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CONDITION NUMBERS RELATED TO THE CORE-EP INVERSE

The explicit formulae of the condition numbers for the core-EP inverse and the core-EP inverse solution
of a linear system are developed based on the Frobenius norm and the spectral norm, under one-sided
assumptions. The structured perturbation for the core-EP inverse is established. Some known results in the
literature are particular cases of our results.
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Introduction

As usual, the set of all m x n complex matrices is denoted by C™*" and, for A € C™*",
the symbols R(A), N(A), A* and rank(A), respectively, represent the range (column space),
null space, conjugate transpose and rank of A. If A € C™"*", the smallest nonnegative integer k
satisfying rank(A**1) = rank(A*), is the index of A, marked as ind(A). Also, I, is the identity
matrix of order n.

For A € C™" with ind(A) = k, there exists the core-EP inverse A® = X € C"*" [21] as a
unique solution of the system

XAX =X and R(X)=R(X*)=R(A").

Especially, if ind(A) < 1, A® = A® is the core inverse of A [2]. The significant of the core-EP
inverse was confirmed by the following published papers [1,3,4,7,8,11,12,14,18,19,23,25,29].
The following auxiliary result is useful.

Lemma 0.1 (see [24]). Let A € C", ind(A) = k and rank(A*) = t. Then, A can be written as

o Al A2 *
A_U{O AJU, (0.1)

where U is unitary matrix, A, is nonsingular upper-triangular of order t and As is nilpotent of
index k. In addition, we have

-1
® _ Al 0 *
A —U[ . O]U, (0.2)
® _ -[t 0 * ® 4 -[t AflAQ %
AA _U[OO}U’ and AA—U[O 0 U*.

A condition number is a basic notion in numerical analysis for assessing the numerical stability
of a problem and predicting the accuracy of its solution [9,10]. The condition number is important
in providing a measure of how sensitive the solution of a linear system Az = b is to small
changes in A and b. A high condition number indicates that the solution is highly sensitive to
these changes, while a low condition number indicates that the solution is relatively insensitive.
For a square and invertible matrix A, the condition number of A is given by || A4 - || A, where
|| - || is some matrix norm. The condition number of A can not be introduced in the previous sense
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when A is rectangular or even square and singular. Then we define the generalized condition
number of A related to some generalized inverse A~ of A by || A - [|[A~ ||

Generalized condition numbers have applications in studying singular linear systems based on
various norms [5,26-28]. Using two-sided conditions, the condition number for the outer inverse
was studied in [20] for rectangular matrices, applying the Schur decomposition and the spectral
norm and extending results given in [6]. Also, results from [6] are generalized to bounded linear
operators in [16].

Utilizing one-sided conditions, the explicit formulae for the condition numbers of the core
inverse and the core inverse solution of a linear system were proposed in [15], by means of the
Hartwig and Spindelbdck’s decomposition, the spectral norm and the Frobenius norm.

Since the core inverse exists for square matrices of index 1, the aim of this paper is to extend
the results about condition numbers for the core inverse given in [15] to square matrices of arbi-
trary index. The core-EP inverse presents a generalization of the core inverse for square matrices
of arbitrary index and it will be used. More precisely, we establish the strict expression for the
condition number with respect to the core-EP inverse, under one-sided conditions. We character-
ize the Frobenius norm and the spectral norm of the relative condition number for the core-EP
inverse, and the level-2 condition number for the core-EP inverse. The sensitivity for the core-EP
inverse solution of linear systems is given. The structured perturbation of the core-EP inverse is
presented too. Thus, we generalize existing results proposed in [15].

§ 1. Condition numbers related to the core-EP inverse
For A € C"*", ind(A) = k and b € C", consider the next linear system:

Az =0b, x¢c R(A").
The core-EP inverse solution x has the form
z = A%,

The absolute condition number was defined in [22]: when F' is a continuously differentiable
function
F:C™"xCc™ — C"

(A,z) — F(A, z),

the absolute condition number of F' at x is the scalar || F’(x)||. The relative condition of F at x is

L") [l

Iyl

We consider the operator
F:Cv"xC"—C"

(A,b) — F(A,b) = A% = z.
Observe that F' is differentiable function, if the perturbation £ in A satisfy

R(E) € N((A)), (1.1)

which is equivalent to
AA®E = E. (1.2)

According to [17, Corollary 3.1], we have the next perturbation result for the core-EP inverse.
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Lemma 1.1 (see [17, Corollary 3.1]). Let A € C™ ™ and ind(A) = k. If the perturbation
E € C™" in A satisfies AAPE = E and ||APE||y < 1, then

(A+ E)® = (I, + A%E)14% = A%(1, + EA®)—.

Remark that, by [17, Corollary 3.1], the condition AAPE = F in Lemma 1.1 can be replaced
with £ = APAE or E = AAPEAA® or E = APAEA®A.

We take the parameterized weighted Frobenius norm |[[[\A, pd] Hgb, where U is defined as
in (0.1) and M = diag (U, 1), because we can choose different parameters A, p for different
perturbations.

Based on the 2-norm and Frobenius norm (|| B||r = ([>. > |b;;|? for B = [b; ;] € C™*™),
i=1 ;=1

we now obtain the strict expression of the condition number for the core-EP inverse solution.
Notice that [15, Theorem 2.2] is a special case of Theorem 1.1 in the case where ind(A) < 1.

Theorem 1.1. Let A € C™*" with ind(A) = k have the form (0.1). If the perturbation E in A
satisfies (1.1), the absolute condition number of the core-EP inverse solution of a linear system,
with the norm ||z||y on the solution and the norm

F
1A, B = /X2 NAI + 2 b]3

on the data (A,b), is

L =ll3
C = A%)s1 = 2
H H2 /LQ + A2
. . . U 0
where U is the same matrix as in (0.1) and M = 011l

Proof Clearly, F(A,b) = A®. Since (1.2) holds, F is a differentiable function and F’ is
given by

A+ eB)O(b 4 ef) — A%

/ i
F'(A,b)|p.g) = lim -

where f is the perturbation of b and F is the perturbation of A.
By (1.2), it follows
(A4 eB)? = A® — cAPFEA® 1+ O(),

and we show that
F'(A,b)| gy = —A®Ez + A%f.

Further,

IF (A8 Enl: = IF(AD)Eplr = 1A%(Ez — f)llr
< (1A% B ellllz + 11 £1l2)-

We know that the norm of a linear map F’(A, b) is the supermum of ||F"(A, b)|(g,5)|| » on the unit
ball of C"*" x C". From

(IAE, wflll5 ) = NI E|% + 12| f112,
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we verify that

1F"(A, bl =

= sup 1A% (Ex = f)llr
N |BI3+42 £3=1

< sup 1A (1E 2 ]|z + 11f112)
N2 B FA+p2 (I fI3=1
E4P
A

— HA®|!2<AHEHF

N2 B+l fl13=1

+u|rfuzl)
1

[zl2 1
= A% sup (MEF, 1l fl2) - =,
Ap

A2 EF 42l fl3=1

where (Al B[, 1] fIl2) and (L2,
inequality, we conclude that

i can be seen as vectors in R2. Using the Cauchy-Schwarz

o (I3 1
IF/(AB) < 4% 555" + 5
To prove that this upper bound is attainable, note that there are vectors y and z such that
ATty = 1A oz = 1A%z, lylle = Izl = 1.
For
L Y . z
eif]. eeofi)
we get
19l = [12]l2 = 1.
Now,
AT 0 ATt
@, _ 1 17 Y
o= v g p] e[
_ 1A |22 1 2
= o[ M ] = | ¢
= [|A%)22.
Choosing
=) | 1 1 1
—_— = — E = - *
)\2 /j?’ f M277y7 )\2’[’]y )
we obtain
1 (I, 0
® - t * Nk
AAYE = Aan_OO}Uy:L’
1 Y| «
=¢8]
— L ooos
)\277y
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and thus F satisfies the assumption (1.2).
In order to check that the perturbation (E, f) is feasible, i.e., \?||E||% + p2|| f||3 = 1, we ob-
serve that

—1
x:A®b:U{A6 S]U*b,
and
NUEIZ + 121 = sl 2+ —s 15112
F 2 )\2,'72 F M2772 2
1 ~112 * (12
= )\2—772||?/||2||$ HQJFW
(e, 1
,',]2 )\2 MZ
= 1.
Therefore,
Fl (AW my = —A%Ex+ A%
1
Lo sz o L 4®n 2
= ATnHA HQZHLUHQ_'_W”A 122
= A%z
and
=3 | 1
1F/ (A, b)) ll2 = 1Al AQQ + e
with \2||E||% + p?|| f]|3 = 1, which gives
=3 1
|F/(A,b)] = | APl AQQ + o
Hence, the proof is finished. U

In order to illustrate Theorem 1.1, we present the next example.

Example 1.1. For

2 10 = 25 35
A=10 0 1 and E=|0 0 0 |,
000 [0 0 0
notice that ind(A) = 2 and
20 0]
A®=10 0 0 |.
00 0|

Since || A®||, = 5, the absolute condition number of the core-EP inverse solution = = A% from
Theorem 1.1 is

L [l
C=—— :
2\ p? + A2
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When the assumption (1.1) is satisfied, the 2-norm relative condition number for the core-EP
inverse A? is presented by

: 1(A+ E)® — A%,
Cond(A) = lim  sup
=07 || Blla<el| Al e AP

and the corresponding condition number for the linear systems Az = b is

Cond(A.b) = lm  sup  LAT E)O(b + f) — A2
0T || Blla<e|All2 €|l A®b||,
I /ll2<elblla

The level-2 condition number for the core-EP inverse is introduced by

i Cond(A + E) — Cond(A)|
Condm A — hm su |
W =0 ||E|\2§5A|\2 ¢ Cond(A)

and the level-2 corresponding condition number is

, Cond(A+ E,b+ f) — Cond(A, )]
Cond?(4,b) =lim su | ’ A
A0 = e e Cond(4, b)

[l fll2<ellbll2

We develop an explicit representation for the 2-norm relative condition number of the core-EP
inverse.

Theorem 1.2. Let A € C™*" with ind(A) = k have the form (0.1). If the perturbation E in A
satisfies (1.1), the condition number

®_ 71®
Cond(A) = lim Sup [(A+E) A%l

=0 | Blla<el| Al e[| A®||,

fulfills
Cond(A) = [|Al|2]| A®l>-

Proof By neglecting O(¢?) terms in a standard expansion, using Lemma 1.1, we have
(A+E)® — A% = _A%pA®
Since || E||2 < €||Al|2, notice that
I(A+ E)® — Al = [[APEAY||2 < ]| All2]| A5
and

I(A + B)® — A,
el A%l

There exist vectors u and v such that ||ul|y = ||v]js = 1,

< [|Al[2| A%l

1A ulla = [l Ay Hl2 = [[ A2

For
U

E=dlAlv | §

:|[U* 0]U",
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we check that AA®F = E and so F satisfies (1.1). Then,

uv* 0 N X
[Ell2 = ellAll2|\U U*|| = ellAll2]Juv”|2
0 0" |,
= el Allz[[ull2l[v][2 = e[| All2,
and
-1 * -1
) ) . Al 0 % uv 0 % Al 0 %
||AEA||2_e||A||2U{0 }UU{O O}UU{O o |V,
—1 * A—1
— €||A||2 U (Al u)(v Al) 0 U*
0 0],
= el|All2 | AT ulla ][ AT
= €| All2l| A3
= €]l A2 A%3.
Thus,

(A + B)® — A%,
el A%

The condition number in the Frobenius norm can be studied analogously as Theorem 1.2.

Theorem 1.3. Let A € C™*" with ind(A) = k have the form (0.1). If the perturbation E in A
satisfies (1.1), the condition number

= || All2| A% 0

A+ E)® - A®
Condr(A) = lim sup [(A+E) 13

0 B p<e] Al e|| A%l
satisfies

1Al 2| A®]3
COHdF(A) = HT”Fz

Proof Using Lemma 1.1 and by neglecting O(€?) terms in a standard expansion, it follows
(A+ E)® — A® = _4A%FA®,
Because ||F||r < €||A||r, we observe that
I(A+ E)® — A%||p = |APEA® | p < |A® 2| Bl £ A2 < €]l All ]l A3

and o o o
1A+ E)" = A%llr _ [Al£IIA7]

€| A% — 1A%k

Let
U

E = €| Al|pU { 0 } [v 0]U,
where || A7 ully = |Jv* A7 |2 = ||ATY2 and ||ul|2 = ||v]|; = 1. Now, we get AA®E = E.ie, E
satisfies (1.1),
1Bl = el [u] O
= ellAllpllulla]lv]2
= €l AllF,

U[uv O}U*

F
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and

IAYPEA®|r = €| Allr

—1 * —1
U{Al 8}U*U{uv O}U*U{Al O]U*

0 0O 0 0 O P
—1 x A—1
_ GHAHF U (A7 u)(v A7) 0 U*
0 0 P
= el Allpll AT ullollv* AT
= el Allrl A3
= |l Allr|A®|3.

We complete the proof by

I(A + B)® — A%l Al A3
= = 2 0
el AV 1A%

The following example illustrates Theorem 1.2 and Theorem 1.3.

Example 1.2. Let A and E be given as in Example 1.1. Using ||A||> = 2.236, ||A||r = 2.449 and
|A%|| = ||A®||> = 1, the condition numbers defined in Theorem 1.2 and Theorem 1.3 are

Cond(A) = ||A2]| A%, = 1.118

and -

Al || A™|3

Condp(A) = ——=——=
| AD||

The condition number of linear systems is characterized now in terms with 2-norm.

= 1.2245.

Theorem 1.4. Let A € C™*" with ind(A) = k have the form (0.1). If the perturbation E in A
satisfies (1.1), the condition number of linear systems Ax = b, v € R(AF),

Cond(A.b) = lim  sup AT E)®(b+ f) — A%|,
’ =07 | Bl <e|| All2 €||A®b||2
Ifll2<ellb]l2

Sulfills

A%|5[b]l-
Cond(A, b) = ||Al,]|A® [1A7]=15]1> .
on ( Y ) ” HzH ”2+ ||A®b||2

Proof If|E|2 <c¢€l|A|2and | f|l2 < €||b]|2, then, by Lemma 1.1,

A+ E)®b+f)— A% = [(A+E)® - A%+ (A + B)Of
= —APEA% + (A + E)Of

= —A%Er + A%f + O(?)
and so
I(A+E®0+ f) = A%, < A%l Ellllzllz + 1 A®I2) f1l2
< el AP All2llllz + [1b]l2).
Therefore,

® A ”2HbH2
Cond(A,b) < [|A|2]|A + 7” .
( ) < [IA]l2 2 [ 4®b”2
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Setu=U [ g ], for [|A; v||2 = ||A7 Y2 and ||v||2 = 1. Further, ||ul|; = 1 and
—1
® _ Al 0 * v
weue = o4 g Jov [
= [lAT vl
= [|4%]..
* Ul tXxXn :
Let U* = U , where U; € C"*". Since
2
o Ui ] _ Uiz
o=l o=

and

—1 1 —1
U:U—UAb—UU[O O_Ub—lo OUb_ L

Uz = s and Usx = 0. From x # 0, Uyz # 0 and ||{U*z||y = ||U;z||2. Taking

el Alla I, 0
f = eul|b||2, ”U*tzux U 00 U-,

we check that AAPE = E,
[ fll2 = €llbll2|lull2 = €]|b]]2

and
ellAll2 I, 0
E N Ll 1 * *
1Bl = s [ Lo o]V,
el Al vl . [L 07, .,
— U2, U 0 U 0 0 U )
ellAllz || v I, 0
—= >|<U
[U*z|5 0 t 0 O )
el Alle arr [ It O
- HU*.THQHUHQ x U O O )
e[l Al .
= [U*z| H[ (Urz)* 0 ”’2
ellA
= ||£WHH22HU1‘T”2
= ¢l|All2.
Now,
I(A+E)P(b+ f) — A%, = || — A®Ex + A%f|,
A 2
ALV 40, 10400
U+l 5

= ([ AlllU"z]lo + [1Bl]2) | Al
= (A2l ABll2 + [1b]l2) [ A®] 2,
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which gives
(A + BP0+ f) — A)|2 1A®]J2][6]]
€| A%b| 1A®0]>
The proof is completed. l

= || All2| A%l2 +

The following result in Frobenius norm can be shown in the similar manner as Theorem 1.4.

Theorem 1.5. Let A € C™*" with ind(A) = k have the form (0.1). If the perturbation E in A
satisfies (1.1), the condition number of linear systems Ax = b

Condp(A4,b) = lim  sup I(A+ E)®(b+ f) — A%]|p
0 B e Al || A®b||
Il <elbll

fulfills

A®|15][b|2
Condp(A.b) = | Al|p| A9 + LA 202
onde(4,) = |41l A% + Fg

We need the next results in order to prove that the sensitivity of the condition number for the
core-EP inverse in solving a linear system, is approximately given by the condition number itself.

Lemma 1.2. Let A € C™" with ind(A) = k have the form (0.1). For y, % given as in Theo-
rem 1.1, there exists D € C"*" satisfying

Di=—j, |D|,=1, AA®D=D.
Proof If D= —gyz* then Dz = —yz*2 = —;g||;3||§ =1,
Dl = |92 [l2 = [|9ll2[[2]l2 = 1
and

AA®D:—U{L O}U*gjé*:—U{y]é*:D. O

0 0 0
Lemma 1.3. Let A € C"*" with ind(A) = k have the form (0.1). If ¢ — 0, then

max
[Ell2<e|All2

I(A + B)®ll2 — [ A®]2| = ell A%||> Cond(4) + O(e?),

when E satisfies the assumption (1.1).
Proof The fact that £ satisfies (1.1) implies
(A+ E)® = A — A%pA% + 0()

and

I(A+ E)®ll2 — | A%]2| < €llA%]|2 Cond(A) + O(e?).

max
[Ell2<ellAll2

For D as in Lemma 1.2 and E = €||A||2D, we get
|4® — APEA®||, > [|(A® — APEA®)j]|; = A% — APEAg,

= [[4% - ]| 4],A° D A%%]
= [[14®122 = el Al 4% A% D2

2

= 4%,

2+ € A2A%]

= A%l2 12 + el Allo| A%]122

2

= 1A% (1 + el Al A ). 0
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We easy prove the following results.

Corollary 1.1. Let A and E be given as in Lemma 1.1. If the perturbation E in A satisfies (1.1),
the level-2 condition number

: Cond(A + E) — Cond(A)|
Condm A) = lim su ‘
W HOHEHQS?HA”Q e Cond(A)

fulfills
| Cond?(A) — Cond(A)| < 1.

Corollary 1.2. Let A and E be given as in Lemma 1.1. If the perturbation E in A satisfies (1.1),
the level-2 condition number of linear systems Ar = b, x € R(Ak),

Cond?(A,b) = lim  sup | Cond(A + E,b+ f) — Cond(A,b)]

<0 Bll2<el|All2 ¢ Cond(4,)
I fll2<el|b]]2
Sulfills
Cond(A, b 1
E)f +(5)’2 - 5 < Cond®(4,) < 3Cond(4,0) +2,
— bl
where § = 2D

Notice that the hypothesis that F in A satisfies (1.1) in the previous results can be replaced
with
R(E) € R(AY)
or equivalently
A®AE = E.

Also, we can use E = AAPEAA® or E = APAEA®P A instead of (1.1).

§ 2. Structured perturbation
In order to present a structured perturbation for the core-EP inverse in 2-norm, for A = (a; ;)
and B = (b@j), denote by |A| S |B| if|am~| S |bz,]|

Theorem 2.1. Let A € C™" and ind(A) = k. If |APE||; < 1 and |U*EU| < |U*AAPAU|,
then
(A+E)® = (1, + A®E)71 A%,

where U is given by (0.1).

E, E,

Proof IfE:U[E3 E,

that

} U*, using (0.1), (0.2) and |U*EU| < |U*AA®PAU], it follows

E; Ey < Ay A,
E3 Ey - 0 0
E, E,

yielding F3 =0 and £y =0. So, E =U { 0 0

] U* and

A+E:U{A1+E1 A2+E2}U*.

0 As
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Since ||APE|, < 1,

L, +A°E=U { All(Aé + Ey) A}% } U
n—t

is invertible. We deduce that A;'(A; + F)) is invertible and thus A; + E; is also invertible.
Applying [13, Lemma 2.3], we obtain

-1

(A+E)®=U { (A +0E1) 8 } U,

Therefore,

(I, + APE)4® = { (A + §1>_1A1 —(4 ?El)‘lEz } { Aél 8 } U
n—t

_ (AL +E)™ 0], .
_U[ . o |U

— (A+E)®. O

§ 3. Conclusion

Recent results about the condition numbers for the core inverse motivated us to further develop
this topic using the core-EP inverse, because the core inverse exists for square matrices of index
1 and the core-EP inverse for square matrices of arbitrary index. Under one-sided conditions, we
present strict formulae for the condition numbers of the core-EP inverse and the core-EP inverse
solution of a linear system. Thus, we extend existing results in [15] to a more general case.
For future researches, it is interesting to generalize these results to tensors or to bounded linear
operators on Hilbert spaces or to elements of C*-algebra.
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