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THE MOTION OF A BALANCED CIRCULAR FOIL IN THE FIELD OF FIXED POINT
SOURCES

This paper is concerned with the motion of a circular foil in an ideal incompressible fluid containing
two fixed point sources. It is shown that the study of such a system reduces to investigating the motion
of a material point (the geometric center of the foil) in a potential field. Fixed points of the system
corresponding to stationary configurations of the foil in absolute space are found. An analysis is made
of the limiting case with sources whose intensities are opposite in sign, but have the same absolute value
and which are contracted to a single point, that is, the motion of the foil in the field of a fixed dipole is
considered. It is shown that in this case the system is integrable, and a complete analysis of the system is
carried out.
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Introduction

The study of the motion of rigid bodies in a fluid is one of the fundamental problems in
theoretical and applied hydrodynamics. The case of plane-parallel motion of a rigid body is of
particular significance in this field. This approach makes the investigation of the dynamics and
control much simpler. For example, the authors of [1,2] perform a numerical simulation of the
motion of a rigid body in a viscous fluid. The results of two-dimensional simulation of a flapping
wing in [1] agree with the three-dimensional experiment and the two-dimensional simulation
performed in [3].

In addition to a viscous fluid, one often considers the model of an ideal incompressible
fluid because it allows simplifying the solution of the hydrodynamical problem and reducing
the investigation to analysis of the equations of classical mechanics. For example, Ref. [4]
considers the motion of articulated bodies, which propel themselves by changing their shape.
The authors of [5-7] develop models featuring the motion of a body in a fluid using various
internal mechanisms (a rotor or moving masses). Such models make it possible to reproduce the
characteristic features of the dynamics of a mobile robot moving on the water surface. However,
for a quantitative agreement with experiment the model requires additional correction.

In addition to body motion in a fluid under the action of some internal mechanisms, attention
is also given to the influence of the singularities of the flow (for example, vortices) on rigid
body motion. For example, Ref. [8] analyzes the motion of a circular foil with two vortices
and shows that, under some conditions on the system’s parameters, the problem is integrable.
In [9, 10], equations of motion of a circular foil with an arbitrary number of vortices are derived.
The influence of an attached vortex on the motion of an elliptic foil was discussed in [11].
Sources/sinks or vortex sources may also be considered as singularities of the flow. Refs. [12-14]
are devoted to the motion of a circular and an elliptic foil in the field of one fixed point source.

This paper is a continuation of [12-14] and examines the motion of a balanced circular foil
in the field of two fixed point sources. Section 1 presents the construction of a mathematical
model. Section 2 analyzes particular solutions to equations describing the motion of the foil and
addresses the question of integrability of these equations. Subsections 2.1 and 2.2 are concerned
with particular cases: sources of the same intensity and sources whose intensities have the same
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absolute value, but are opposite in sign. Section 3 examines the limiting case where sources
whose intensities are opposite in sign contract to a single point, i. e., it examines the system of a
circular foil in the field of a fixed dipole.

§ 1. Mathematical model

Consider the plane-parallel motion of a circular foil of radius R in an ideal incompressible
fluid. For this system we make the following assumptions:

1° The circular foil is balanced, i. e., the center of mass is at the geometric center.

2° The fluid contains two fixed point sources with constant intensities ¢; and ¢, respectively.
The motion of the fluid is potential everywhere except at points at which the sources are
located.

3° The motion of the fluid about the foil is irrotational. At infinity its velocity is zero.

To describe the motion of a circular foil, we introduce a fixed coordinate system Oxy attached
to the complex plane z as shown in Fig. 1. Let (x.,y.) denote the geometric center of the foil.
Without loss of generality, we choose the position of the singularities at points (£a,0), where
a > 0. This can always be achieved by choosing a coordinate system.
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Fig. 1. Schematic representation of the system

Under the assumptions made above, the motion of the fluid can be described using a complex
potential of the following form:

R2
“ +2ln(z+a)+2q—21n(z—a)+
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R? - R?
+21n +a+ z +q—21n —a—z |,
2 Z— Z 2 Z— Z

where 2. = x. + 1y, is the coordinate of the center of the circular foil, ©u = 2. = %, + iy, is the
velocity of the center of the circular foil, and the bar denotes complex conjugation.

The torque (relative to the center of mass of the foil) acting on the circular foil is zero. Thus,
to derive equations of motion for the circular foil, it is necessary to define only the force due to
the pressure from the fluid on the foil. The force can be calculated by the formula proposed by
Sedov [15]:

2 dz dt dz
C C

. 2
F,+iF, =L (d—w) x4 4 p5u+ip7{zd—wdz , (1.1)
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where F,, I, are the projections of the force onto the axes of the coordinate system Ouxy,
S = wR? is the area of the foil, C is the contour of the foil, and p is the fluid density. Using the
formula (1.1), an explicit expression for the force was obtained:

2 2 2 2
. . /)(JQR (CL - zc) pQIR (CL + zc)
F, +iF, = —prR*u + - +
v r 27T|a—zc|2(|a—zc|2—R2) 27T|a+zc|2(|a+zc|2—R2)
pa1G2R*(a + =) P01 R*(a — 2)

2mla + ze|?((a — z.) (@ + z.) + R?) B 2mla — ze|?((a + z.) (@ — zc) + R?)

The equations of motion of the circular foil can be represented as the classical Newton equa-
tions

mi. = F,, my. = Fy. (1.2)

This system of equations is closed and completely describes the motion of the circular foil in the
presence of two fixed sources.

Lagrangian form. The equations of motion of the foil (1.2) can be represented as Lagrange—

Euler equations
d (0L oL d (0L OL
ad _ — —_ — =0 1.3
dt (8:’60) oz, 0, dt <ayc> Y. ' (1.3)

where L is a Lagrangian of the form

L=5(@2+i?) - U.

with 1 = m + pr R? being the effective mass and U = U (., .) the scalar potential

2 2 2 2

& R P45 R
U=l (1o — 2 ) PRy (o

A n( (xc+a)2+y§)+47r n( (a:c—a)2+y§)+

4 op2(.2 2 9
LPny (2R (x2 +y2 — o) C(14)
4 ((xc +a)? + yg) ((xc —a)? + ycz)

Hamiltonian form. Making the standard Legendre transformation, we represent the sys-
tem (1.3) in the Hamiltonian form

_8H_& ,_8H_py

- ) Yye= 73— = —
opr M opy  p

: oH piiR*(a+x.) | pgzR*(a — x.)
P e (iR (R
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9

(1.5)
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with the Hamiltonian

H=—p:+p.)+U. (1.6)

1
2
Thus, the problem reduces to investigating the motion of a material point (the geometric center
of the foil) moving in a potential field U. Next, we turn to analysis of the surface of the potential
and its singular points.

§ 2. Analysis of the system

In the general case, the motion of the system is defined by the potential (1.4), which has
5 parameters: the position of source a, the intensities of sources ¢; and ¢, the radius of the
circular foil, R, and the fluid density p. Figure 2 presents an example of the surface of the
potential U on different sides for a = 2 and for the following parameter values:

R=1, ¢1 =5, g =1, p=1 (2.1)

Remark 2.1. For the system under consideration, by choosing units of measurement of mass,
length and time, one can always achieve that R = 1, |¢go| = 1 and p = 1. As a result, there remain
only two parameters a and ¢;.

We note that the potential (1.4) has singularities and tends to —oo as it approaches the circles
(. +a)* +y> = R (2.2)

Inside the circles (2.2) the potential U is undefined. The contact of the center of the foil with
any of the circles (2.2) corresponds to the contact of the boundary of the foil with one of the
sources. The potential (1.4) is always negative for any values of z., y. and the parameters. Also,
the following asymptotics are valid for it:

lim U = —0.
TZ+y2—00
Invariant manifolds and fixed points. The black dots in Fig. 2 indicate the critical points of
the potential (1.4) which correspond to the fixed points of the system. In the general case, analysis
of the fixed points reduces to finding the roots of a nonlinear system of equations that contains
polynomials of orders 8 and 9 in the variables z. and y.. Therefore, the explicit solutions can be
found only in particular cases (see Sections 2.1 and 2.2).

~5-5 55
Fig. 2. The surface of the potential (1.4) for the parameters (2.1) (on different sides)

The system (1.5) admits the invariant manifold

py = 0, Y. = 0. (2.3)
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The motion on this manifold is given by the equations

po=Pr oy = P2 PR qgpRlz. 2.4)
T ! 2mry (r2 — R?)  2mr_(r2 — R?)  wrpr_ (R +ryrl)’ '

where r, = a+ x., r_ = a — x.. The system (2.4) is defined on the following intervals:

T € (—00,—a— R)U(—a+ R,a — R)U (a+ R,o0) under the condition a > R,
z. € (—o0o,—a — R) U (a + R,00) under the condition a < R.

If z. does not appear in the above-mentioned intervals, then this corresponds to contact of one or

both sources with the boundary of the foil or with the interior of the foil. A phase portrait of the
system for m = 1 and the parameters (2.1) is shown in Fig. 3.
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Fig. 3. Phase portrait of the system (2.4) for the parameters (2.1)

DS

The red dotted lines in Fig. 3 indicate the boundaries of the phase portrait which correspond
to contact of the foil with one of the sources. Also, the red dot in Fig. 3 indicates the fixed point
of the system (2.4) with coordinates (x%, 0), where z is defined from the solution of the equation

— (¢ + @)*2) + 3a(q; — ¢3)xe + 2(R* (¢ + 2)* — a*(qn — 1))zl — 2a(q; — ¢3)(2R* + a®)a? +
+ ((3q; — 212 + 363)a* + 2R*a*(q1 + ¢2)° — R* (1 + ¢2)°) e — a°(¢f — ¢3) + aR*(q; — ¢3) = 0.

It can be seen from the phase portrait that the system (2.4) has trajectories that are attracted to
one of the singularities, and a fixed point.

The Hill regions. To investigate the system in general (not on the manifold), we construct
characteristic examples of the Hill regions U < E for different values of F. They show regions
of bounded motions of the system. The Hill regions with parameters (2.1) and a = 2 are shown
in Fig. 4.

It follows from Fig. 4 that for energies &2 < 0 all trajectories will be bounded. To realize the
trajectories leading the cylinder to infinity, it is necessary to impart energy £ > 0 to the system.

Basins of attraction. As noted above, the system under consideration has two types of trajec-
tories: those going to infinity (xg +y? = oo) and those attracted to one of the sources in finite
time (the proofs of this statement are given in [12]). This behavior of the trajectories is typical of
such systems (a circular foil and a source [13], a circular foil and a vortex source [12]).
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() E = —0.2 (b) E = —0.18185
Ye

(c) E = —0.17 (d) E=—0.1
Fig. 4. The Hill regions with parameters (2.1) and different £

Consider the system (1.5) in the case where all trajectories are bounded and are attracted to

the sources, i.e., U < F. Figure 5 shows basins of attraction of the sources on the plane of initial
conditions (z.(0),y.(0)) for

pw(o) =0, py(o) =0,

for the parameters (2.1), and m = 1. Dark gray denotes the region of attraction to the left source,
and light gray represents the region of attraction to the right source. Red denotes the boundary of

the region of possible motions (condition (2.2)) which corresponds to the fall of the foil onto one
of the sources.

5
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Fig. 5. Dependence of the attraction of the trajectory to the sources on the initial position

The black line in Fig. 5 indicates the curve separating the dark gray and the light gray
region. Numerical experiments show that this line is smooth and presumably corresponds to
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some invariant manifold on which the dynamics of the system is not asymptotic (that is, the
trajectory is not attracted to the sources and does not go to infinity). Also, this curve has fixed
points of the system (1.5). However, it is impossible to define the explicit form of the invariant
manifold. Therefore, the question of the existence of this manifold and of investigating the
dynamics of motion on it remains open.

Unbounded trajectories. The trajectories of the foil that lead it from the sources to infinity are
possible if one imparts some positive energy to the foil to overcome the attraction of the sources.
This can be achieved by specifying a nonzero initial velocity of the foil. Figure 6 shows, on the
plane of initial conditions (z.(0),y.(0)), regions where the circular foil goes to infinity (white
region), and the regions of attraction to the sources (gray regions) for the parameters (2.1). The
initial conditions for the momenta are given as

p=(0) = =Vpcosp,  p,(0) = —Vpusingp, (2:5)

where ¢ = arctan(y.(0),2.(0)), and V is the initial absolute value of the velocity. Condi-
tions (2.5) have been chosen in such a way that the velocity vector of the foil at the initial time
is always directed to point O (see Fig. 1).

3

Yc(0)
0

y.(0)
0

® @

-3 0 z.(0) 3 -3 0 20(0) 3 -3 0 2.(0) 3
@V=1 b))V =2 ©V=3

Fig. 6. Dependence of the attraction of the trajectory to the sources on the initial position for
a=1.5

Integrability. For arbitrary values of intensities ¢; and ¢», only numerical analysis of the system
is possible. Since the trajectories of equations (1.5) are noncompact, it does not seem possible to
use the method of a Poincaré map.

To investigate the system, the dependencies of the scattering angle 6 and the deviation b; on
the impact parameter b, were constructed (a detailed description of the procedure of constructing
and the meaning of these quantities is given in Appendix A). Figures 7 and 8 show the depen-
dencies 0(by) and by (by), respectively, for a = 2, the parameters (2.1) and for different values of
the energy integral /. The dotted lines in Figs. 7 and 8 denote the boundaries of regions in which
the trajectories fall onto the singularities of the potential U.

It can be seen from Figs. 7 and 8 that the curves behave smoothly, which makes it impossible
to determine whether the system is integrable or nonintegrable. Such diagrams were used in [16]
and contained irregular fragments, providing a numerical proof of nonintegrability.

In addition to constructing the scattering angle for analysis of systems with noncompact tra-
jectories, one can calculate the Kovalevskaya exponents [17] or the Melnikov integral [18] if
one knows some particular solution of the unperturbed system. For the system under considera-
tion, a calculation was made of the Kovalevskaya exponents (under the assumption that x. > «a
and y. > 0) and of the Melnikov integral (¢; and ¢, were taken to be perturbations). But the re-
sults did not make it possible to determine the dynamical behavior of the system either. Therefore,
the question of integrability of the system remains open.
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Fig. 8. Dependence of the deviation on the impact parameter b

Next, we turn our attention to particular cases: sources of the same intensity ¢; = ¢ and
sources whose intensities have the same absolute value, but are opposite in sign: ¢; = —¢s.

2.1. The case g1 = g2 = q

For sources of the same intensity the numerical experiment has shown that the fixed points
(the critical points of the potential (1.4)) can lie only on the straight lines z. = 0 or y. = 0 and
can be found explicitly.

In the case y. = 0 all fixed points lie on the invariant manifold (2.3) and the following holds:

oUu
Y.

0 py yC:O
Ye=

Thus, to define the coordinate x. of the fixed point, it is necessary to consider the equation

=T, (:102l —2R*2? + R* - 2R%a* — a4) =0.
Ye=0

0x,

This equation has several roots:

. =0, :Ec::I:\/RQi\/a4+2R2a2,

but only one root, z. = 0, has a physical meaning. Thus, one of the critical points of the
potential (1.4) is given as

2, =0, y.=0. (2.6)
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This point exists only for @ > R and is always unstable but, depending on the system’s parameters,
can change type (saddle or saddle-center). Point (2.6) corresponds to finding the foil from the
center between the sources (see Fig. 9, a).

In the case x. = 0 the following holds:

ou .
=Ds|, _, =0
O, _g =0
The equation for the coordinate y,. of the fixed point has the form
ou
3 =Y. (yf —2R*? + R* + 2R%*a® — a4) = 0.
Ye z.=0

The solutions that are nonzero and satisfy the conditions (z. + a)* + y? > R? have the following
form:

o Y. = +v/R? + va* — 2R?a2, these solutions exist for a > v/2R. Regardless of the param-
eter values, the point is unstable (a saddle). The position of the foil corresponding to this
solution is shown in Fig. 9, b.

o y. = £V R? — \/a' — 2R?a?, these solutions exist for a € (v/2R, /1 + v2R). This fixed
point is also unstable (a saddle-center). The position of the foil corresponding to this
solution is shown in Fig. 9, c.

3
_p)
(a) (b)

Fig. 9. Equilibrium points of the foil of radius R = 1 which correspond to a fixed point: (a) (0, 0)

for a = 2, (b) (0, vV R? + va® — 2R%a?), and (c) (0, R? — Va* — 2R2a?) for a = v/2 + 0.01

together with streamlines

Thus, for the parameter a > R, the system either has 1, 3 or 5 fixed points or in the case
the parameter a < R it has no fixed points at all (a schematic diagram is presented in Fig. 10).
The continuous lines in Fig. 10 represent points of saddle type, and the dotted lines indicate
saddle-center points. Changes that occur in the surface of the potential U as a varies with the
parameters

are shown in Fig. 11.

Although the above-mentioned solutions were found only in particular cases for . = 0
or y. = 0, numerical experiments show that the potential (1.4) has no other critical points for
¢1 = q2 = q. However, a rigorous proof of this statement remains an open question.
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A Yc

(z;)a: 11
(b)a =2

Fig. 10. Bifurcation diagram

2.2. The case g1 = —q2 = q

If the intensities of the sources have the same absolute value, but are opposite in sign, analysis
of equations (1.6) for the fixed points reduces to analysis of the following system of equations:

2, 2 2 _ 2} _
{xc(R +a® —x2—y?) =0, @.7)
Ye(R? —a? — 22 — y2) = 0.

The system (2.7) has only one physically meaningful solution z. = 0, y. = 0 (the position of the
foil in Fig. 12). This fixed point exists only for a > R and is always an unstable point of saddle
type.

In the case ¢y = —¢2 = ¢ we consider here, there exists a passage to the limit a — 0 that
leads to analysis of the problem of the motion of a balanced circular foil in the field of a fixed
point dipole. We consider this system in the next section.

§3. A circular foil with a dipole

Let us relate the intensities of sources ¢; and ¢ to their positions as follows:

M M

Q1:%7 Q2=—%7

where M is the quantity characterizing the intensity of the dipole (strength of the dipole). Sub-
stituting these relations into equations (1.6) and assuming that @ — 0, we obtain equations of
motion for the circular foil in the field of a fixed dipole

Te = = Ye = 77— = —

ope M opy 1 -
. 9H pM2R2z, . 9H o M2R2y, (3.1)
Pz = = Dy = =

_axc_W(RQ_xg_yg)?ﬂ _ayc_ﬂ_(Rz_xz_ycz)?,a
with the Hamiltonian

pM?R?
47T(R2 — 2 — y?)Z.

1
H = ﬂ(piijZ) -
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Fig. 11. Surfaces of the potential U for R = 1 and different values of the parameter a and sections
formed by the intersection of this surface with the plane z. = 0

Remark 3.1. Equations (3.1) can be obtained from the Newton—Euler equations with the force
calculated by the Sedov formula (1.1) using the complex potential
uR? M M(z — z.) R?

w=— — - — —~, )
z—z. 2mz  2mZ(z— z)) Ze

Here the first term describes the motion of a cylinder with velocity u, the second describes the
presence of a dipole at the origin in the fluid, and the third term follows from the Milne-Thomson
circle theorem.

The system of equations (3.1) admits an integral of the angular momentum of the form
K = pyx. — paye. (3.2)

Next, we perform a reduction to the fixed level set of this integral.
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Fig. 12. Equilibrium points of a foil of radius R = 1 which correspond to the fixed point (0, 0)
with a = 2 together with streamlines

Reduction. For reduction we transform to polar coordinates in a standard way and introduce
new momenta

Te=TCOSQ, Ye=rsing, pr=Dpycosp+p,sing, p, =K =r(—pysing+ p,cosy).

Then, in the new variables, equations (3.1) become

. OH p, . O0H Py
r = = —, SO = — = —2,
opr Op,  pr
. OH  p., RPM?pr . OH
==+ —= = —— =0,

or 7T(R2 — 7“2)3’ be ot
with the Hamiltonian
1

H=o 5rp+p) -

pR2M?
47 (R2 — r2)2.

It can be seen that the right-hand side of the equation for the variable p, corresponding to the
integral (3.2) vanishes and the variable ¢ conjugate to p,, is cyclic.
Let us fix the value p, = K = k and proceed to analyze the system on the fixed level set of
the integral
. Dr . k? R2M?pr

r ) Pbr =

=—4+ — . 33
H pr? W(RZ—TZ)g G-

Next, we address the question of the existence of particular solutions of this system.

Fixed points. It follows from equations (3.3) that the fixed points can lie only on the straight
line p, = 0. To define the coordinate r of the fixed points, it is necessary to solve the following
equation:

R*(mp? M*R? + mpM? + 3k?)

mk?

P —

>+ 3R — RS =0, (3.4)

where | = r%. By analyzing this equation using Cardano’s formula, it can be shown that equa-
tion (3.4) with k£ # 0 always has one real root and two complex conjugate roots. In the case k£ = 0
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the right-hand side of the equation, p,, vanishes only if » = 0, which corresponds to coincidence
of the geometric center of the foil and the dipole.

For the problem at hand, with %k arbitrary, it is only the roots satisfying the inequality
r > R > 0 that have a physical meaning. Therefore, when £ = 0, the system has no fixed
points. To analyze the solutions for k¥ # 0, we make the change of variables s = [ — R? and pass
to the equation

@ PRMPR? 5 2puMPRY  ppMPRS
mk?2 mk?2 k2

0. (3.5)

According to the Viéta’s formulas, the free term in equation (3.5) with £ # 0 and M # 0 is
always negative, and hence the product of the roots is always positive. As noted above, two roots
of the equation are complex conjugate, one is real, and hence the real root is always positive.

Phase portraits. According to the analysis of the fixed points, the system (3.3) has two qual-
itatively different phase portraits. Figure 13 shows phase portraits for the following parameter
values:
M =1, R=1, m=1, p=1,
(3.6)
(a) k=0, (b) k=1.

A Dr ADr

0.5 1 0.5 1

OH ra: A
—0.5 1
n ———
(a) (b)

Fig. 13. Phase portraits of the system (3.3) with the parameters (3.6)

The red dot in the phase portraits indicates an unstable fixed point corresponding to motion
about the dipole. It can be seen from the phase portraits that, in addition to the periodic trajectory,
the system has the following trajectories:

e those coming from infinity and going to infinity;
e those coming from infinity and falling onto the dipole;
e those emanating from the singularity and falling onto it.

The difference of the system with a dipole from the system with a fixed source [13] is that an
unstable fixed point arises at any nonzero value of the integral of angular momentum k. Otherwise
the dynamics of the system is similar to that found in [13].
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Conclusion

This paper is concerned with the motion of a balanced circular foil in the field of two fixed
point sources. It is shown that the motion of the foil is described by a Hamiltonian system with
two degrees of freedom and reduces to analysis of the motion of a material point in a potential
field. In particular cases, we find critical points of the potential or, which is the same, fixed points
of the system, which are always unstable. The question of integrability of such a system remains
open at present.

An analysis is made of the limiting case for two sources whose intensities are opposite in sign,
but have the same absolute value and which are infinitely close to each other. In other words,
the case of motion of a circular foil in the field of a fixed dipole is considered. It is shown that
in this case the system has an additional integral of angular momentum and hence the problem is
integrable. An analysis of the fixed points of the system is carried out and typical phase portraits
are presented.

The authors extend their gratitude to A. A. Kilin and E. V. Vetchanin for discussions of the
results and a careful reading of the paper.

Appendix A

Construction of a scattering angle allows a qualitative estimate of the sensitivity of the tra-
jectory to a small change in the initial condition (the impact parameter b;). Abrupt (nonsmooth)
changes in the scattering angle on a small interval of the impact parameter suggest that the system
exhibits chaotic behavior [16].

In this work, the scattering angle ¢ and the deviation b; after scattering were constructed
in accordance with the scheme presented in Fig. 14, i.e., the trajectories were started from the
straight line parallel to the axis Ox.. It should be noted that a comprehensive study requires
addressing the question of the dependence of the behavior of the trajectories on the direction in
which they are started (for example, from the straight line parallel to the axis Oy.). But numerical
experiments show that, for the system under consideration, changes in the initial position/direction
do not lead to qualitatively different results.

We describe the algorithm for constructing the dependencies 6(by) and by (by). In the region
remote from singularities where the value of the potential is close to zero and changes only
slightly, the following initial conditions are chosen:

(2e(0),3:(0)) = (0", 30),  k=1,....n,

where b\, ..., b{" are the impact parameters and yq is such that U (zc = by, = Yo) ~ 0 (see
Fig. 14). In the calculations presented in Section 2, yo = —30, and the initial velocities are chosen

to be (2.(0),9.(0)) = (0,v), where v is calculated from the total energy
E=8 4 U , E = const.

xc:bék), Ye=Y0

The chosen initial conditions are used for numerical integration of the system

. _ U L
lu‘ c axc7 /.,Lyc— ayc

The scattering angle 6 is calculated by choosing time 7" such that at ¢ > T the motion of the
system is close to rectilinear, i.e., U(z.(T), y.(T)) ~ 0 and grad U ~ 0. Since the system under
consideration has trajectories falling onto singularities (2.2), in further calculations we will be
interested in trajectories that have interacted with the singularities, but have not been attracted
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Ye

Fig. 14. Schematic representation of scattering

to them. The scattering angle ¢, for each impact parameter b(()k) is defined by the formulae (see
Fig. 14)

io(T)
Ge(T)

0, = — arctan

and the deviation of the trajectory bgk) (see Fig. 14) for each bék) is calculated as the distance from
point (0, 0) to the straight line which the trajectory has reached at ¢ > 7.

Funding. The work of E. M. Artemova was carried at the Ural Mathematical Center (Agreement
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKHN

MEXAHUKA 2025. T. 35. Bem. 4. C. 601-618.

E. M. Apmemoesa, /I. A. Jlacynoe

JBH:KeHNe YPABHOBEIIEHHOI0 KPYroBoro npoguiis B 1moJie HeMOABMKHBIX TOYEYHBIX HCTOYHMKOB

Kniouegvie crosa: uneanbHas KUIKOCTh, KPYTOBOM MPOQMIIb, TOUSUHBIH HCTOYHUK, TaMHIIETOHOBA (hopMa.
VIK 532.5.031
DOI: 10.35634/vm250406

B nmanHoli paboTe paccMaTpuBaeTCs IBH)KEHHE KPyroBOro Mpo(uiisi B WACAITBHONH HECKHMMAEMOH >KUIKO-
CTH, B KOTOPOH HaXOOUTCS J1Ba HENOJBUKHBIX TOYEUHBIX UCTOUYHUKA. [I0Ka3aHO, 4TO MCCIIENOBaHUE TAKOU
CHCTEMBI CBOAMTCS K MCCIIEIOBAHUIO IBM)KEHHS MaTepHabHOM TOUYKH (T€OMETPUYECKOro LEeHTpa Mpodu-
JI1) B MOTEHIMAJILHOM TI0JIe. YKa3aHbl HEMOJBMKHBIE TOUKH CHUCTEMBI, COOTBETCTBYIOIINE CTAllMOHAPHBIM
KoH(puTyparusam npoduis B aOCOTOTHOM MPOCTpaHCTBe. PaccMOTpeH mpenenbHbIi cirydai, Korja HCTo4-
HUKH UMEIOT IIPOTUBOIIOIO0XKHBIE 110 3HaKy, HO OMHAKOBBIE 10 MOAYJII0, UHTEHCUBHOCTU U CTAHYTHI B OJHY
TOYKY, TO €CTh PACCMOTPEHO JBI)KEHUE MPOo(duis B T0Ne HEeMOoABIWKHOTO jaumons. [lokazaHo, 4To B 3TOM
Clly4ae CUCTEMa UHTETPUPYEMA, BBIIIOJIHEH €€ IOJHbIIA aHaJIN3.

dunancupoBanmne. Pabora ApremoBoii E. M. BbllonHeHa B YpaJIbCKOM MaTeMaTHYeCKOM LieHTpe (corya-
menne Ne 075-02-2025-1609). Pa6ora JlarynoBa JI. A. BEIITOTHEHA B paMKax TOCYIapCTBEHHOTO 3a/laHUS
MunoGpaayku Poccun (FEWS-2024-0007).
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