u X maroswt, umo Xo € J(R"), a X = X . Ecau ¢ynxyus
f+ X — R unmeepupyema no Pumany, mo ona J-unmeepupyema. Ilpu smom 3uauenus unmezpa-
JI08 CO8NAOAIOMm.

JlokaszaTtenbcTso. Yepes F' 0603HadnM KparHblii nurerpan Pumana [, f(x) dx (em. [20,

c. 305]). Baduxcupyem ¢ > 0. Haiinercs § > 0 Takoe, 4To ’ E flz)pX; — F’ < €, KakoBO Obl
icl
Hu ObUTO paszouenue {X;};cr MHOXKecTBa X Takoe, uto max diam X; < 0, U KakoBbI ObI HH ObI-
icl
mm Touku {z;},e; Takue, uto x; € X;. (Hamomunm, 4ro cuctema {X;};c; HEmycThIX U3MepH-
MBIX TI0 YKOPJAHOBOW MEpe MHOXKECTB Ha3bIBAETCS pa30OMEHHEM MHOKECTBA X, €CIIH, BO-TIEPBHIX,

pu(X; N X;) =0 mns Beex i, j € I Takux, 4to ¢ # j, a BO-BTOphIX, | J X; = X).
il
Badukcupyem J-pazoucnue {Yj}rcx MHOKecTBa X Takoe, 4TO max diam Yy < 6. Ono mo-
S
poxmaet cuctemy { Y }rex, COCTOSIIYIO U3 HEMYCTBIX 3aMKHYThIX H3MEPUMBIX 110 JKopaany MHO-

skectB. [lorsTHo, yTto max diam Y, < 4.
keK

Hycrs ¢,j € K TakoBbl, uto i # j (mosromy Y; NY; = &). Tak kak 9Y; N Y, C oy,
10 p(0Y; NY;) = 0, cnenosarensro, p(Y; NY;) = p(Y; NY;). Brouenue Y; N 9Y; C 9Y;
Bieder paBenctsa ((Y; N OY;) =0u pu(Y;NY,;) = pu(Y; NY;) =0, mostomy p(Y; NY;) = 0.

Jlist snementoB cucteM { Yy }rerr ¥ {Y ; hrex cnpaBemmuBo pasenctso |J Y, = X.
keK

Taxum 06pazoM, {Y ;. hrex — 3T0 pazbuenne MuoxkecTBa X, mpudeM max diam Y, < 6.
keK

3adukcupyeM TOUKH {1 }re i Takue, uTo ¥ € Yi. OueBUaHO, i € Y. CleaoBaTeNnbHo,

’Zf(yk)ﬁk—F)q, ’Zf(yk),qu—F <, (J)/ f(z)dx = F. O
keK X

keK

Teopema 6. ITycmv mnodcecmeéa Xo u X makogel, umo Xog € J(R"), a X = Xo. Besikas J-cmy-
nenyamas gynuxyus h: X — R aeraemca J-unmeepupyemou na X.

JNoxkaszatenbcTso. CymecrByer J-pasouenne {Xi,...,X,,} xKommakra X TaKoe, 4To
npu kaxaom ¢ € [ = {1,...,m} cyxenne h;: X; — R ¢ynkumu h sBusercs GyHKImei-
koHcranroit. Crenosarensto, ecnu Y = |J X, 10 dyHkuus-cyxenne hy: Y — R Henpepsis-
el
Ha B KaXJO0H Touke obiacTu ee ompeneneHus. B cuiny 3ameuanus § cripaBeIsIuBBI PaBEHCTBA
X\Y =T (eI = 0X;) uul’ =0.
iel

Takum oOpa3oM, y orpaHudeHHOM (1o ompenenenuto) ¢pynkuun h: X — R MHOXecTBO ee

TOYEK pa3pbIBa UMEET JKOP/AaHOBY Mepy Hyllb, IOATOMY h MHTErpupyema no Pumany (cMm., Harpu-

mep, [20, c. 317]). B cuny Teopemst 5 3ta (pyHkuus J-uHTErpupyeMa Ha X. U
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Teopema 7. I[Tycmb mnoocecmea Xo u X maxoswl, umo Xy € J(R"), a X = X,. Beskas J-npa-
sunvian gynxyusa [ € G’ (X) aensemes J-unmezpupyemoii na X.

Jloka3zaTenbCTBO B cuiy Teopembl 3 CymecTBYeT MOCICAOBATENLHOCTD { /iy }, cOCTOSI-

mas u3 J-cryneHdarsix ¢yHkumii hy: X — R, takas, uro ||hy — f|| — 0.

Jlnst mo6oro k onpenenensl J-pa3duenue {Xﬁk)}re 1, MHOecTBa X M umcia {c,ﬁ’“)}re 1, TaKue,
uto hy(z) = A" nns eex z € X (upn xaxaom ¢ € Ik = {1,...,my}). 3adukcupyem
KakKue-IM00 UHICKCH k, ¢ ¥ OIpENeIAM MHOXECTBA Zrs kO~ x ) Xy), (r,s) € Iy x I, tae
I, ={1,...,my}. B coOoTBeTCTBUH C 3aMeyaHHeM § CIIPaBEUIUBbI CIICAYIOIINE PABCHCTBA!

pX® =N "pzt0 rely; pXO=>"pZ¥ sel;  opX= > pZl.

sely rely (r S)EI;CXI[

B cuny Teopemsl 6 pynkuuu hy u hy ABIAIOTCA J-UHTETPUPYEMBIMH, U JUIS UX J-UHTErpanoB [y
u H, cripaBe/IMBBI paBEHCTBA

o= S X, Hi= 3 0ux,
rely s€ly
IMO3TOMY
YD ST WD WIETEND S TR )
rely sely sely rely (r,8)elpxIy
[Hy = Ho| <\l —hel| Y nZE = [[hg = hal|p X
(r,s)elx1Iy

Tak kax ||hx — f|| = 0, 0 ||hx — he|]| — O u |Hy — Hy| — 0 mpu k,{ — oo. CiemoBareinbHo,
nocnenoBarenbHOCTh { Hy } dyHmamenTanpHa B R, moatomy cymiectByer npeaen F = lim Hy.
Baduxcupyem ¢ > 0, u mycts £ = ¢/(2 4+ pX). Tak xax ||hy — f|| — 0 u H, — F,
TO CYIIECTBYeT i Takoe, uto ||h; — f|| < Eu |H; — F| < E.
Tak xak H; — 310 J-uHTerpan or ¢yHKuuMu h; Ha MHOXecTBe X, TOo cymiectByeT > 0
Takoe, 4to |0; — H;| < E, xakoBo Obl HU ObLIO .J-pa3buenue {Y;};c; MHOXecTBa X TaKoe, 4TO

max diamY; < 9, u Touku {y, } je; Takue, uro y; € Y; (npu xaxaom j € J = {1,...,m}). 3necs
je
U J1ajiee MCIIOIb3YIOTCS MHTErPAIbHBIE CYMMBI

0i =Y hlypYi, o= fly)nY;
jeJ jeJ
Hockonbky |0 — F| < |0 — o3| + |og — Hi| + |H; — F| < |0 —oy| +2E n
gi— ol < |hilys) = F)|nYs < b — £I1Y nY; < EpX,

jeJ jeJ
TO|0’—F|<(2+MX)E:€,H03TOMY(J)/ f(z)dx = F. O
X

3ameuanue 10. B pa3BuTHe TeMbl yMECTHO OTMETUTH CIIEAYIOLIME aclekTsl. MMeeTcs nmoHuMa-
HHUE HEOOXOMMOCTH MOCTPOEHUS IpUMepa J-UHTErpupyeMoil, HO He UHTerpupyeMoii mo Pumany
¢bynkuuu. [lapannenbHbIi BOIPOC: CYIIECTBYIOT JH J-IpaBUiIbHbIe GYHKINU (2 OHU J-HHTErpu-
pyeMbl), He UHTerpupyemble o Pumany? DT Bonpockl TpeOyroT NPOBEACHUS AOMOTHUTEIBHBIX
uccnenoBanuii. Xopouro u3BecTHo, uro ¢yukims Hupuxie [0,1] — R, paBuas 1 mis parmo-
HanbHbIX U 0 1uis uppanuoHansueix © € [0, 1], uaTerpupyema no Jlebery, HO He HHTErpHpyeMa
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no Pumany. Jlerko yoemuThCsi, 4TO OHa TaK)Ke HE SBISIETCS J-MHTErpupyeMoil. ITo HabIIOneHue
JlaeT OCHOBaHME MoJIararb, 4To B MOCTPOCHUAX, (purypupyronux B naparpadax 3 u 4, mepa XKop-
JTaHa MOXKET ObITh 3aMeHeHa Ha Mmepy Jlebera, u oxxunarb, yto QyHkuus Jupuxie uHTErpupyema
B 9TOM HOBOM cMbIciie. Eciin OTBET Ha 3TOT BONPOC MOJIOKUTEIbHBIN, TO BOZHUKAET €CTECTBEH-
HBII BOTIPOC O TOM, KaK CBSI3aH 3TOT MHTErpaj ¢ uHTerpaiom Jlebera.
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On Banach spaces of regulated functions of several variables. An analogue of the Riemann integral
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The paper introduces the concept of a regulated function of several variables f: X — R, where X C R".
The definition is based on the concept of a special partition of the set X and the concept of oscillation of
the function f on the elements of the partition. It is shown that every function defined and continuous on
the closure X of the open bounded set Xy C R", is regulated (belongs to the space (G(X),| - |)). The
completeness of the space G(X) in the sup-norm || - || is proved. This is the closure of the space of step
functions. In the second part of the work, the space G/(X) is defined and studied, which differs from
the space G(X) in that its definition uses J-partitions instead of partitions, whose elements are Jordan
measurable open sets. The properties of the space G(X) listed above carry over to the space G/(X). In
the final part of the paper, the notion of J-integrability of functions of several variables is defined. It
is proved that if X is a Jordan measurable closure of an open bounded set Xy C R", and the function
f+ X — R is Riemann integrable, then it is J-integrable. In this case, the values of the integrals coincide.
All functions f € G/(X) are J-integrable.
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