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Introduction

Due to numerous applications in science and technology, the theory of partial differential
equations is developing rapidly. In particular, the mathematical modeling of many problems —
such as the oscillations of rods, plates, shells, beams, etc. — leads to high even-order equations
and corresponding boundary value problems for such equations [1-3].

To date, numerous scientific papers have been devoted to the formulation and study of initial-
boundary value problems for higher-order equations. For instance, the work [4] focuses on prob-
lems involving ultra-hyperbolic equations of higher even order with respect to spatial variables
and second order with respect to the time variable in a multidimensional domain. For results con-
cerning the well-posedness of boundary value problems for higher even-order equations, we refer
to the works [5,6] and the references therein.

In addition to equations involving integer-order derivatives, researchers have also paid consid-
erable attention to equations with fractional derivatives. For example, in [7], the initial-boundary
value problem is studied for the following equation in a multidimensional domain with a suffi-
ciently smooth boundary:

Ru(x,t) + Az, D)u(z,t) = f(x,t),

where 0 is the Riemann-Liouville differential operator of fractional order p € (0, 1], and A(z, D)
is an arbitrary positive formally self-adjoint elliptic differential operator of even order.

In the aforementioned works, the authors consider, in a certain sense, general equations with
sufficiently smooth coefficients, and the unique solvability of the associated problems is estab-
lished under more general conditions on the coefficients.

In recent years, equations with specific coefficients, such as degenerate equations, have at-
tracted increasing attention due to their significant theoretical implications and practical applica-
tions, including in climate science [8], bending vibrations [9, 10], and other fields. Degenerate
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equations have been extensively studied by many researchers. In particular, various aspects of
these equations have been explored, including inverse problems [11, 12], as well as control and
stabilization [9, 10, 13].

§ 1. Formulation of the problem

In the present paper, in a rectangular domain Q2 = {(z,¢): 0 < z < 1,0 < ¢t < T'}, we consider
the following degenerate equation of high even order

0*u W O L0
o T g (”““ axn) A b

where u = u(x,t) is an unknown function, f(z,?) is a given sufficiently smooth function, and
a € Rissuchthat 1 <a <n,n €N, n> 2, and « is not an integer, that is

a=ay+¢e, o=][a, 0<e<l,

where [a] denotes the integer part of «.
Our aim is to study the existence, uniqueness and continuous dependence of the solution on
the given data for the following initial-boundary value problem.

Problem 1. Find a function u(x, t) with the following properties:

1) u, (07/027)u, (87 )027)[x*(0"/0z™)u] € C(Q), j = 0,n — 1; (9"/0z™)[x*(0"/O0x™)ul,
uy € C(2);

2) it satisfies the equation (1.1) in the domain €2;

3) it satisfies the following initial conditions

u(z,0) = @1(x), z€[0,1], w(z,0)=q¢s(x), z€]l0,1], (1.2)
and the boundary conditions
(O L
%u(:p,t) JC:O:O, j=0,n—qay—1,
lim, o 8“5;? “’ oo, jen—am=I tel0.T
N (1.3)
%u(:c,t) 12120, j=n—ay,n—1,

where ¢ (x) and @9 () are sufficiently smooth given functions.

We now provide a brief overview of known results related to problems involving higher-order
partial differential equations. In [14], in a rectangular domain of the plane an initial boundary
value problem were formulated and studied for the following degenerate higher-order equation

ok (0%
k@(fc @) = f(x,1),
% 2v0

ﬁ+7§ is the Bessel operator, 0 < a < 1,0 < v < 1/2, k € N. And in[15],

for this equation with o = 0 boundary value problems with non-local conditions were formulated
and studied.

nyil/zu -+ (—1>

where 32—1/2 =
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Also, in [16], for the following equation
aQn ( aaQnu

2
8372" X 8372”) +utt+%ut+bu:f(xvt)7 0<a<]—7

an initial boundary value problem involving the values of even-order partial derivatives of the
unknown function with respect to spatial variable were studied by applying Fourier’s method.
Moreover, in the work [17], it was considered higher-even order degenerate partial differential
equation with the following form of boundary conditions

oxI " O

=0, j=0k—1.

z=0

r=1

Also, papers [18,19] are devoted to study the existence and uniqueness of the initial boundary
value problems for weakly degenerate partial differential equations.

It should be noted that the above-mentioned works on degenerate partial differential equations
have focused on weakly degenerate equations. Problems involving strongly degenerate equations
have remained insufficiently studied (see [20]).

The novelty of our approach lies in formulating an initial boundary value problem for a
higher-order partial differential equation in the case where the degeneracy degree of the equation
may reach half the order of the considered equation.

§ 2. Study of the spectral problem

When the Fourier method is formally applied to the problem, the following equation arises:
Mv] = (—1)”(xav(")(x))(n) =M(z), 0<z<l. (2.1)

Let us define the domain of the operator M in (2.1), denoted by D(M), as the set of functions
satisfying the following conditions:

(vD(2), (z20™ () € Cl0,1), j=0,n—1;

v9)(0) =0, J=0,n—ay—1,
lim v(j)(x)’ < 00, J=n-—ag,n—1; (2.2)
J:f)O _
v9)(1) =0, j=n—ayn—1,

\ (zo0™ (a:))(j) =0, Jj=ag, n—1

r=1

Before moving to the proof of the existence of the eigenvalues and eigenfunctions of the
problem (2.1), (2.2), we will prove the following auxiliary lemma.

Lemma 2.1. Let oy = [a] and let
g(x) = %™ ().

Assume that

v(2), gV(2) €Cl0,1],  j=0,1,...,n—1,
and '
limv(])(az)’<oo, j=n—ag,...,n—1.
z—0
Then, '
gV0)=0, j=0,1,...,a0— 1.
Equivalently,

=0, §=0,1,...,00— 1.
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P ro o f We argue by contradiction. Suppose that there exists an integer j € {0,1,..., a9 — 1}
such that g/)(0) # 0, and put

m =min{j € {0,1,...,a0 — 1}: g¥(0) # 0}.

Then, .
gV(0)=0, 0<j<m, and ¢g"(0)+#0.

By Taylor’s formula,

(m) (0
g(x) = ng) " 4+ o(z™), = —0,
from which )
(0
i 9@ _ 9 ():A#Q
z—0 m m!
A
Choosing ¢ = |2—‘, by the definition of the limit, there is a 9 > 0 such that
A
M—A’<%, 0<z <. (2.3)
xm

Hence, by the reverse triangle inequality,

‘M > 14— |28y AL
xm xrm 2
that is,
(m)
l9(z)| > Max’”, 0<z<d. (2.4)

2m!

Moreover, the inequality (2.3) shows that g(x)/x™ has the same sign as A on (0, §); since ™ > 0
for x > 0, the function g(x) has a constant sign on (0, ), and therefore

also has a constant sign on (0, 0).
Put
p=ag—m.
Since m < ag—1, we have p > 1. Writing o = ap+¢o with 0 < g < 1, we have m—a = —p—e¢y,
so that, by (2.4),

0™ (z)| = l9(2) >Cram Y =CraxTPT0, 0<ax <, (2.5)

for a suitable constant C; > 0, and v(™ () has a constant sign on (0, d).

Fix z € (0,0) and take 0 < n < z. Applying Taylor’s formula with the integral form of
the remainder to the function v("~?) on the interval [n, x| (equivalently, integrating the Newton—
Leibniz identity p times), we obtain

v ()

_ v 1
) = e et

/ w(x — )P~ L™ (¢) dt. (2.6)
n
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The derivatives included in the sum have orders n —p+ k for k =0,1,...,p — 1, i.e., they
range over
n—p,n—p+1, ..., n—1.

Sincen —p=n—ay+mand 0 <m < ay — 1, these orders satisfy
n—ag<n—p+k<n-—1, k=0,1,...,p—1,

which is exactly the range for which the hypotheses of the lemma guarantee that the limits
lirilov("_p““) (n) exist and are finite. Consequently, for the fixed x, every term of the sum
n—

in (2.6) tends to a finite limit as 7 — +0, while v""?)(x) is a fixed finite number. Therefore the
remainder

p—1 o (n—p+k) (n)

! I /77 x(x — M () dt = 0P (z) = Y — (- n)* 2.7)

Rn) =
! (p—1 k=0

remains bounded as n — +0.
On the other hand, since v(™ has a constant sign on (0, §), we may pass to absolute values
under the integral and use (2.5):

1 v p—1 n Cl ! p—1 1—p—co
R = gy [ o bl P [ mptereas e

(p—1

Since we are interested in the limit 7 — +0, we may assume 0 < 1 < z/2. Keeping only the
subinterval [n, 2:/2], on which  — ¢ > x/2, we obtain

x p—1 px/2 p—1 1-p—gy 1-p—eo
/ (@—tpreode > (= / rrog=(2) 1 (x/2) eX)
0 2 n 2 p+eo—1

Since p > 1 and ¢y > 0, we have p + 9 — 1 > 0, hence, 1 — p — g9 < 0 and

NP s too  (n — +0).
Combining (2.8)—(2.9), we conclude that
[B(n)| — 400 (n — +0),

which contradicts the boundedness of R(n) established in (2.7).
This contradiction shows that the assumption g™ (0) # 0 is untenable, so g™ (0) = 0. As the
choice of m € {0,1,...,ap — 1} was arbitrary, we conclude that

gV(0)=0, j=0,1,...,00—1,
which completes the proof. U

Now, we will define the sign of A in (2.1). To do this, we assume that there exist eigen-
functions and eigenvalues of the spectral problem (2.1), (2.2). Under this assumption multiplying
equation (2.1) by v(z) and integrating over (0, 1), and applying integration by parts n times yields

n—1

A /01 v*(z) dr = Z(—l)k [U(’“)(:p) (zo0™ (x))(nflfk):|

k=0

1

0

+ /0 e (v™(2))* da.
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We show that all boundary terms vanish. For x = 1, consider the boundary term

v®)(1) (:E“v(") (ZE)) (n=1=F)

If
then, by the boundary conditions,

On the other hand, if
Ek<n-—aqay—1,

then
n—1—k > ap,

and therefore
=0.

r=1

(xav(n) (SL’)) (n—1-k)

Hence, for every £k = 0,1,...,n — 1, at least one factor in the product

v®) () (:E“v(") (x)) (n=1=k)

r=1

vanishes. Consequently,

v®) () (xo‘v(”) (x)) (n=1=F)

Therefore, all boundary terms at x = 1 vanish.
Atz =0,if £k <n —ay— 1, then
v®(0) =0

by condition (2.2). On the other hand, if k =n —ag,...,n —1,thenn -1 -k < ayp — 1, and
therefore, by Lemma 2.1,

(:L,ozv(n) (ZL’)) (n—1-k)

Consequently,

Thus,
1 1
)\/ V(1) dx:/ :U’O‘[xav(”)(x)fdaz. (2.10)
0 0

From (2.10), it follows that A > 0. Assume that A\ = 0. Then, from equation (2.10), we have
v™(zr) = 0,0 < 2 < 1. Hence, by virtue of the conditions v)(0) = 0, j = 0,n — o — 1,
v9(1) =0, j = n—ag,n — 1, we conclude that v(z) = 0, 0 < 2 < 1. Consequently, the
problem (2.1), (2.2) can have non-trivial solutions only with A > 0.

Assuming A > 0, the existence of eigenvalues of the problem (2.1), (2.2) will be proved by the
method of the Green’s function. The Green’s function G(x, s) of this problem has the following
properties (see [21, § 3, p. 38]):

1) the functions (87 /027)G(z, s), j = 0,n — 1, and (87 /927) [z*(0" /02")G (z, s)], j = 0,n — 2,
are continuous for all z, s € [0, 1];
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2) in each of the intervals [0, s) and (s, 1] there exists a continuous derivative of the function
(0"t /0a™ ) [a*(0" /0x™)G(, 5)], and at 2 = s it has a jump:

r=s+0 n
= (="

r=s—0

(@ 02" [22(0" /02" Gz, 5)]

3) the function G(z, s), as a function of the argument z, on each of the intervals (0, s) and (s, 1),
satisfies the following homogeneous equation:

MG(z,s) =0, z€(0,s)U(s,1);

4) for s € (0, 1), with respect to z, the function G(z, s) satisfies the following boundary condi-
tions

&G (x,s R — . G(x,s L
#xoza 7=0,n—qay—1, i%# <oo, j=n-—ayn—1; (2.11)
dG(z, ) B ‘ ¥ O0"G(xys) R
R le_ 0, 7=n—ap,n—1, Ee <x T $:1: 0, j=apn—1. (2.12)

Now, we will construct the Green’s function of the problem.
Using the form of the general solution of the equation MG(z,s) = 0, we will seek the
function G(z, s) in the following form in the intervals (0, s) and (s, 1):

2n—a—j

T
n 0 OS2 <s,
;ajn—j'(n—a+1—j +jza+] XIT XS
G(z,s) = p2na n o (2.13)
b; boyj———, s<z <1,
E: M —a+1=j), *Z:*%n et

where a; and b;,j = 1,2n, are unknown functions of the variable s, and (2), = z(z + 1) -
-(z+2)...(2+n —1) is the Pochhammer symbol. By obeying the function (2.13) to the
properties 1) and 2) of the Green function, we obtain the following system of equations with
respect to b; — a;, j = 1,2n:

( bl —a; = (—1)”,
mi g 7 (b )
—a;j) =0, m =2 n,
(=)t
> R —ay) Pl Ut e ,a"”) =0, me=T1n
(S —a=j+)m = (m2—J)

From this system, we find the following relations for b; — a; and b,,; — a,y;, which are
necessary for the construction of the Green’s function [16]:

(_1)n+j—18j—1 (_1)j—18n—1—a+j

b, —a, = bt i — Qs = ~— , =1, 2.14
PTG ST e T e S G ), 214)

Then, substituting (2.13) into the conditions (2.11), we successively obtain

Aop = Aop—1 = Q2p—2 = ... = Qptap+2 = Qptap+1 = 07

(2.15)

ap = 0Ap—1 = Ap—2 = ... = Up—qp+2 = Opn—qp+1 = 0.
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By virtue of these equations, from (2.14) it follows that

by = <1y
= (—1) I =ap+1,n
n+yj ) J 0 s Iy
1 _
(J Sj) 1(] )n (2.16)
by = (—1)"H—1 , j=n—oo+ 1,n.
! (-1
Now, substituting (2.13) into the second part of the conditions (2.12), we find
by =by=...=byny-1="bn0, =0. (2.17)
Then, from (2.14), it follows that
(_1)n+jsj_1 ]
= 7 =1,n—ap. 2.18
CL] (j _ 1)' ) .] 7n 040 ( )
Next, substituting (2.13) into the first part of the conditions (2.12), we obtain
zn: — b : +§m:b”i=0, m =1, ap. (2.19)
e = —at =g S (m =)

Taking into account that b;, j = n —ap+ 1,n, are known quantities (2.16), from (2.19),
we find b,45, 7 = 1, ap:

n 1)n+i—1gi—1
b == 3 =)
j,n = U=Din—5ln-—at+1-7)
2.2
Z n+] i (—1)n+j_1s‘_1 5 (2.20)
n m — m = 2, Q.
! A G D= )i —a 1) "
Substltutlng (2.20) into (2.14), we obtain
; i1 Sn—l—a—i—j
QAntj +J ( ) (,]_1)(,]_05> J Qg ( )

Substituting (2.15), (2.16), (2.17), (2.18), (2.20), (2.21) into (2.13), we find the Green function in
the following form
( N—QQ

_ 1\t i—1,2n—a—j
(=)t 1y

2 G- i —a T 1=

1)] 1Sn1a+] xnfj
n bl OS §7
+Z< G 1>.<j—a>n)< ponErEe

n—j)!
u (—1)"+] lgi=lg2n—a=j
j§0+1(j —Dln—=—7)nh—-—a+1-j),
Clo,s) — o (2.22)
B i ( 1)n+]71$ -1 a1
e a0+1(‘7—1) m—jln—a+1-=7)(n-1)!
n+] . <_1>n+j_18j_1
+Z<Z —J)! “;0“(]—1)( J)(n—a+1—9>>

n—m n

(_1)j718n7a71+jxn7j

sl T 2 G G = al

\ ) Jj=ao+1

where b,,;, j = 1, ap, are defined by (2.20).

s<x <1,
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From (2.22), when n = 2, we obtain

x3fcv IL’Szia
SR R LR PP Y
(2 — OZ)Q 1-a (]_ — OZ)Q’ = =
G(l‘, S) = g3—a 2o

- @@ + -,
2-a) " (1-a)
Moreover, for n = 3 and o = 1, from (2.22), it follows that

‘,L,5fa 1‘470{8 IL’282 x2837a
_ — , 0< 2 <s,
203—a); (2—a); 2‘2‘(1 —a) 2/(1—a);
G(l‘, S) = gh—a gi—an 52 23—
s<z <1

2AB-a); (2-a); 2!2!(1 —a) 2(1-a)’

One can easily show that for n = 3 and oy = 2, the Green’s function has the form:

( ‘,L.5fa {L’28 l‘282 x2837a
DB—a)  2A2—a) 22(1—a) 2(1—a)
s . x5? n xst— 0<
- xr S
3—a 2(2-a) (2-a)’ ST
Gla,s) = §o—« s?x 5222 s2g3—«
2B —a)  22—a) 22(1—a) 21 —a)
sx n sz n syt o<l
\ 3—a  22-a)  (2-a) TNES S

Consequently, the Green’s function that satisfies conditions 1)—4) exists and is unique. Now,

(Mv,w) = (v, Mw), Yv,wée D(M).

We equip Ly(0, 1) with the inner product

(v, w) = /0 1v(:p)w(x) dz.

Then,

(Mv,w) = (—1)"/0 (:Eav(")(x))(n)w(x) dzx.

Performing integration by parts 2n times in the last equality yields the following result:

(1) + (—=1)" /01 2°w™ (z)o™ (z) da:}

n—1

(Mv,w) = (—D”{Z(—l)k [w(k) () (z°0™ (l,>)(n—1—k)]

k=0

1

_ n—l—kZ[ ® (1) (20 ( ))(ank)}

1
+ / 2w (x)v™ (2) dz
0

0

= 3 1 [ ) (s () 1+i(—l)’“[(xaw<"><x>><’“’v<"-1-k><x>}
k=0 0 k=0

we will prove that it is symmetric with respect to its arguments. It is difficult to prove this fact
with the help of formula (2.15). So, to do this, we will prove that the operator M is self-adjoint.
Then, based on the general theory, the Green function will be symmetric with respect to its
arguments. We note that the operator M is symmetric if it satisfies the following equality

1

0
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Since v, w € D(M) in the resulting equality, we arrive at the following:
' ()
(Mv,w) = (—1)”/ (z2w™ (2)) " v () dz = (v, Mw).
0

Therefore, the operator M is self-adjoint in Ly (0, 1).

Thus, the spectral problem (2.1), (2.2) is self-adjoint, hence, the Green’s function is symmetric
with respect to its arguments.

The boundary value problem (2.1), (2.2) is equivalent to the following homogeneous Fredholm
integral equation of the second kind:

v(x) = )\/0 G(z,s)v(s) ds. (2.23)

The proof follows the same line of reasoning as that of Theorem 2 in [21, § 3, pp. 40-42].
Although the boundary conditions considered there differ from (2.2), the argument remains valid
in the present case, since it uses only Properties 1)-4) of the Green function established above.
Repeating the proof of Theorem 2 with the Green function constructed here, one verifies that the
function

satisfies
M) = f

together with the boundary conditions (2.2). Therefore, setting

f(x) = do(z),

we arrive at the homogeneous Fredholm integral equation (2.23).

This equivalence is established because G(z,s) is the Green’s function of the differential
operator M under the specified boundary conditions, which allows the differential operator to be
represented as an inverse integral operator. Since the kernel G(x, s) is real, symmetric (as shown
above) and continuous, by the theory of symmetric integral equations the corresponding integral
operator possesses a countable set of characteristic numbers |A| < [Ao| < ... < M| < .00,
(see [22, §26, pp. 140-145]), and, by the Hilbert-Schmidt theorem (see [22, § 27, Theorem 1,
p. 150]), the corresponding system of eigenfunctions is complete in L9(0,1). Recall that, as
shown above, every eigenvalue satisfies A > 0; hence the eigenvalues can be arranged as

0<)\1<>\2<)\3<...<)\k<..., )\k—)+OO,

and the corresponding system of eigenfunctions vy (x), vo(x), vs3(x),. .., vx(z), ... forms an or-
thonormal system in space L, (0, 1) [22].

In addition, it is not difficult to verify that the system of functions s%/2v{™(s)/v/As,
k=1,2,..., also forms an orthonormal system in L (0, 1).

The following lemma demonstrates which type of functions can be expanded into series by
the system of eigenfunctions of the problem (2.1), (2.2).

Lemma 2.2. Let the function g(x) satisfy the conditions (2.2) and let M g(z) € C(0,1)NL2(0,1).
Then, the function g(x) can be expanded on a segment [0, 1] into an absolutely and uniformly
converging series by the system of eigenfunctions of the problem (2.1), (2.2).
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Proo f First, we will show the validity of the following equality under the assumptions of
Lemma 2.2:

AemwwwﬁzemAG<>wwwwwﬁwm

Indeed, considering the properties of the functions G(z, s) and g(x), we have
1
(1" [ Gl [s79 ] " ds
0
n—1 1 1
:=v4w{§j«4f&%“< Mﬂ¢ﬁ<ﬂ“”*ﬂ <—w"/‘w69xa$¢mwwk}
0

0

=N " (=1)tk [ng)( )[So‘g(”)( (n—1— k

= > EW (s [579(s)] mlk} §j ) [s°GE (. 5)] Mg (s)|

k=0 o

+<—U{A[waymmgrmﬂ$d&

By the properties of the Green function, we have

s=z—0

0 [ Glas) [ 0)] " ds = (1) o) (760 )"

s=0
s=1

— ()" g() ("G ) | +ewﬁg@@%@@mww=am

s=x+0

since the following equality holds true by virtue of the second property of the Green’s function:

(o)) = o

s=x—0

Consequently, g(z) is a function that can be represented through the kernel G(z, s). Moreover,
one can easily show that the validity of the following inequality:

1
/ G*(x,5)ds < Cy = const < +00.
0

Then, by the Hilbert-Schmidt theorem (see [22, § 27, Theorem 1, p. 150]), the function g(z) on
the interval [0, 1] is expanded into a uniformly convergent Fourier series in terms of the system
of eigenfunctions {vk(az)}Zj Lemma 2.2 has been proved. O

Now, we will prove the convergence of certain series related to the eigenvalues and eigen-
functions of the spectral problem (2.1), (2.2).

Lemma 2.3. The following series converge uniformly on a segment |0, 1]:

. n) 10\ 2
+00 1,,(1) ()] +00 [x%,i )(J:)]
[kA( )] | Z< . ) . j=0n-T (2.24)
k=1 k k=1 b
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P ro o f Considering the equation (2.1) and the properties G(x, s) of the function, from (2.23)
taking v(x) = vi(x), we obtain

o (z) = A ! 8_jG<x s)op(s) ds = (—1)" 1[5°‘v(")(5)](")8—j(}(x Ods, j—TnI
k k 0 Oxi ) k o k i s , ] , .

Hence, applying the rule of integration by parts n times, and then taking the conditions (2.2)
into account, we have

() Loy O R —
v (x) = i 5%y, (s)axjasnG(x,s)ds, j=0,n—-1

Hence, by virtue of A\, > 0, it follows the equality

(4) 1 n+j a/2,,n)
vp () _ / (Sa/Q 0 Gz, S)) (Lk(s)) ds, j=0,n—1. (2.25)
0

vk Ol Os" vk
From (2.25), it follows that v,gj)(x) /v/Ar is the Fourier coefficient of the function
n+j

6 . n 400
s@/2 g &snG (7, s) by the orthonormal system of the functions {so‘/ 21;,(g () /v % }k:1_ There-
fore, according to the Bessel inequality (see: [22, pp. 23-24]), we have

+WM</0156*[ o G(x,s)rds

0xIidsn
k=1 (2.26)

Lo, o 2 o
</0 s {@(5 ?G(:c,s))} ds, j7=0,n—1.

"Gz, 5) = s*0(1), the integral in the right-hand side of inequality (2.26) is

os™
uniformly bounded for j = 0,n — 1, from which it follows that the first series in (2.24) converge
uniformly.

The convergence of the remained series can be proved similarly.

Lemma 2.3 has been proved. U

By virtue of s

Lemma 2.4. Let the following conditions be fulfilled:
gV(x) e Cl0,1], j=0,n—1, 2°%g™ (2) € C(0,1) N Ly(0, 1),
g90)=0, j=Omn—a=T, ¢P(1)=0, j=n—apn—T.
Then, the following inequality holds true:

+o00 1
Z Megi < / x® [g(”) (2)] ? da. (2.27)
k=1 0

In particular, the series on the left side converges, where g;, = fol g(x)vg(z)dz, k € N.

P ro o f Using the equation (2.1), we have

1 1
N o= / g(x)o(e) do = (=1)"A; / g(x) [z"0" (2)] ™ de.
0 0
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From this equation, applying the rule of integration by parts times n and taking into account
the properties of the functions g(x) and vy (x), we get

]1§/2g _/ {:L,oz/Q (n }{)\ 12, a/2, n) }d:p

Hence, it follows that )\1/ ?gi is the Fourier coefficient of the function /2¢g((z) by the

orthonormal system {xa/%(”( )/ VA } . Then, applying the Bessel inequality (see: [22,

pp. 23-24]), we have the validity of the 1nequahty (2.27).
Lemma 2.4 has been proved. H

Lemma 2.5. Let the function g(x) satisfy the condition (2.2) and Mg(x) € C(0,1) N Ly(0, 1).
Then, the following inequality holds true

Z Ngr < / (:U)}Q dx. (2.28)

P r oo f Using the formula for g; and the equation (2.1), we have

Aegi = A / g(x)o(x) dz = (—1)" / g(x) [z20l” ()] " da.

Hence, applying the rule of integration by parts 2n times to the integral on the right-hand side
of the latter equality, and considering the properties of the functions g(x) and vi(z), we obtain

MGk = (—1)”/O [z° g (z )](n)vk(x) dxz/o [Mg(z)]v(z) dz.

From the last, it follows that A\pg, is the Fourier coefficient of the function Mg(z) by
the orthonormal system of functions {vk(:c)};r:’l Then, based on Bessel inequality (see: [22,
pp. 23-24]), it follows the inequality (2.28).

The proof of Lemma 2.5 is complete. U

Similarly, one can prove the following lemma.

Lemma 2.6. Let the function g(x) satisfy the conditions (2.2) and [Mg(x)](j) e C[o,1],
j=0n—1 *?[Mg(x)]"™ € C(0,1) N L(0,1), [Mg(«)]"|_, =0, j = 0n—ao—1,

[Mg(x)}(j)lle =0,j=n—apn— 1L
Then, the following inequality holds true:

Z)\kgk / °{ [Mg(2)] ™} da.

§ 3. Existence, uniqueness and continuous dependence of the solution on the given data

In this section, we establish the existence, uniqueness, and the continuous dependence of the
solution of Problem 1 on the given data. We will seek a solution to the problem in the following

form .
) => ur(t)yve(), (3.1)
k=1

where vi(x), k € N, are the eigenfunctions of the problem (2.1), (2.2), and wu(t), k € N, are
unknown functions to be defined.
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Substituting (3.1) into equation (1.1) and into the initial condition (1.2), we have the following
problem with respect to u(t):

W)+ Malt) = fult), t€(O.T), keN,
ur(0) = o1, up(0) = Qox,

where

1,2

%kz/o pj(@)vp(z)de, j=1,2 fk(t):/O flx, tvp(z)dz, keN.

It is known that the solution of the last problem exists, unique and is determined by the
following formula:

t
up(t) = o1k Cos(t\/rk) +g02k)\,;1/2 sin (h/);) +)\,;1/2/ fr(T) sin[(t—T)\/)\ik] dr, 0<t<T.
0

)

(3.2)
Hence, the following estimate easily follows
1 VT | [T
w(®] < lonl + —=leul + oy [ fpmar, o< (3)
vk ViV Jo

Theorem 3.1. Assume that the function ¢1(x) satisfies the conditions of Lemma 2.6, the func-
tion po(x) satisfies the conditions of Lemma 2.5, and the function f(x,t) satisfies the conditions
of Lemma 2.5 on the argument v uniformly over t. Then the series (3.1), whose coefficients are
defined by (3.2), will be a solution to Problem 1.

Proof To do this, it is necessary to prove the uniform convergence of the series (3.1) and the
following series, formally obtained from (3.1) in 2:

+o0
aﬂ 1) o
t>=Zu;<t>vk<x), ula, Zuk (z), j=Tn—1,
k=
&’ N TIRNNC B —
R

and uniform convergence in any compact set {2y C {2 of the following series:

o [ o .
83:”( ““) Zu (o™ ()™, (3.4)

+o0o
(e, t) = ) ui(t)vi(w). (3.5)
k=1

Consider the series (3.1). By virtue of (3.3) of (3.1), for any (,t) € Q, we have

—+o00 —+oco T
ute. 0] < X )] < 35D Vaddoud + lewl + VT [ fe(oar
k=1 k=1 0

Hence, applying the Cauchy—Schwarz inequality, we obtain

+oo 9 T +00

400 +oo
)] < | YA > | o hor VT / DTICI BEE

k=1

~—
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The series on the right sides of this inequality, by virtue of the condition of Theorem 3.1,
according to Lemmas 2.3 and 2.4, converge uniformly. Therefore, the series standing on the left
side, that is the series (3.1), converges uniformly in €.

Now, consider the series (3.4). By virtue of the equation (2.1), in any compact €2, the series

in (3.4) can be written as
+oo

D (1) Mg (tyor (). (3.7)
k=1
In order to prove the uniform convergence of the series (3.7), according to (3.3), it is sufficient
to prove the absolute and uniform convergence of series

=D (), Y (=1)"V Aepmrvi(@),

(3.8)

Z(—1)n\/7k\/f\//o [fe()]” dr vi ().

In €y for each of these series, applying the Cauchy—Schwarz inequality, we have

Foo n 11/2
D (1) Aprpvi ()| < < : 7
=1 -

+o0 . 1/2
Z(—l)n\/ Aepar g (T Z >\k902k < Z VA ;
=1 =

f \F\F\// [£o(7)]” dr v i\/_\/)\Q/ ()] dr = (x)
VT /OTfAZ [fu(r i%)]

k=1

The series standing on the right-hand sides of these inequalities, by virtue of the condition of
Theorem 3.1, according to Lemmas 2.4, 2.5 and 2.6, converge uniformly. Then the series standing
on the left sides, that is series (3.8), converge absolutely and uniformly in €)y. Therefore, the
series (3.7), hence, the series in (3.4), converge uniformly in the compact {2y. The uniform
convergence of the series (3.5) in {2y follows from the convergence of the series (3.4) and the
validity of equation (1.1).

Similarly, the uniform convergence of the rest of the series can be proved.

Theorem 3.1 has been proved. 0

Now, we will prove the uniqueness of the solution to Problem 1.
Theorem 3.2. Problem I cannot have more than one solution.

P r oo f Suppose that there exist two solutions u(z,t) and us(z,t) of Problem 1. Let us denote
by u(z,t) their difference. Then, the function u(z,t) satisfies equation (1.1) with f(x,t) = 0,
and the conditions (1.2) and (1.3) with ¢4 (z) = @a(z) = 0.

Let Ty € (0,7] and Q; = {(2,8): 0 < # < 1, 0 < t < Tp}. Obviously, O C Q.
We introduce the following function:

w(z,t) = —/t Ou(x,g) d¢,  (x,t) € Q.
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It has the following properties:
Pw 8"
913’ 93 \© dan

1) wy, wi,

) eC(M),j=0,n-1

2) it satisfies the conditions (1.3) for ¢ € [0, Tp).

Consider equation (1.1) with f(z,¢) = 0, multiplying it by the function w(z,t) and integrating
the resulting equation over the domain {2;, we have

/Qlw(x,t){utt(x,t) + (— 1)"8({?]0”[ 8n6§cn )}}dtdx o

We rewrite this equality in the following form

To 1 . 8” aanu(l‘,t) 1 To
/0 dt/o (—1) w(a:,t)axn {x S ]daz—l—/o d;z:/o w(z, t)uy(x,t)dt = 0.

Hence, applying the rule of integration by parts, we obtain the following equality

To " o O"u(zx,t) Ow(x,t) O"2 [ 0"u(x,t)
/0 (=1) [ (:0) g 1(x dan )_ dr D2 (x dan )+
=1
L0 (s t) (0", t) To Lo orw(w,t) 0Mu(a, t)
_1\n—1 ) a ) «a ) )
+ (1) P (3: s ) . dt+/0 dt/o P e dx
1 t=Tpy To
+/ ou(z,t) _/ Ow(zx,t) 8u(a:,t)] dz =0,
0 0

t)——=
@) =5 ot ot
from which, by virtue of the properties of the function w(z,t) and u(x,t), it follows that

To n n To
/dt/ o 0w :ct@ a:t / / 8th8uxt)dt:0'
ot ot

Taking into account the equalities 8w 0" v_ o
m un ualiti U = —
& 4 ot ¢ oz T oot

1 To n n+1 To
/x“dx/ Ow(z,t) 0 dt—/ da;/ t)dt:O.
0 0 Oxn x"@t

Further, taking into account the following equalities

we have

ou(xz,t) 10 2 O"w(z, t) 0" Mw(x,t) 10 [0"w(a,t) ?
ule ) =5 = g 01 gxn oxrot 20| o |

and applying the rule of integration by parts with respect to the variable ¢, and taking into account
that w(z, Ty) = 0, u(z,0) = 0, we have

1 1 n 2
/ u*(z, Ty) dx + / x [w} dx = 0.
0 0 gz |,

From the latter equality, it follows that u(z,Ty) = 0, z € [0,1]. Since 7T} is an arbitrary
number from [0, 77, then u(z,t) = 0, (z,t) € Q. Thus, uy(z,t) = us(x,t), (z,t) € Q and the
uniqueness follows. Theorem 3.2 has been proved. U
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Now, we will prove certain estimates for the solution to Problem 1.

Theorem 3.3. Let the functions p1(x), po(x) and f(x,t) satisfy the conditions of Theorem 3.1.
Then, the following estimates are valid:

||u(-,t)||%2(071) < 03[”801”%2(0,1) + ||<P2||%2(0,1) + ||f(‘>t)||%2(sz)}> (3.9
Ju(z, )l c@ < Cs [H@gn)HLQ,T(m) + leallzo(0,1) + \/THf(-,t)HLQ(Q)}, (3.10)

1/2
where ||¢1]|1,,001) = [fol x® [gpl(x)]de] ,r=r(z) = x% Cs and Cy are C3 = 3C5,

Cs = max(1,1/A;, T/A1), Cy = supy

Proof Since the system {vk(az)}Zj is an orthonormal system, then using inequality (3.3),
from (3.2), we obtain

—+00 —+00 2
1 VT
u( , u? ©1| + —=|v2| + —=I|r(®)|| L.0.7

32 [wlk b+ 3 MO
9 1
< 32 ik t+ )\_180% ||fk( Wia0m |-
k=1
Hence, applying the Bessel inequality (see [22, pp. 23-24]), we have
+00
e < Ca{ leilon + bealon + S IOon ). G
k=1
Taking into account the easily verifiable equality

£ GO 0) = Zka NZa0m):

from (3.11), we get the estimate (3.9).
Taking into account the statements of Lemmas 2.3 and 2.4 from (3.6), we obtain

[u@, t)llom) \// 2 [p1" @)]” dz + | pa(@) ooy + VT Zka N2, 0m)

Hence, by virtue of the introduced designations, follows the estimate (3.10).
Theorem 3.3 has been proved. 0J
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKH

MATEMATUKA 2026. T. 36. Bem. 3. C. 419-440.

A. O. Mamanazapos, H. H. Tonunoe

KOppeKTHOCTb Ha‘laJ’[LHO-KpaeBOﬁ 3aJa4uu JJIA BBIPOKICHHOI0 I[Hq)(l)epeHHHaJILHOFO YpaBHEHUHA
B YaCTHBIX IMPOU3BOJAHBIX YETHOr0 BHICOKOIO nmopsiika

Knioueswvie cnoea: BBIPOKICHHOE ypaBHEHHE, KpaeBasl 3a/lada ¢ HAYaJIbHBIM YCIIOBHEM, METOJ, Pa3/IeJICHUS
NepeMEeHHBIX, CIIeKTpajibHas 3a7ada, MeTod GpyHKuuu ['prHa, MHTErpajgbHOe ypaBHeHue, psg Dypoe.

YIK 517.95
DOI: 10.35634/vm260305

B nacrosieit pabote copmyaupoBaHa M HCcleoBaHa KpaeBas 3a/ada ¢ HadyalbHBIM YCIOBHUEM JUISl BBI-
POXIIEHHOTO M PepeHIINaTHLHOTO YPaBHEHHS B YACTHBIX MMPON3BOTHBIX YETHOTO BEICOKOTO TTOPSAKA B TIPS-
MOYToJbHOM 06macT. C IOMOILBI0 METO/A pa3/iesIeHHs IIEPEMEHHBIX IOJIyUeHa CIEKTpalibHAas 3a/1ada s
00bIKHOBeHHOTO nuddepeHnnansHoro ypasHenus. [lyrem nmocrpoenus pyHkuuu [puHa 3Ta criekTpaibHas
3a/laya SKBUBAJICHTHO CBEIECHA K MHTErpPaJIbHOMY ypaBHeHUI0 dpenronbma BTOPOro pona ¢ CUMMETPH-
geckuM siipoM. Ha ocHOBE TeopuH MHTErpaibHBIX YPaBHEHHUI C CUMMETPHYECKHM SIIPOM JOKa3aHO Cy-
[IECTBOBaHNE COOCTBEHHBIX 3HAYEHHWH W CHCTEMbI COOCTBEHHBIX (PYHKIWMH CHEKTpaibHOM 3amadn. Kpome
TOTO, C MOMOIIBIO TOTY4YEHHOIO MHTETPaIbHOIO ypaBHEHMs U TeopeMbl Mepcepa gokazaHa paBHOMEpPHas
CXOIMMOCTh HEKOTOPBIX OMIIMHEHHBIX PSI/IOB, 3aBUCAIINX OT HAWIEHHBIX COOCTBEHHBIX (yHKIMH. Pemenne
paccMaTpuBaeMOH 3aady MPEACTAaBICHO B BHUIE CyMMBI psna Dypbe Mo cucreme COOCTBEHHBIX (DYHKLUIA
cHeKTpaybHOH 3a1aun. C MOMOIIBI0 METO/a SHEPreTUYECKUX MHTErpPaIoB JOKa3aHa €IMHCTBEHHOCTh pe-
IIeHUs 3a7a44. J{J1s IeMOHCTpaIii HEMPEPBIBHONW 3aBUCUMOCTH PEIIEHUS OT 33aHHBIX JTaHHBIX MTOIYUYEHbI
COOTBETCTBYIOIIIME OLICHKH.
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