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RIGIDITY OF COMPACT RIEMANN SOLITONS VIA THE AHLFORS LAPLACIAN

A Riemann soliton is a rigid generalization of the classical Ricci soliton in which the full Riemann curvature
tensor enters the defining equation. We establish a connection between compact Riemann solitons and the
operator framework of the Ahlfors Laplacian. Contracting the Riemann soliton equation in dimension
m > 3 produces an associated Ricci almost soliton with a normalized potential vector field. We derive
a global formula expressing the soliton constant in terms of the average scalar curvature of the compact
manifold. Using the Cauchy—Ahlfors operator and its formal adjoint, we obtain rigidity conditions under
which the traceless Ricci tensor vanishes and the metric is Einstein. An application of Obata’s theorem
gives a spherical rigidity result. The two-dimensional case is treated separately: positive constant scalar
curvature on an orientable compact Riemann soliton yields a round two-sphere with the corresponding
constant Gaussian curvature, while the Ricci almost soliton associated by contraction is trivial.
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Introduction

The theory of geometric flows, initiated by R. Hamilton (see [1]) through the introduction of
the Ricci flow, has profoundly influenced modern differential geometry and its applications to
mathematical physics. Self-similar solutions of such flows, usually called solitons, play a fun-
damental role as canonical models for the formation of singularities and for the analysis of the
geometric and topological structure of manifolds.

In 2016, E. Hiricd and C. Udriste introduced in [2] a more rigid and structurally richer notion,
known as a Riemann soliton (M, g, V, \). Whereas a classical Ricci soliton imposes a condition
only on the Ricci tensor, that is, on a contraction of the curvature tensor, a Riemann soliton
involves the full (0, 4)-tensor Riemann curvature equation. This makes the corresponding soliton
equation considerably stronger and places it naturally within the framework of curvature evolution
governed by the Kulkarni-Nomizu product. Recent investigations have also revealed significant
interactions between Riemann solitons, Ricci-type solitons, and contact geometric structures. Ex-
amples include contact metric manifolds, («, 5)-contact geometries, and almost Riemann solitons,
where various rigidity and classification phenomena have been established [3-5].

In addition to its intrinsic geometric interest, the theory of Riemann solitons has recently at-
tracted attention in mathematical physics and general relativity. In particular, Riemann solitons
have been studied on perfect and imperfect fluid spacetimes, including generalized Robertson—
Walker settings, and in modified gravity models such as energy-momentum squared f(r,T?)-
gravity. In these settings, they provide a useful geometric framework for describing self-similar
configurations, curvature properties, energy conditions, and related features of gravitational mod-
els (see [6-8]).

A fundamental algebraic feature of a Riemann soliton (g, V, \) on an m-dimensional manifold
is that, for m > 3, contraction of its defining equation gives rise to a Ricci almost soliton structure
(9, X,0), where the normalized potential vector field is X = mT_QV and the soliton function o
depends on div V. Thus, every Riemann soliton in dimension m > 3 canonically determines
a Ricci almost soliton structure (see [9]).
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Since the traceless Ricci tensor Ricy plays a central role in the study of Ricci almost solitons,
it is natural to ask whether the Ahlfors Laplacian framework developed in [9] can be applied to
Riemann solitons. The main purpose of the present paper is to show that the Ahlfors Laplacian
provides an effective analytic tool for studying compact Riemann solitons. We first show that
the soliton constant A\ is determined by the average scalar curvature. We then combine the
contracted soliton equation with the Ahlfors operator to obtain rigidity results forcing Ricy to
vanish under natural assumptions. Consequently, several classes of compact Riemann solitons
reduce to Einstein metrics.

§ 1. Preliminaries and the Tachibana-Ahlfors operator framework

Let (M, g) be an m-dimensional smooth Riemannian manifold. We denote by R the Riemann
curvature tensor of type (0, 4), whose local components are R;j;.

Recall that the Kulkarni-Nomizu product ® of two symmetric (0, 2)-tensors A and B is the
(0,4)-tensor defined by

(A® B)(X,Y,Z,W) = A(X,Z)B(Y,W) + A(Y,W)B(X, Z)
— A(X,W)B(Y, Z) — A(Y, Z)B(X,W).

Following Hiricd and Udriste, a triple (g, V, A\) on M is called a Riemann soliton if it satisfies the
structural equation (see [2])

2R+ XMg®g)+9© Lyg=0. (1.1)

Here Ly g denotes the Lie derivative of the metric tensor along a smooth vector field V', and A is
a real constant.

To investigate equation (1.1), we employ an operator-theoretic approach based on the theory
of conformal Killing forms and Tachibana operators.

Let S2M denote the bundle of symmetric (0,2)-tensors on (M, g). The conformal Killing
operator S, also called the Cauchy—Ahlfors operator, maps a 1-form § = X”, the metric dual of a
vector field X, to the space of trace-free symmetric tensors via

2
S@zﬁxg—a(divX)g. (1.2)

This trace-free symmetrized gradient is the conformal Killing, or Cauchy—Ahlfors, operator; see,
for example, Branson [10]. A vector field X is conformal if and only if .S annihilates its metric-
dual one-form 6 = X°.

Remark 1.1. In this paper we follow the normalization of the Cauchy—Ahlfors operator used by
Branson [10].

The formal adjoint of the Cauchy—Ahlfors operator is S* = 2 on symmetric traceless tensors.
The composition S*S defines the Ahlfors Laplacian; see [10-12]:

4(m —1)

Ay =55 =20d+ dé — 4 Ric.

Here d is the exterior derivative on differential forms and ¢ is its formal adjoint.

Remark 1.2. The Ahlfors Laplacian is distinct from the classical rough and Hodge-de Rham
Laplacians. It may be viewed as the p = 1 case of the elliptic Tachibana operator acting on
differential p-forms; see [9, 10, 13]. The analytical properties of the Ahlfors Laplacian have
also been studied in various settings; see, for example, Branson [10], Branson et al. [11], and
Pierzchalski and Orsted [12].
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Furthermore, according to the fundamental geometric decomposition, the traceless part of the
Ricci tensor s
Ricy = Ric ——yg
m

can be uniquely represented on a compact Riemannian manifold as the L2-orthogonal sum

(see [9])
RiCO = S?] + RiCTT,

where 7 is a smooth 1-form and Ricyr is a transverse-traceless tensor satisfying
S* R,iCTT =0.

This decomposition separates the conformal component of the traceless Ricci tensor from its
transverse-traceless part and provides a direct link between curvature and the kernel of the ad-
joint Ahlfors operator. Combined with the contracted Riemann soliton equation, it translates the
original curvature-tensor condition into an elliptic operator equation.

§ 2. Main rigidity and trivialization theorems

We begin with the contraction of the Riemann soliton equation
2R+ X9 ©g)+9© Lyg=0. (2.1

Writing out the Kulkarni-Nomizu product in (2.1) and contracting over one pair of indices gives,
for m > 3,
(m—1A+divV

g

m— 2

1 1
r — " Ric=—
phvg g e

Multiplying by m — 2, we obtain
-2
T Lvg + Ric = (=(m — A —divV)g.

Using the linearity L.yg = cLy g, introduce the normalized vector field

m — 2
X=—"-V
2 )

so that Lyg = ™2Ly g and divV = —2 div X. Substitution into the contracted equation gives
the Ricci almost soliton equation

Ric+Lxg = o0g, (2.2)

where )
o=—(m—-—1IA— ——div X, m > 3.
m — 2

Taking the traceless part of (2.2) and using (1.2) yields
Ricy = —56, 9=X".

Thus, in the general Ahlfors decomposition Ricy = Sn + Ricrr, the soliton equation corresponds
to n = —0 and Ricyr = 0.
Taking the trace of (2.2), we obtain
4(m —1)

S+ ﬂleX = —m(m — 1))\
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Integrating over the compact manifold M and using the divergence theorem gives

/ div X dv, = 0,
M

/ sdv, = —m(m — 1)A Vol(M, g).
M

and therefore

Consequently,

N 1 fM s dvg
~ m(m—1)Vol(M, g)

Writing 5 for the average scalar curvature,

B 1
* 7 Vol(M, g) /M sdvy.

we obtain the following result.

Proposition 2.1. Let (M, g, V, \) be an m-dimensional (m > 3) compact Riemann soliton. Then,
the soliton constant is

s
A=
m(m — 1)

where s is the average scalar curvature of (M, g).
Under the sign convention adopted for equation (1.1), the following statement is immediate.

Corollary 2.1. 4 compact Riemann soliton is shrinking, steady, or expanding according as its
average scalar curvature is positive, zero, or negative, respectively.

We now consider the gradient case. Let X = Vf, where X is the normalized potential
vector field. Then, the contracted soliton equation yields a pointwise relation between the scalar
curvature and the Laplacian of f.

Proposition 2.2. Let (M, g,V, \) be an m-dimensional (m > 3) gradient Riemann soliton, and
let X denote its normalized potential vector field. Assume that X =V f for some f € C*°(M).

Then,
4(m —1)

s+
m — 2

Af =—m(m—1)A.

P r o o f. By definition of the normalized potential vector field,

m— 2
X=—"1VN
2

The contraction of the Riemann soliton equation takes the form (2.2), where

2
c=—(m—-—1H\— ——=divX.
m — 2

Since X = Vf, we have Lxg = 2V?2f and div X = Af. Taking the metric trace gives
s+ 2Af = mo.

Substituting the expression for o, we obtain

2m

s+2Af =—m(m— 1)\ — mAf.
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Hence 5
s+ (2—1— 7m) Af =—m(m—1)A
m— 2
Since
54 2m_ 4(m—1)’
m— 2 m— 2
the asserted identity follows. U

Proposition 2.3. Let (M, g,V, \) be an m-dimensional (m > 3) compact Riemann soliton, let
X = mT_QV, and put 0 = X", Then,

m — 2

ds.

5*50 =

m

Consequently,
-2
(SW,SGM;::QL——:/‘LXdey
m M

In particular, if s is constant or [ vy Lxsdvy =0, then SO = 0. Hence, X is conformal and,
by Ricy = —S0, the metric g is Einstein.

Proof From Ricy = —S56, application of S* gives
—5*56 = S* Ricy .
Since S* = 26 on symmetric traceless tensors,
S* Ricg = 20 Ricy .

Using Ricy = Ric —=g, the contracted second Bianchi identity é Ric = —1ds, and §(sg) = —ds,
we obtain

1 1 -2
0 Rico = —=ds+ —ds = _n ds.
2 m 2m
Therefore,
—2
S* Ricy = _m ds,
and comparison with —S*56 = S* Ric yields
-2
S50 = L —Z4s.
m

Taking the L2-inner product with # and using that S* is the formal adjoint of S, we get
(5*50,0)12 = (S6,50) .
On the other hand,
(ds,0) 12 = / 9(Vs, X)dv, = / Lxsdv,.
M M

Hence the stated integral identity follows. If either hypothesis in the last assertion holds, the
right-hand side vanishes, so ||S6||2, = 0. Thus, S = 0, and the remaining conclusions follow
from (1.2) and Ricy = —956. n

The following theorem constitutes the main rigidity result of the paper.
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Theorem 2.1. Let (M,q,V,\) be an m-dimensional (m > 3) compact Riemann soliton.
If S*Ricy = 0, then (M, g) is Einstein.

Proo f Since Ricy = —S560, we have S* Ricg = —S5*S60. Thus, the assumption S* Ricy = 0
implies S*S6 = 0. Taking the L?-inner product with 6 gives [|S6||7, = 0, and hence S6 = 0.
It follows from Ricy = —S6 that Ricy = 0. Therefore (M, ¢) is an Einstein manifold. O

The next result is an immediate application of the integral identity established in Proposi-
tion 2.3.

Corollary 2.2. Let (M, g,V, \) be an m-dimensional (m > 3) compact Riemann soliton. If either

s is constant or
/ Lxsdv, =0,

then X is a conformal vector field and (M, g) is Einstein.

P r oo f Proposition 2.3 gives
m— 2
SO|2, = —= [ Lxsdv,.
156117 m /M X$§ Vg

Under either hypothesis the right-hand side vanishes; hence, S8 = 0. Using Ricy = —956,
we obtain Ricy = 0, while (1.2) shows that X is conformal. Thus, (M, g) is Einstein. O

Combining Corollary 2.2 with Obata’s theorem gives the following classification result.

Corollary 2.3. Let (M, g, V, \) be an m-dimensional (m > 3) compact Riemann soliton satisfying
one of the assumptions of Corollary 2.2. If the induced conformal vector field X is essential, then
(M, g) is globally isometric, up to homothetic normalization, to the standard round sphere S™.

P roo f By Corollary 2.2, (M, g) is Einstein. Since X is essential, it is non-Killing with respect
to g; hence Obata’s theorem (see [14]) applies and yields the conclusion. 0

Finally, in dimension two the situation becomes completely rigid.

Theorem 2.2. Let (M, g,V,\) be a two-dimensional orientable compact Riemann soliton with
constant scalar curvature s. Then:

(i) if s > 0, then (M, q) is globally isometric to a round two-sphere of constant Gaussian
curvature K = s/2; equivalently, after the corresponding homothetic normalization, it is
isometric to the standard unit sphere S*;

(ii) if's < 0, then the Ricci almost soliton associated with (M, g, V', \) by contraction is trivial;
in fact, this conclusion is independent of the sign of s.

Proof On every two-dimensional Riemannian manifold, the scalar curvature s and the Gaus-
sian curvature K are related by s = 2K. Hence, constant scalar curvature is equivalent to constant
Gaussian curvature.

Assume first that s > 0. Then, K = s/2 > 0 is constant. By the Gauss—Bonnet theorem,
x(M) > 0. Since M is compact and orientable, the classification of compact orientable surfaces
implies that M is topologically a two-sphere. Because g has constant positive Gaussian curva-
ture K, the Killing—Hopf theorem yields that (), g) is globally isometric to the round two-sphere
of curvature K = s/2. This proves (i).
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For (ii), the direct contraction of the Riemann soliton equation in dimension two gives
Ric = —-(A+divV)g

and therefore
s==2(A+divV).

Thus, the contracted equation is a Ricci almost soliton equation with vanishing potential vector
field and soliton function — (A + div V') = s/2. Consequently, the associated Ricci almost soliton
is trivial. The argument uses only the fact that the dimension is two and therefore does not depend
on the sign of s; in particular, it applies when s < 0. This proves (ii). U

Remark 2.1. If the orientability assumption in Theorem 2.2 is omitted, then in case (i) (M, g)
is globally isometric either to a round sphere or to the real projective plane equipped with its
standard constant-curvature metric, with Gaussian curvature K = s/2. Indeed, if M is non-
orientable, its oriented double cover Misa compact orientable two-dimensional Riemann soliton
with constant positive scalar curvature. By Theorem 2.2, M is isometric to the round sphere. The
non-trivial deck transformation is therefore a fixed-point-free isometric involution of the round
sphere, hence the antipodal map. Consequently,

M = S?/{+1} = RP?.
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ComutoHn Pumana sBnsieTcs ®eCTKMM OOOOIIEHHEeM KJIACCHYECKOTO CONMMTOHa Puydm, B ompenensioniem
YpaBHEHHH KOTOPOTO YYacTBYeT TOJIHBIH TEH30p KpuBH3HBI Pumana. B pabore ycranaBmuBaercsi CBS3b
MEX/1y KOMITaKTHBIMU COJIMTOHaMU PrMaHa 1 onepaTOpHBIM MTOAXO0M, OCHOBAHHBIM Ha JIaIlIacCuaHe AJlb-
¢opca. C moMoLIpl0 CBEPTKH ypaBHEHHs CONMTOHa PumaHa mpu pasMepHOCTH m > 3 CTPOMTCS acco-
LUUPOBAaHHBIN MTOYTH CONUTOH PHuun ¢ HOPMUPOBAHHBIM MOTCHIMAIBHBIM BEKTOPHBIM mojieM. IlomydeHa
miobanbHast GopMmylia, BbIpaskaroliasi KOHCTaHTY COJIMTOHA Yepe3 CPEAHIOI CKALIPHYIO KPHBH3HY KOM-
MakTHOTO MHOT000pasus. C moMombio oneparopa Komm—Ansdopca U GopMaTbHO COMPSHKEHHOTO K HEMY
orieparopa MOJy4YeHbI YCIOBHS KECTKOCTH, NP KOTOPBIX OeccienoBas 9acTh TeH3opa Puuun obpamaercs
B HYJIb U METpHUKaA SBIJIseTCS dWHIITEHHOBOH. Ha ocHoBe Teopembl O0aThl CPOpPMYIHpPOBaH CHEpPUUICCKHIT
pe3ynbTaT KecTKoCcTU. OTAENIbHO pacCMOTPEH JIBYMEPHBIN Cllydail: MpH MOJOKUTEbHON MOCTOSHHOM CKa-
JSIPHOM KpUBH3HE OPHEHTHPYEMBI KOMITAaKTHBIH COMMTOH PuMaHa sBisieTcst Kpyrioi cepoil ¢ CoOTBeT-
CTBYIOIIEH TOCTOSSHHOU TayCCOBOM KPUBU3HOM, 8 aCCOIIMUPOBAHHBIN MOUTH COJIMTOH PU44n, BOZHUKAIOIINMA
IIPYU CBEPTKE, TPUBUAJIEH.

@duHaHCcHPOBaHHe. ABTOPHI 3asBIIIOT, YTO IPH MTOATOTOBKE HACTOSIIEH CTaTbu (PMHAHCOBAS MOMJIEPXKKA,
TPaHThl WM HHBIE (GOPMBI PHUHAHCHPOBAHUS HE MCIONB30BAJIHCE.
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