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Introduction

The coincidence point theorem established by Arutyunov [1] has received considerable at-
tention across various branches of mathematics, including integral equations [2, 3], differential
equations and control problems [4-6]. In response to this widespread interest, numerous studies
have been undertaken to extend this framework. Initially, the baseline established in [1] con-
sidered two mappings defined between regular metric spaces. Subsequent works [7-9] explored
scenarios where the two mappings are defined from one (¢, ¢2)-quasimetric space to another.
Later, this was further generalized in [10] for mappings defined from a b-metric space to a space
equipped with a distance satisfying only the identity condition. Finally, a similar relaxation was
applied in [11], where the mappings operate from a (¢, g»)-quasimetric space to a space equipped
with a distance satisfying only the identity condition. In all of these studies, one of the mappings
is a graph-closed and a-covering and the other one is a S-Lipschitz in the whole space (X — Y')
with (a > ().

Nevertheless, these extensions have primarily addressed enlargements of the metric spaces,
without relaxing the constraints imposed on the mappings themselves except in [12, 13], where
the conditions on the mappings were weakened so that the required properties were verified only
on a subset of the metric space. In this context, the present work aims to further generalize this
latter result [12, 13] to a more generalized metric spaces (in our paper it’s the b-metric space),
which likewise encompasses and extends the work presented in [10].

§ 1. Main concept

Let us give some definitions necessary for our research.

Definition 1.1. Let X be a nonempty set. Let s > 1. The mapping px: X x X — R, is defined
by the following way. Let the following relations are satisfied for all x,y, z € X:

(1) px(x,y) = 0 & x =y (identity);
() px(z,y) = px(y, z) (symmetry);

(3) px(z,2) < s(px(z,y) + px(y, 2)) (the s-relaxed triangle inequality).
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Then, the distance px is called b-metric, and the pair (X, px) is called a b-metric space.
Remark 1.1. if s = 1, then (X, px) is a standard metric space.

Definition 1.2. Let (X, px) be a b-metric space. For xy € X and r > 0, the closed ball centered
at x( with radius r is defined by

B(xzg,r) :={z € X: px(x9,x) <r}.

Remark 1.2 (see [14]). Unlike the metric case, the closed ball B(xg,r) in a b-metric space is
not necessarily closed with respect to convergence. Indeed, if {z,} C B(zo,r) and z, — =z
in (X, px), then, using the s-relaxed triangle inequality, we have

px(x0,2) < s(px (20, Zn) + px (Tn, 2)).
Passing to the limit as n — oo, we obtain
px(xg,z) < sr.
Hence, in general,
x € B(wg, sr), butis not necessarily z € B(zo,7).

Let (X, px) be a b-metric space. We give the definitions of Cauchy sequence, convergent
sequence and complete b-metric space (for example, see [10]).

Definition 1.3. Let (X, px) be a b-metric space.

(i) A sequence {x,} in X is called Cauchy (or fundamental) if

px(Tp, xm) — 0 as n,m — +00.

(ii) A sequence {z,} in X is said to converge to a point x € X if
px(Tn,x) — 0 as n — +o0;
in this case we write
T, — x or lim x,==z.

n—-+o0o

(iii) The b-metric space (X, px) is called complete if every Cauchy sequence in X converges
to a point of X.

Definition 1.4. Let Y be a non-empty set, and let
d:Y xY =R,
be a function satisfying only the identity axiom:
VyLy2 €Y d(yi,y2) =0 & y1 = 1.

The pair (Y, d) is called a generalized metric space.
In Y, we define the notion of convergence of a sequence {y;} C Y to an element y € Y by

d(yi,y) — 0 as i — oo.

We denote the set of all limits of {y;} by Limy, ={y € Y | v; — y}.
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Remark 1.3.

1. Let {y;} C Y, the limits of sequences may not be unique, and even if d(y;,y) — 0 this does
not mean that d(y, y;) /4 0, as i — +oc.

2. If d additionally satisfies symmetry and the triangle inequality, then (Y, d) reduces to a standard
metric space.

From [1], we extend some definitions for mappings defined from a b-metric space to a space
equipped with a distance that only satisfy the first axiom of metric.

Definition 1.5. Let o > 0. The mapping ¢/: X — Y is called a-covering if the following relation
1s satisfied:
Vg e X Yy eY Jdx e X: ¢(x) =y,

and

px(x, ) < éd(wx),w(xo))-

Remark 1.4. We note from Definition 1.5 that every single-valued a-covering mapping is sur-
jective, but not necessarily injective. (As an example, the mapping ¢): R — [0, 0c0) defined by
Y(x) = |z| is a 1-covering mapping. It is surjective but not injective.) If, in addition, the mapping
is injective, then its inverse exists and is o~ !-Lipschitz. In contrast, for a multivalued a-covering
mapping, its inverse is automatically o~ !-Lipschitz mapping.

Definition 1.6. Let 8 > 0. The mapping ¢: X — Y is called S-Lipschitz if the following relation
is satisfied:

VY, € X d(p(2), p(20)) < Box(x,0).

A mapping ¢»: X — Y is called continuous at x € X if for every sequence {z;} C X
with x; — x, we have ¥ (z;) — ¥(z), i.e., ¥(x) € Lim¢(x;). A mapping continuous at every
point of V' C X 1is called continuous on V, and in the case V' = X such mapping is called
continuous. Note that uniqueness of the limit ¢)(x) in {¢(x;)} is not required for continuity at x
(see Example 1.1 from [12]). From [9], we say that a mapping ¢: X — Y is called graph-closed
at a point x € X, if for every sequence {z;} C X with x; — xz, whenever the sequence {¢(z;)}
converges to some y € Y, then necessarily

y =Y(x).

A mapping is graph-closed on every point of V' C X is called graph-closed on V, and in the
case V = X such mapping is called graph-closed. Thus, uniqueness of the limit {¢)(x;)} is not
necessary for graph-closedness. Moreover, continuity at x does not imply its graph-closedness
at = (see Example 1.1 from [13]).

From [13], we give the definition of the weakened graph-closedness property, which is satis-
fied by all continuous mappings from X to Y.

Definition 1.7. A mapping ¢): X — Y is called d-closed at a point x € X if, for any sequence
{z;} C X such that ; — = and Lim(x;) # @, the inclusion ¢ (z) € Lim(z;) holds.
A mapping that is d-closed at every point of a set V' C X is called d-closed on V, and, in the
case V' = X, such mapping is called d-closed.

From [10], we formulate the conditions for the existence of a coincidence point for two
mappings defined from a b-metric space to a space equipped by a generalized distance.
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Firstly, we recall that a point £ € X is called a coincidence point for the mappings ¢: X — Y
and ¢: X — Y if the following relation is satisfied:

P(&) = (). (1.1)

For any # € R and n € N, we denote by R(f,n) the sum of n terms of a geometric series

n—1
Z ¢*, thus,
=0

1-0"
R(0,n) = T

We assume that R(#,0) = 0.
Let the real numbers o > 3 > 0 be given, and we assume that 3° = 1 when 3 = 0. Let

mo =min{j € N|sp’ < o},

and also we denote

R(j) = R(%,j — 1) + Sj_QE

ai—1’

jeN, R(0)=0.

Theorem 1.1. Let a b-metric space (X, px) be complete. Let the following conditions hold:
mapping V: X — Y is a-covering and graph-closed, and mapping p: X — Y is [-Lipschitz
with o > f.

Then, for any xo € X, there exists a coincidence point £ for 1 and p such that

s3a™1R(sB/a,mg — 1) + s%(sfB)™0~!
amo — gf3mo

pX(l’O,g) < d(@('TO)vw(xO)) (12)

Remark 1.5. The statement (1.2) can also be written in another form

-
pxlans€) < TR 0 (), (r0)

_ S R(sB ey — 1) b AT G ).

amo — gf3mo

§ 2. Main results

In this section, we will give some results of coincidence point. Firstly, we give a result
about the existence of the coincidence point £ for two mappings 1, ¢ defined from a b-metric
space (X, px) to a space (Y, d) (d is a mapping satisfying only the first condition of a metric).
One of these mappings is a-covering and the other one is 5-Lipschitz on a subset V' C X. The
second result is about the stability of the sequence of coincidence points &, for mappings 1., ¢y,
when we have some convergence to ¢ and ¢ respectively, as n — oo.

From [3,15] we formulate the generalizations of Definitions 1.2 and 1.3 proposed in [16].
Let a set V' C X be given. For mappings ¢/: X — Y and ¢: X — Y, we define the following
two sets:

d(y,¥(z)) <400 = Ju €V such that
Y(w) =y and px(u,2) <~ d(y, ¥(x))
Lipglp; V] = {(z,9) € X XY [Vu €V, p(u) =y = d(y,(z)) < Bpx(u,2)}.

Cova|t; V] i= < (z,y) € X XY

)
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The first of these sets is called the set of a-covering of the mapping ¢ relative to the set V,
and the second is called the set of 3-Lipschitzness of the mapping ¢ relative to V. Obviously, the
relation

Covy[t; X] =X xY

means that the mapping v is a-covering, and the relation
Lipglp; X] = X x Y

means that the mapping ¢ is (-Lipschitz. Note that the sets of covering and Lipschitzness
monotonically depend on the set V' C X by inclusion, namely, the following relations hold:

VcVeX = Cov,[1; V] C Covy [t ‘7], Lips[e; V] D Lipgle; V.

2.1. Coincidence point in a local set from b-metric space

Our main result, stated in the following theorem, deals with the existence of a coincidence
point for two mappings 1, ¢ defined from b-metric space to a space equipped by a distance
satisfying only the first condition of a metric.

Theorem 2.1. Let (X, px) be a complete b-metric space, o« > [ > 0, and let xy € X satisfy
d(¥(z0), () < co. We set

V= B(l‘o, L),
s3a™ 1 R(sB/a,mg — 1) + s%(sp)™ !

o™ — S/Bmo

L= d(@/)(%)a <P(950))-

Assume that, for every x € V, (x,¢(x)) € Lipglp; V] and (x,¢(x)) € Cova|yh; X]; the
mapping 1) is graph-closed and the mapping ¢ is continuous on V.

Then, there exists a solution of (1.1) in V.

Proof Let V C X. We will prove that there exists a sequence {z;};eny C X satisfying the
following relation:

T; € V, ’l/)(l’l) = QO(.Tz;l), 1= 1,2, Cey and px<$i,1,$‘i) < gpx<$i2,$i1), 1 > 2. (21)

The main idea of this proof is to show that all elements of the sequence {z;} belong to the closed
ball V' = B(xz, L), thereby preserving the Cauchy convergence property. To achieve this, we give
a partition of the set

H = {l‘o,[[’l,l‘g,...}

that representing the elements of the sequence {x;}, into finite subsets of the form B; =
= {20, %1, Ty > Be = {Tmgs Tmot15 - > Tamo - - s B = {Zm—1)mos - - -+ Tmg }- S0, first
of all, we prove that H = |J,,», B,. Then, we apply backward mathematical induction to prove
that every element of each subset (B,,) lies inside the ball.

1. We show that H = |-, B,.

Let @ > > 0 with s > 1 be fixed, and define my = min{j € N: s4/ < o’/}. Since
a/B >1,s0 (a/B) — oo as j — oo, hence, such my exists. Clearly, mg # 0 because for j = 0,
58° = s > a® = 1. Thus, mgy > 1.

Let H = {wo, 21,72, ...}, and define for each n € N, B,, = {Z(n—1)mg+ T(n—1)mo+1s - - - » Tmo } -
Each B, is nonempty since it contains exactly mg + 1 consecutive elements of X.

For any z; € H, k € N, there exists a unique n such that (n—1)my < k < nmy, meaning that
k lies between two consecutive multiples of m,. Hence, z, € B, and, therefore, H C J,~, By.
Also, it’s clear that | J, -, B,, C H holds. Thus, we have |J,., B, = H. -
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2. We denote M = d(1(z0), ¢(20)). Now, we will show that Uns1 Bn C V.

Base step B; C V:
Let xq satisfy the hypothesis of the theorem and yo = ¢(xg). Since (zg,40) € Cov,[1; X],
there exists 2; € X such that

(1) = (o), px(xo, 1) < a 'd(W(xo), o(x0)). (2.2)

Firstly, we observe that

mo
0<1— 36 <1.
oo
Consequently,
1 o ™t
1—s 1—s
oo oo

Moreover, by hypothesis, we have 1 < s and 1 < sR(my).
It follows that

Ofld(iﬁ(l’o)’ 90(370)) < %Oﬁld(wxo)a @(fb’o))-

Therefore, we deduce o 'M < L.
From (2.2), we get px (zo,21) < L, so 2y € V. Let y; = (). Since (z1,y1) € Lipg[p; V],
we have

d(yo, y1) = d(@(20), p(x1)) < Bpx (2o, x1). (2.3)

Case mo = 1. This case is well verified in ;. Thus, our base step ends here. Otherwise, we
have: since (z1,y1) € Cov,[t; X], there exists xo € X such that

Y(wa) = p(z1),  px(21,22) < @' d(W(x1), p(21)).
From (2.3), we deduce that px(x1, z5) < ng (20, z1). From (2.2),
px (o, m2) < s(px (o, 1) + px (21, 22)) < S<1 + g)px(ﬂﬁo,%) < a_15<1 + g)M
Case mg = 2. Recall that

3gmo—1pR sB —1) + 2 mo—1
L:sa (a,mo ) s*(sp) v

amo — gf3mo

For my = 2, we have mg — 1 = 1 and

R(ﬁ,l) = 1.
(8%

Hence,
3 3 3
posatsf, _slath),,
a? — sf3? a? — sf3?
Thus,
. 5 slatB) \oslatp), sath),
px(ro,22) < @ 5<1+5)M— o2 Mgoﬂ_sﬁ?M_ a2—362M_L



502 The existence of coincidence points

Case mg > 2.
px (2o, 72) < 04—15<1 + é)M < Oz_13<1 + ﬁ)M < OflsR<%’2)M
3R
S a_lsR(ﬁamO)M S %Q_lM = L’
° =

s0, x5 € V. Thus, (2.1) holds for i = 1, 2.
We suppose that (2.1) holds for ¢ and i 4+ 1, where 0 < 4,7 + 1 < myg. Since (x;,y;) €
€ Cov,[1; X], there exists x; 11 € X such that

(i) = (i), px(ri, zi) < a7 Hd(W(@:), (). (2.4)
Hence,
px (i, wi1) < a”d(p(wia), p(2:)) < ng($i—17xi)- (2.5)

From (2.1) and (2.5), we get

ptanin) <0 (2) a(wtan) o(aw). 2.6)

«

From [10] (or by using (2.6)), we have

px (T, Tiys) < S(PX(SCz', Tip1) + /)X(Iz+1737z‘+j))
< spx(Ti, Tig1) + 8 (/)X (Tiv1, Tiga) + px (Tito, fUz'Jrj))
< spx (@i, ig1) + S px (Tig1, Tiga) + -+ + 7 px (Tigj2, Tij1)

+ 877 px (@i, Tiy)
i i+1 . gitj—2 Riti—1
<(s%+526—+---+3]_16 +53B. )M
al

= it2 oiti—1 it
s M R(j 2.7
_Sai—i—l (])7 2.7)
where
- 6. A Zﬁj—l _ -
R(J):R(Saaj—l) + 57 P jEN, R(0)=0.

From (2.6) and (2.7), we obtain

. . 3R
px(z0, 1) < sa *MR(i + 1) < sa”'MR(mg) < %

— S _amo

a ‘M < L.

So, (%11, Yir1) € Covy[tr; X] and (2.1) is verified.

Thus, we have established that property (2.1) holds for every x;, 0 < i < mg. This completes
the base step of the induction, namely, the proof that B; C V. We now proceed to the induction
step.

Inductive step: Suppose that | J, <j<n Bj C V. We must now prove that B,; C V. By the
induction hypothesis, we have z,,,, € B, N B, 11 and (Zpmg, Ynmo) € Covy[t; X]. Consequently,
for every index i satisfying nmg < i and i + 1 < (n + 1)myg, if (x;,y;) € Cov,[e; X], then
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there exists an element x;,; € X such that property (2.4) holds. Moreover, relations (2.1), (2.5),
and (2.6) remain valid and by applying (2.7), we obtain

PX (xnmo, xiJrl) < 3(pX (xnmm .Tnm0+1) + px (xnmoJrlu xi+1>)
<s PX ('rnmov SL’nm0+1) + 82 (pX (xnmoJrlu xnm0+2> + px ('rnm0+27 xi+1))
S S pPx (xnmoa xnmo—f—l) + SQpX(:L‘nmo-‘rla xnmo+2) + -

4+ 870 s (41, ) + 8T o (4, iy 1)

nmo nmo+1 i—1 7
S( 6 —FSQB +"'+Sl nmoﬁ +Sl+1 nmoﬁ )M

anmo-l—l anmo+2 a az—f—l
Bnmo
= Sl MR((Z + 1) — nmy).

From [10], for any non negative integers 7, k and r = [mi] we have

s(px (i, Titmo) + Px (Titmo, Titk))
§ px (Tis Tigm) + 8° (X (Titmos Tivamo) + Px (Litamo Titvk))
§ px (Tis Tiymy) + 8°0X (Tigms Tivamo) + -+ 8" Px (Tit (r—1)mo> Litrmo)

r—+1
+ s PXx ('TiJrrmou xiJrk‘)

Px (901‘, $i+k)

(VAR VANRRVAN

i+mg

2 B’ D 3 D
<s FMR(THO) + s itmot MR(m(]) +
- ﬁi—l—(r—l)mo . 1 Bi—l—rmo .
+ S WMR(THO) + s WMR([C — Tmo)
6@ S/Bmo . 6i+rm0 -
<s 2a+1MR( ) oo , 7] +s JrIWMR(k—Tmo). (28)

Case: i + 1 < (n 4+ 1)m,.
We have 7 = | 251 | = n, and using estimates (2.7) and (2.8), we obtain

px (20, Tiv1) < s(px(T0, Tmoy) + Px (Timg, Tit1))

S SPX($O> $m0) + 52 (pX(:L‘moa :L‘Qmo) + pX(l‘Qmov xi-}—l))

S SPX($O> $m0) + SQPX(:L‘TTL(M meo) + T + San($(n,1)mO, :L‘nmo)

+ San ('rnmm xiJrl)

215 g O™ 3 gl pln—bme 3
<s —MR(m0)+s m0+1MR(m0)+"'+ WMR(mO)
nmo
+sr+1aﬁ MR((Z'Jrl) — nmy)
) 1 5 5 Bmo 5 1 /B(nfl)mo B
<s EMR(mo)—l—S am0+1MR(mo)+~"+S WMR(T”O)
nmo 5
4 gntl g — MR((i + 1) — nmy)
< XM Rmo)R (s et O R 2
S S a (mo) SW7n +s mo+1 R(<Z+ )_nm0)7 ( 9)

and also since
0<(i+1)—nmy<mg and s""' < s"*2
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we obtain

anmoJrl

1 N mo nmo N
px(xo, xip1) < sZ—MR(mO)R<s§mO,n) + Sn+1LMR((i + 1) — nmy).

9 - Bmo 2 Bnmo
< s*—MR(mo)R| s——,n | + " ———MR(my).

Q™Mo anmoJrl

Case: it + 1 = (n + 1)m,.
We have r = n + 1, and, from (2.7), we obtain:

Px (xnmoa x(n—i—l)mo) < S(pX (xnmm xnmoJrl) + Px <$nmo+17 x(n—i—l )ymo )
S SPx (xnmou xnmoJrl) + s (/)X <$nmo+17 xnm0+2> + PX (xnmo+27 x(n-{—l)mg))
S S pX(xnmoa xnmoJrl) + 5 Px ('rnm0+17 xnm0+2) + -

+S(n+1)m0*"m0*1px( T(n+1)mo—15 L(n+1)mo )

nm nmo-+1 (n+1)mo—1
< ( prme 2 /70 + ... 4 glndlmo—nmo— 175 ’ )M

— anmo—l—l anmo—i—Z (n+1)
/Bnmo — nmo ~
B SOznmoJrl M R((TL + 1)m0 - nmo) - SanmoJrl MR(mO)

From (2.8), we find

1 N Bmo . /8 n+1)mo N
px (o, x(n+1)mo) < SQEMR(mo)R(SamO N+ 1) + s +2WMR(O)

< SQEMR(mO)R(Sﬁ O,n + 1) <L,
a Q™o
80, (Ti11,Yir1) € Covy[th; X] and (2.1) is verified. Thus, B, y; C V, and from this we find that
foralln > 1, B; C V. From (2.9), it follows that {z;} is a Cauchy sequence, and as
X is a complete space, so lim; ., x; = €.

Now, it remains to prove that £ € V, and for that we have:

Px (l’o, 5) < Spx (l’o, "L‘n) + SpX(xna 5) < nEIEOO (SpX(:E07 xn) + spx (xna 5))

n—-+40o

1. = mo
< lim (s?’aMR(mO)R(s%,n+l) +spx(xn,§))

1 - mo
< lim sg—MR(mo)R(sﬁ O,n+1) +0< L.
am

n—-+o0o (0%

That proves £ = limz; € V. By the continuity of ¢ on V, we have ¢(x;) — ¢(£). By using
¥(xi11) = p(z;) and the graph-closedness of ¢ on V', we have ¥ (§) = ¢(§). O

Remark 2.1.

1. As in [13], the graph-closedness assumption on 1) may be replaced by the requirement that 1)
be d-closed and that the following condition be satisfied:

V{r;} CVVz eV, - and Lim¢(z;) = Lime(x;) #0 = (x) = p(z). (2.10)
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2. In analogous, coincidence point theorems for mappings in metric spaces, the continuity of ¢ is
not assumed, since it follows from the Lipschitz condition. However, in Theorem 2.1 we employ
a weakened Lipschitz assumption, namely, ((z,v(x)) € Lipg[p; V] for all 2 € V') which does not
guarantee the continuity of ¢. Consequently, the continuity of ¢ must be explicitly imposed here.

3. Theorem 2.1 still valid if X and Y are b-metric spaces.
Example 2.1. Let X = Y = R endowed with the quadratic complete b-metric space (s = 2)

equipped by the distance

We define two mappings

e’ —1, x <0, 1+ 3z +sin(z), z € [—m, 7,
g9(z) = flz) =

—e*+1, >0, 0, x & |[—m, 7).

Properties of g (Lipschitz via Mean Value Theorem)

For every z € R the derivative of g satisfies ¢/(z) = e™*|, s0 0 < ¢’(2) < 1. Consequently, for
every =,y € R there exists £ between = and y with

lg(x) —g(W)| = 19" |l —y| < |z =yl

Thus, g is 1-Lipschitz in the usual metric and therefore also 1-Lipschitz for the quadratic b-metric,
i.e, d(g(2),9(y)) = (9(z) — 9(¥))* < (z —y)* = d(z,y).

Properties of f on [—m, 7|

On [—m, 7], the mapping f equals  — 1 + 3z + sin(x), hence, ming,e|_r - f'(z) = 2 and
f'(x) > 0 for all x € [—m,n]. Therefore, for any =,y € [—m, 7], |f(x) — f(y)| > 2|z — y|.
Squaring both sides, d(f(z), f(y)) = (f(z) — fW))* > 4(z —y)? = 4d(x,y). So, inside [, 7]
we have an expansion inequality d(f(z), f(y)) > ad(z,y) with a = 4.

Application to a coincidence point theorem

Let (X, d) be a complete b-metric space, where X = R and d(z,y) = (z — y)%, z,y € R. It is
well known that the quadratic distance and so d is a b-metric with coefficient s = 2, that is,

d(z,2) <2(d(z,y) +d(y,2))  Va,y,z€X.

And as (Y, d) is a b-metric space, so, the classical coincidence stated in [1, 12,13, 17] cannot be
applied, since they require both spaces to be standard metric spaces.

Moreover, the mappings considered in [7, 10, 11] assume the [S-Lipschitz and «-covering
properties on the whole space. In our case, the mapping f: R — R is not a-covering on R, since
it is not surjective. Therefore, the previous results are not applicable.

Now, we apply our main theorem. We choose the parameters

s=2, mpy=1, a=4, =1, x7=0.
Using the expression of the constant L, we compute explicitly

mo— sB _ mo—
po SR me = 1) B Ly 0

amo — Sﬁmo 2
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Since the metric is given by d(z,y) = |z — y|?, we have d(0,z) = |z|>. Choosing L = 2, the
corresponding closed ball centered at the origin is

V= {xGR: d(0,x) SL} = {xGR: || §2} = [—\/5, \/ﬂ

By direct computation, we have
g(V) C f(V),
which implies that, for every x € V, the pair (z, g(x)) belongs to the covering set Covy[f, R].
Furthermore, for every x € V, the pair (z, f(z)) belongs to Lip,[g,V]. The mapping f is
graph-closed on V' and the mapping ¢ is continuous on V.
Consequently, all the assumptions of our theorem are satisfied, and we conclude that there
exists a point * € V' such that

f(@?) = g(a"),
i.e., f and g admit a coincidence point in V.
2.2. Numerical coincidence points (computed)
Solving f(z) = g(z) numerically yields the approximate solution x ~ —0.31977.

] 1 1
I I
10 I : f(x) _
I I
I
5] | [ »
I I
, , 9(x)
> 0 - o |_ - ® -| - em == == i
- T I coincidence point 1
I 1
—5 - I .
I I
I I
—10 I T I
-7 -2 0 V2 T

Fig. 1. Graphs of the mappings f and ¢ and their coincidence point z* ~ —0.31977. The dotted
vertical lines correspond to the interval V = [—1/2,v/2 ]

§ 3. The stability of coincidence point

Let for all n € N mappings ¥,, p,: X — Y be given. In this section, we will study the
stability of coincidence point for two mappings ¥, ¢,, n € N, when we have some convergence
to v, p, respectively. Therefore, we will prove the convergence of &, to &, where &, is the
coincidence point for v,,, ¢, and £ is the coincidence point for ¢, p: X — Y.

Recall that a coincidence point of the mappings ¢, ¢, : X — Y is the solution of the equation

Un(x) = @n(1). (3.1)

Let (X, px) be a b-metric space, and let (Y, d) be a set endowed with a distance satisfying
only the identity axiom (as in the previous section). Let ¢, ¢: X — Y be two mappings admitting
a coincidence point £ € X, i.e., ¥(§) = ¢(&).

Let (1,)nen and (@, )nen be sequences of mappings from X — Y.
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Theorem 3.1. Let (X, px) be a complete b-metric space. Assume that there exist sequences
(n)nen and (Brn)nen such that 0 < 3, < o, for all n € N.
For each n € N, we define

3 nmoflR sﬂ’ —1) + 2 nmofl
ansa (an mo ) 8(86) d(?/)n(f),@n(fn,

an'® — sBp%°

and introduce the closed ball
V,, = B(&, Ly).

Assume that, for every n € N, the following conditions are satisfied.:

(1) for all x € Vy, (x,¢n(x)) € Lipg, [on; Val, and (z, on(x)) € Cova, [tn; X];
(2) on V,,, 1, is graph-closed and ,, is continuous;
3) L, — 0asn — +oo.

Then, for each n € N, there exists a coincidence point &, € X of the mappings 1, and @,
that is, such that §,, — & as n — +o0 in (X, px).

Proof Forevery n € N, the conditions of Theorem 2.1 are satisfied for the mappings v,,, ©,,
with zp = &. Consequently, for each n, there exists a solution &, for the equation (3.1) such
that px(¢,&,) < L,. Due to the convergence L, — 0, when n — oo, we obtain &, — &
when n — oo. O

As in Theorem 2.1, the graph-closedness assumption on ¢ may be replaced by the requirement
that i) be d-closed and that the condition (2.10) be satisfied.
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKHN

MATEMATUKA 2026. T. 36. Bem. 3. C. 496-510.

M. E. Xapyou, B. Mepuena, M. 3. Auccayu

CyIHeCTBOBaHHe TOYCK COBINAACHHUA B IMOAMHOKECCTBEC HA b-MeTpH‘leCKOM MNPOCTPAHCTBE

Kniouegvie cnosa: TOUukn cOBIaeHUs, METPUIECKOE POCTPAHCTBO, b-METPUUECKOE TIPOCTPAHCTBO, HAKPHI-
BafoIee 0TOOpaKEHHE, JINIIITUIICBOEC OTOOpaKEHHE.

VIK 515.126.4
DOI: 10.35634/vm260310

B jaHHOM cTaThe MBI pacIUpsieM HEKOTOPBIE Pe3yJbTaThl O TOYKAX COBIAICHUS s OTOOpakeHuit (1), @),
AEHCTBYIONMX U3 b-MeTpH4ecKoro mpoctpanctsa (X, px) B MPOCTPAHCTBO Y, ¢ paccTosiHHEM d, YIOBIIE-
TBOPSIFOIIMM JIAIITh aKCHOME TOXIECTBA. 3/€Ch OTOOpa)XCHHE ) SBISETCS (-HAKPBHIBAIOIIUM, a O0TOOpa-
)KeHHe  siBisiercst f-munmmneBbiM (o > B > 0) Tonbko Ha gaHHOM moaMHOoxectBe V. C X. a-Ha-
KpbIBatoIiee MHOKeCTBO (v > 0) mist otobpaxenus 1) Ha V' — 3T0 MHOXKeCTBO map (x,y) TaKuX, 4TO
cymectByer u € V ¢ ¥(u) = y, px(z,u) < a td(y(z),y), a B-munmmieso MHOxkecTBO (3 > 0) 1A
oroOpakeHust ¢ Ha V' — 910 MHOXecTBO map (z,y) Takux, 4to Wi jmodoro u € V, ecin p(u) = v,
to d(y, p(z)) < Bpx(u,x). Kpome Toro, B paboTe HCCIEAyeTCsl YCTOMIUBOCTD MMOCIEA0BATEIBHOCTH TO-
uek coBraneHust {&, } st 1, ¥ ©,, B IPESAMONOKCHHHU, YTO IPH 72 — 00 HMEET MECTO CXOAUMOCTb ), — 1
U (0, — ( COOTBETCTBEHHO.
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