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INVESTIGATION OF THE MOTION OF AN AQUATIC ROBOT

WITH AN INTERNAL FAST-SPEED ROTOR AND A NONDEFORMABLE TAIL FIN

This paper reports on the simulation of the motion of an aquatic robot with an internal spinning rotor.

We develop two mathematical models of robot motion in a fluid: the model of motion based on the

Kirchhoff equations for the motion of a rigid body in a fluid and a model based on the Navier–Stokes

equations. In addition to the simulation, we develop a prototype of the aquatic robot with a spinning rotor,

with which we conduct real experiments. In this paper, we present the results of real experiments and

simulations and draw conclusions based on them.
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Introduction

This paper is a continuation of a series of our previous publications on the motion of aquatic

robots whose body is a nondeformable Joukowski foil which contains mechanisms that ensure

changes in the position of the center of mass and/or changes in the angular momentum [17,23,24].

Despite a large number of studies in this area, this topic is of much current interest, and a number

of open questions still remain concerning the completeness and correctness of mathematical mod-

els featuring the motion of a rigid body with internal mechanisms in a fluid. On the other hand,

the interest in developing fairly simple mathematical models is motivated by the necessity of

realizing, on their basis, control algorithms and control programs, which in practice have certain

requirements concerning the speed of operation and computational complexity.

Mathematical models of physical processes that ensure the motion of an aquatic robot under

periodic changes in the position of the center of mass and/or the internal angular momentum

have not yet been fully verified in practice. In the early work on this topic the focus was on

the motion of a nondeformable body in an ideal fluid, and the possibility of self-propulsion was

characterized by the asymmetry of added masses and the periodicity of control (by displacement of

the position of the center of mass or by changes in the internal angular momentum) [12,13,30,31].

In [4,6,20,35,40,44], the possibility of self-propulsion in the case of a viscous fluid was examined.

In a number of publications, special attention was given to the motion of a nondeformable body

in the presence of vortices [3, 21, 25, 39, 41]. In some recent papers, it was shown that the most

efficient motion is achieved by ensuring a parametric resonance of the tail such that oscillations

are transmitted from the robot body to the fluid [7, 8]. There are also known works that consider

experimental prototypes that move in a fluid due to the movement of internal masses, including

control algorithms [11, 16, 25, 33].

It should be noted that the principles of actuation under consideration are also used in com-

bination with other mechanisms, for example, with a deformation of the shell [34], and when the

actuation mechanisms are located outside the shells (bodies) submerged in a fluid [10, 26].

In this paper, we present two approaches to simulating the motion of an aquatic robot in a

fluid. The first approach is based on the construction of a finite-dimensional model by analogy

with Refs. [17, 23], but without taking into account the forces and torques generated during the

deformation of the tail fin. To eliminate deformations, the tail fin had, in practice, a certain

thickness, minimizing its deformations during motion. As shown in [2], one can achieve a better
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fit of the solutions of this model based on ordinary differential equations to the real motion of a

body in a fluid. The second approach is based on the numerical solution of the Navier–Stokes

equations describing the fluid dynamics around a moving foil, which has allowed the velocity

and the trajectory of the robot body to be reconstructed. To estimate the influence of the form

of the robot body on the velocity of propulsion in the fluid, the investigations were carried out

for different tail fin lengths. As a sample for comparison of the results of simulation of the

approaches under consideration, full-scale experiments were conducted.

The main goal of the investigations is to compare two methods of mathematical simulation

and to develop them further for describing the motion of more complex systems, namely, systems

admitting or using the shell’s deformation for their motion. In addition, this paper describes a new

design of the aquatic robot with internal high-speed spinning rotor. To actuate the rotor one uses a

high-speed brushless motor which makes it possible to accelerate the rotor to 20000 rev/min. This

allows a considerable decrease in the mass of the system and an increase in the maneuverability.

Research in this direction is motivated by the active development of combined robots (which

combine different modes of motion in a fluid) and biosimilar robots, often with passive flexible

fins [9, 11, 27], as well as mechanical systems with variable internal configurations [5].

§ 1. Mathematical model

1.1. Finite-dimensional model

Consider the plane-parallel motion of a body in a fluid. The shell of the body in the section is

a symmetric NACA 0040 airfoil with chord c = 200mm. To describe the motion, we introduce

two reference frames: a fixed (inertial) coordinate system O′xy and a moving coordinate system

rigidly attached to the body, Ox1x2 with origin at the center of mass of the robot’s shell and with

axis Ox1 directed to the frontal part of the robot. We specify the position of point O by the radius

vector r = (x, y)T in the fixed coordinate system, and let α denote the turning angle between the

axes Ox1 and O′x, the positive direction of which is measured counterclockwise. A schematic

representation of the robot with symbols denoting the coordinate systems is shown in Fig. 1.
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Fig. 1. A schematic representation of the aquatic robot with the shell of the form of the

NACA 0040 foil with chord c, where O′xy and Ox1x2 are the fixed coordinate system and

the moving coordinate system, respectively, α is the turning angle of the moving coordinate sys-

tem relative to the fixed coordinate system, d1 is the distance from the origin of the moving

coordinate system to the center of mass of the rotor, d2 is the distance from the origin of the

moving coordinate system to the point of attachment of tail fins, and L is the length of the tail fin
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The shell contains an axisymmetric rotor, which can rotate about the axis passing through its

center of mass. The center of mass of the rotor lies on the axis Ox1 at distance d1 from the origin

of the moving coordinate system.

A passive rigid tail fin of length L is fastened to the shell of the robot at the rear end, and

its attachment point lies on the axis Ox1 at distance d2 from the origin of the moving coordinate

system. In the description of motion, we assume the robot body with the tail to be nondeformable.

In the course of experiments, the length of the tail, L, was varied.

To describe the motion, we introduce a vector of generalized coordinates q = (x, y, α)T and

a vector of quasi-velocities w = (v1, v2, ω)
T , where v1 and v2 denote the projections of the linear

velocity of the center of mass of the robot onto the moving axes and ω is the angular velocity

of the body. The equations of motion for this body can be written in terms of the Kirchhoff

equations supplemented with viscous resistance terms [17]:

A(w)ẇ +B(w)w +C(w)w + uc = 0,

q = R(q)w;
(1.1)

where the matrices R(q), A(w), B(w) and C(w) and the vector uc have the form

R(q) =





cosα − sinα 0
sinα cosα 0
0 0 1



, A(w) =





ms + λ11 0 0
0 ms + λ22 d1mr + λ23

0 d1mr + λ23 I + λ33



,

B(w) =





0 −(ms + λ22)ω −(d1mr + λ23)ω
(ms + λ11)ω 0 0
(d1mr + λ23)ω (λ22 − λ11)v1 0



,

C(w) =





c1|v1|+ c1 0 0
0 c2|v2|+ c2 0
0 0 c3sq|ω|+ c3lin



, uc =





0
0

IrΩ̇



,

ms = mb +mr, I = Ib + Ir +mrd
2

1
.

where mb is the mass of the shell, mr is the mass of the rotor, Ib is the moment of inertia of the

shell relative to the vertical axis passing through its center of mass, Ir is the moment of inertia of

the rotor, c1, c2, c3sq, c3lin are the coefficients of viscous resistance, and λ11, λ22, λ23, λ33 are the

coefficients of added masses.

In equations (1.1), the hydrodynamic forces acting on the body have been taken into account

using the effect of added masses (the inertial component of the hydrodynamic forces) and the

viscous resistance of the fluid. Note that the viscous resistance is described by using a combina-

tion of linear and quadratic dependences. This form of description of viscous resistance is used

in recent works where modeling of aquatic robots is considered [18, 45], however, this idea goes

back to Huygens [1]. If we admit an approximation of the form of the robot by an elliptic cylinder

with a major semiaxis a, with a minor semiaxis b and height h (meaning the height of the part

of the robot submerged in the fluid), then the coefficients c1, c2, c3sq, c3lin can be calculated using

the following expressions [18]:

c1 =
1

2
ρπCf

b+ a

2
h, c2 =

1

2
ρCd2ah,

c3sq =
1

8
ρπCf(a + b)h4, c3lin =

1

6
ρπCf (a+ b)h3,

where ρ is the fluid density, and Cf and Cd are the dimensionless coefficients of viscous resistance

whose choice will be described below.
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To calculate the coefficients of added masses, one can find expressions in the literature for an

elliptic contour with a prominent edge that has a major semiaxis a, a minor semiaxis b and an

edge of length L [29]:

λ′

11
= ρπCAb

2, λ′

22
=

1

4
ρπCAa

2

[

(m+ 1)2
(

1 +
b

a

)2

− 4b

a

(

2 +
b

a

)

]

,

λ′

33
=

1

27
ρπCA(a+ b)2

[

(a+ b)2
(

9m4 + 4m3 − 10m2 + 4m− 7
)

+ 16 (a− b)2
]

,

λ′

23
=

1

8
ρπCAa

3

(

1 +
b

a

)3
(

m2 − 1
)

(m+ 1),

m =
a + L

a + b
+

b

a+ L+
√
b2 + L2 + 2aL

,

where CA is the dimensionless coefficient depending on the modes of motion, wave formation,

and the presence of a free fluid surface, a bottom or of rigid walls etc. near the object.

At this point it should be noted that the coefficient λ23 of the elliptic contour without a

prominent edge (with L = 0) vanishes, whereas the airfoil has the coefficient λ23 6= 0 even in

the absence of a tail (there is no transverse axis of symmetry). Therefore, in this paper we first

calculate the coefficient λ0

23
for a symmetric Joukowski foil with similar dimensions with the

NACA 0040 foil using the following expressions [29]:

λ0

23
=

1

8
ρπCAp

3
(

r3 +R3 + r2 +R2 + 2(r +R)
)

,

µ = (1.54b/c)/(1− 1.2b/c), p =
c

2(1 + µ2)
, R = 1 + µ, r =

1 + µ

1 + 2µ
.

In simulating the motion of the robot, we will calculate the coefficients of added masses from

the following expressions:

λ11 = λ′

11
h, λ22 = λ′

22
h, λ33 = λ′

33
h, λ23 = h(λ0

23
+ λ′

23
),

where h is the depth of submersion of the robot.

The values of the mass-inertial parameters in the simulation correspond to the parameters of

the prototype developed for experimental investigations (it is described below). The values of the

other parameters were taken to be:

Cf = 0.011, CA = 0.5,

c = 0.2, a =
1

2
c+

1

2
L, b = 0.04, h = 0.06,

where the coefficient of longitudinal viscous resistance Cf and the coefficient of added masses CA

were chosen in accordance with the general recommendations [14, 15, 18, 32, 45], whereas the

value of the transverse viscous coefficient of resistance Cd increases with increasing ratio a/b
(a and b are the semiaxes of the ellipse to which the boat’s foil approaches). It is found experi-

mentally that the motion occurs at Reynolds numbers Re < 105. Accordingly, we choose values

of Cd for different tail fin lengths, which are summarized in Table 1:

Table 1. The value of the coefficient of transverse resistance Cd depending on the chosen tail

Length of the tail fin, L, mm 0 35 70 105

Cd 1.5 2.2 2.4 2.5
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1.2. Numerical simulation based on the solution of the Navier–Stokes equations

To formulate the problem of numerical simulation based on the solution of the Navier–Stokes

equations, we will consider the motion of a drop-shaped body (Fig. 2) in an incompressible

viscous fluid.

Γw

Γs

Γ1
.5

m

2.2m

0
.3

m

Fig. 2. Computational domain

In the first approximation, we consider the problem in a planar setting. In this case, it is

appropriate to make the following assumptions: the action of the gravity force and the buoyancy

force are balanced and are ignored in the problem statement; we consider an internal fluid layer

that has no interface (i. e., we do not consider the presence and influence of the free surface

on the dynamics of the fluid and the moving object); the fluid is assumed to be isotropic and

isothermal, and the system as a whole is assumed to be isolated (the processes of heat exchange

are not considered); the drop-shaped body is defined as a rigid absolutely smooth body (i. e., the

roughness is not considered).

To combine the physical subproblems of fluid dynamics and those of the motion of a drop-

shaped body in a fluid into one problem, it is necessary to formulate additional kinematic and

dynamic boundary conditions on contact surfaces. Next, we will use the symbols Γw and Γs to

refer only to the subregions occupied by the fluid and the drop-shaped body, respectively, and

the symbol Γ to denote the boundaries of the body’s contact with the fluid (the lateral surface of

the body).

The formulation of additional kinematic and dynamic boundary conditions on contact surfaces

in the case of a description of a dynamically changing boundary of a waterproof solid body-fluid

contact requires determining the equality of the velocities and accelerations of the body to the

velocities and accelerations of the fluid at the contact boundary. Therefore, the conditions at the

initial time t0 can be defined as:

u̇s(t0) = U̇w(t0),

üs(t0) = Üw(t0)
(1.2)

where us(t) are movements of the drop-shaped body and Uw(t) are movements of the fluid.

The conditions for dynamical compatibility take the form

psns = pwnw, (1.3)

where ps is the pressure of a drop-shaped body on a fluid, pw is the pressure of fluid on a

drop-shaped body; ns,nw are the external normals (ns = −ng).
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With the above assumptions and equations (1.2), (1.3) in mind, the fluid dynamics can be

defined by the system of Navier–Stokes equations:

∇ · u = 0,
∂ρu

∂t
+ u · ∇ρu = −∇p +∇ · τ (1.4)

where ρ is the fluid density (ρ = 1000 kg/m3), p is the pressure, τ = µ(∇u+∇u
T) is the tensor

field of viscous stresses, and µ = 1 · 10−6 Pa· s is the coefficient of dynamical fluid viscosity.

The system (1.4) is closed by the state equation ρ = const. The boundary conditions are

defined as follows:

• for the impermeable solid heat-insulated wall (the external boundaries of the reservoir

bounding the fluid on the left, at the front and behind): Uw = 0;

• on the boundary of the contact Γ the velocity of the fluid coincides with the linear velocity

of the body: Uw = us.

The initial conditions can be defined for the fluid as: Uw = 0 m/s, p = 1 atm.

The oscillations of the rotor are given by the function Ω(t), the form of which agrees with that

observed in the experiment and is described below. Then, the control function for the drop-shaped

body–fluid system will be the derivative of the gyrostatic momentum:

K̇(t) = IrΩ̇(t), (1.5)

where Ir = 3.6 · 10−6 kg ·m 2 is the axial moment of inertia of the rotor.

Taking (1.5) into account, the equation of moments of forces acting on a drop-shaped body

can be written as

Mcomp = Mwater − K̇, (1.6)

where Mcomp is the total torque and Mwater is the moment of hydrodynamic forces.

For the drop-shaped body: us =





0.002
0
0



; u̇s = 0; Ω = 0; Ω̇ = 0.

The solution of the problem (1.4)–(1.6), with the compatibility conditions (1.2)–(1.3) taken

into account, will be constructed numerically using the method of control volumes. The control

volume is constructed around each grid node (as an example, a flat triangular grid element is

considered) using a median dyad (it is defined by lines connecting the centers of the ribs and the

centers of the elements (edges) around the node).

The construction of the method of control volumes using the equations of conservation of

mass, moments and some passive scalar can be represented in the following form.

1. Determining the center of the control volume C:
∫

VC

(

r− rC

)

dV = 0.

2. The initial partial differential equations

∂ρ

∂t
+

∂

∂xj

(ρUj) = 0,

∂

∂t
(ρUi) +

∂

∂xj

(ρUjUi) = − ∂p

∂xi

+
∂

∂xj

(

µ

(

∂Ui

∂xj

+
∂Uj

∂xi

))

,

∂

∂t
(ρφ) +

∂

∂xj

(ρUjφ) =
∂

∂xj

(

Γ

(

∂φ

∂xj

))

+ Sφ
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are integrated over each control volume.

3. The application of the Ostrogradskii–Gauss theorem leads to the form

d

dt

∫

V

ρ dV +

∮

S

ρUj dnj = 0,

d

dt

∫

V

ρUi dV +

∮

S

ρUjUi dnj = −
∮

S

p dnj +

∮

S

µ

(

∂Ui

∂xj

)

dnj +

∫

V

SUi
dV,

d

dt

∫

V

ρφ dV +

∮

S

ρUjφ dnj =

∮

S

Γ

(

∂φ

∂xj

)

dnj +

∫

V

Sφ dV,

(1.7)

where V and S are the volume and surface domains of integration.

4. Next, it is necessary to discretize the volume and surface integrals. The volume integrals

are discretized within each sector of the element and are summed in the control volume to which

the sector belongs. The surface integrals are discretized at the points of integration ipn (Fig. 3).

n1 n2

n3

ip1

ip2ip3

C

Sector

Point of
integration

Center of the
element

Fig. 3. Grid element

After discretizing the volume and surface integrals, the discretized equations take the form

V

(

ρ− ρ0

∆t

)

+
∑

ip

(ρUj∆ni)ip = 0,

V

(

ρiUi − ρ0U0

i

∆t

)

+
∑

ip

(ρUj∆ni)ip(Ui)ip =
∑

ip

(p∆ni)ip +

+
∑

ip

(

µ

(

∂Ui

∂xj

+
∂Uj

∂xi

)

∆nj

)

ip

+ S̄Ui
V,

V

(

ρφ− ρ0φ0

∆t

)

+
∑

ip

(ρUj∆ni)ipφip =
∑

op

(

Γ
∂φ

∂xj

∆nj

)

ip

+ S̄φV,

where V is the control volume, ∆t is the time step, ∆ni is the discrete external surface vector,

the subscript ip denotes the estimate at the point of integration, the summation is over all points

of integration of the control volume, and the superscript “0” denotes the preceding time step.

During the transition from the initial computational domain to its discretized form, a change

of surface integrals is made by summation over the edges of the test cells, and the form of

approximation of the integrands is determined by the specific numerical scheme used.

The gradient in the test cell can be defined as

∇φi =
1

Vi

∑

j

nijsijφij,
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where Vi is the size of the ith cell, sij is the edge between the ith and the jth cells of the grid,

nij is the unit vector of the external normal to the edge sij , and φij is the value of φ at the ijth
edge; φij determined by linear interpolation.

The gradients at the edge between the cells are calculated by linear interpolation of the gradi-

ents from cells i and j — ∇(φ)ij .
The divergence is calculated by the formula

∇·
(

φiUi

)

=
1

Ui

∑

j

sijnij ·Uijφij .

The approximation of diffusion terms is constructed as follows:

∇ · Γ∇φ =
1

Vi

∑

j

Γijsij · ∇φij ,

where Γij is the coefficient of diffusion at the edge ij.
To discretize convective terms, we use the scheme of central differences of the form

φip = φup + β∇φ · ~r,

where φip is the sought-for convective stream determined through the values of the convective

stream φ at the nodal points of the computational grid, φup is the value of the convective stream at

the node located against the stream, ~r is the vector lowered from the angle of the grid lying against

the stream to the point where the coefficient β ≈ 1 is determined locally with minimization of

local oscillations of solutions and is calculated separately for each component of the vector, and

∇φ is the value of the convective stream at the node located against the stream.

The approximation of diffusion terms of the conservation equations is constructed using the

functions of forms. For example, for the derivative in the direction x at the point of integration ip:

∂φ

∂x

∣

∣

∣

∣

ip

=
∑

n

∂Nn

∂x

∣

∣

∣

∣

ip

φn.

The summation is over all functions of the form for the element, and the derivatives of the

functions of the form with respect to the Cartesian coordinates can be expressed in terms of their

local derivatives using the matrix of Jacobi transformations:





∂N
∂x
∂N
∂y
∂N
∂z



 =





∂x
∂s

∂y

∂s
∂z
∂s

∂x
∂t

∂y

∂t
∂z
∂t

∂x
∂u

∂y

∂u
∂z
∂u





−1 



∂N
∂s
∂N
∂t
∂N
∂u



.

The estimate of the gradients of the function of the form is constructed on the basis of trilinear

interpolation.

The resulting system of difference equations is solved by the method of conjugate gradients.

To accelerate its convergence, the algebraic multigrid method [37] is used.

It should be noted that, as the computational grids were constructed, the drop-shaped rigid

body with a motor inside was cut from the computational domain. The pseudo-two-dimensional

computational grid for the fluid (Fig. 4) included 120000 hexahedral cells.

The solution of conjugate problems was constructed in a strongly coupled formulation [28]

using 50 iterations in each time step for a correct transfer of the position of the body in a fluid

from the subproblem of the dynamics of a body to the hydrodynamics and transmission of the

resistance forces arising in the fluid (the hydrodynamic force and torques) to the body. Also,
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(а) (b)

Fig. 4. Fragment of a computational grid near the boundary Γ for a body without a tail (а) and a

body with a tail 2 mm in thickness (b)

the motion of the rigid body was determined by the forces and the torque acting on the body.

The algorithm for solving the problem of body motion due to the change in the internal masses

involves application of Newmark’s linear scheme for calculation of the straight-line motion and

the application of the Simo-Wong agorithm [36] for the rotational motion of the rigid body. The

deformation of the grid and correction of equations (1.7) are performed in accordance with the

Leibniz rule (differentiation of the integral by parameter) with control of the velocity of change

in the deformable control volume and correctness of the advective transfer through the moving

boundaries of the control volume.

By solving the problem under consideration we have obtained both the fluid velocity and

pressure fields for each time instant of the interval considered, the trajectories of the drop-shaped

body in the fluid and the dependences of changes in the hydrodynamic force and torques which

arise at the boundary Γ in time.

§ 2. Description of the design of the prototype of an aquatic robot

To verify the developed mathematical models described in Sections 1.1 and 1.2, an experi-

mental prototype of the aquatic robot was created. The robot body was made using a 3D-printer

of PLA-plastic and has in the section the form of an airfoil with overall dimensions 200 x 80 x

80 mm (without taking the tail fin into account) and a wall thickness of 2.5 mm. The tail of the

robot body is designed to have guides for fast change of tail fins. The lower part of the robot

body is designed to have two openings for pins on which a platform with a spinning rotor and a

control board is installed. A photograph of the prototype of the robot is shown in Fig. 5.

(a) (b)

Fig. 5. A prototype of the developed robot: а) with a tail insert without a tail fin, b) with a tail

fin installed on it

The fast-revolving rotor is a steel cylinder with overall dimensions 30 x 6 mm and a mass

of 33 g, which is placed on the shaft of the brushless direct current motor (the characteristics of
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the motor are presented in Table 2). The rotor is installed on the platform in such a way that

its axis of rotation is on the symmetry axis of the robot body, and the center of mass of the

entire platform is as close as possible to the lower part of the robot body. The platform also

has an original control board based on the STM32F103C8T6 microcontroller, a control board for

the driver of the brushless motor and a LiPo storage battery, with a rated voltage of 7.4 V. The

3D-model of the robot body with the main internal elements is shown in Fig. 6.

Table 2. Characteristics of the brushless direct current motor

Characteristic Value

KV 2450

Interfacial resistance 46.8 MOm

Peak current 42.63 А

Maximal power 682.1 W

Configuration of the motor 12N14P

1 2 3 4 5

6 7

Fig. 6. 3D-model of the robot body: 1 is the control board; 2 is the internal platform; 3 is the

robot body; 4 is the storage battery; 5 is the tail fin; 6 is the rotor; 7 is the motor

The parameter values of the prototype are summarized in Table 3.

The robot is designed to have tail fins of different forms and sizes. A photograph of tail fins

installed on the robot within the framework of the study is shown in Fig. 7, а, b. For example,

when the leftmost tail (see Fig. 7, a, b) is installed, the robot body becomes wing-shaped and has

a sharp edge. The other tails have been made so that they have the same thickness of the tail fin

(2 mm) and different lengths. Since the motion models assume that the tail is nondeformable,

the chosen thickness guarantees a sufficient rigidity of the tail fin. All tails used were fabricated

using a 3D-printer.

§ 3. Comparison of the results of experimental and theoretical investigations

3.1. Description of the methods for conducting the experiment

The developed prototype of the aquatic robot enables motion by periodic rotation of the rotor

with different angular velocities, which are control actions. The form of the control action was
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Table 3. Mass-geometric parameters of the prototype

Characteristic Notation Value

Mass of the shell of the robot mb 0.41 kg

Moment of inertia of the shell of the robot Ib 0.007468 kg·m2

Mass of the rotating rotor mr 0.033 kg

Distance from the center of mass of the robot body to the axis

of rotation of the rotor

d1 0.02 m

Distance from the center of mass of the robot body to the point

of attachment of the tail fin

d2 0.12 m

Moment of inertia of the rotor Ir 0.000004 kg·m2

Maximal velocity of rotation of the rotor Ωmax 20090 rev/min

(a) (б)

Fig. 7. Photograph of tail fins with dimensions L = 0; 35; 70; 105 mm, respectively

given by analogy with Refs. [17, 22, 23], where the angular velocity of the rotor is a periodic

piecewise-linear function:

Ω(t) =



















Ωmax t ∈ [nT ;nT + t1) ,

τ1t− τ2t t ∈ [nT + t1;nT + t1 + tacc) ,

0 t ∈ [nT + t1 + tacc;nT + t1 + t3 + tacc) ,

τ1t− τ3 t ∈ [nT + t1 + t3 + tacc;T (n+ 1)) ,

(3.1)

where τ1 =
Ωmax

tacc
, τ2 =

Ωmax(t1 + nT + tacc)

tacc
, τ3 =

Ωmax(T + nT + tacc)

tacc
, n = 0, 1, 2, 3, . . . ,

Ωmax is the maximal velocity of rotation of the rotor, T is the period of the control signal,

t1 and t3 are the time of rotation of the rotor with constant velocity, tacc is the time it takes the

rotor to change its velocity from 0 to Ωmax rad/s (this motor accelerates the rotor from 0 to Ωmax

rad/s and decelerates the rotor from the velocity Ωmax rad/s to 0 within the same time). For

the developed prototype the value tacc = 0.5 s. Taking into account the time of acceleration of

the rotor, for a control action of the form (3.1), we set the minimal period of the control action

to be T = 1.2 s. In all experiments presented above, the motor rotated in its maximal range from

0 to 20090 rev/min. The robot started moving from rest.

To conduct experiments with the developed prototype of the aquatic robot, a pool with di-

mensions 2 m x 1.2 m was used. The tracking of the trajectory of the robot was performed using

the Brio Ultra HD Pro camera (30 frames per minute). Video recording was performed in the

program Logitech Capture. Analysis of the video data obtained and tracking the markers fastened

on the robot body were performed using specialized software. Each experiment was repeated at
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least three times. The velocities were calculated using numerical differentiation and a moving

average filter.

Figure 8 shows a frame with a typical trajectory of the experimental prototype and graphs

with the trajectory of motion with different tail fins with the period of control action T = 1.2 s.

(a)
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0.4 0.6 0.8
y,

m
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Without tail
Tail 35 mm

Tail 70 mm
Tail 105 mm

(b)

Fig. 8. а) Frame with the trajectory of motion; b) experimental trajectories of the robot with

developed tails

Figure 9 shows the trajectories and the longitudinal velocities for the robot with a tail fin of

length 35 mm and the period of control action T = 1.2 s, obtained from the experiment and from

simulations.

−

−

0 2 4 6 8

0.15

0.12

0.06

0.03

0.09

0.00

0.0

0.0

0.2

0.2

0.2

0.4

0.4

0.4

0.6 0.8

Navier–Stokes model

Finite-dimensional model

Experiment

y
,
m

x, m

v
1
,
m

/s

t, s

Fig. 9. Trajectories and velocities of the robot in the experiment and simulations with the period

of control action T = 1.2 s and a tail fin of length 35 mm

From the graphs in Fig. 9 it can be seen that, on average, the robot moves in a straight line

with periodic oscillations in the transverse direction, both in the experiment and in simulations. In
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the simulations, the linear velocities of the robot have a smaller value than the velocity reached in

the experiment. Next, we consider a similar experiment, but with the period of the control signal

T = 3 s (see Fig. 10).
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Fig. 10. Trajectories and velocities of the robot in the experiment and simulation with the period

of control action T = 3 s and a tail fin length of 35 mm

From the graphs in Fig. 10 it can be seen that, as compared to the experiment for period

T = 1.2 s, in the experiment with period T = 3 s the distance traveled did almost not change.

It was only the amplitude of transverse oscillations that increased during motion. The linear

velocity of the robot did almost not change in the experiment either. But in the simulation (for

both models), the velocity became closer to the experimental one, and in the finite-dimensional

model it is almost the same as that observed in the experiment, which can also be seen from the

distance covered by the robot.

Consider the influence of the length of the tail fin on the propulsion of the robot. Figure 11

shows the trajectories and Figure 12 shows the longitudinal linear velocities of the robot obtained

from the experiments and the results of numerical simulations within the framework of the de-

veloped mathematical models (the finite-dimensional model of motion and the model based on

the Navier–Stokes equations) for each of the tails. The period of control action is T = 1.2 s, the

duration of the robot motion is 9 seconds in each experiment. Also, analogous graphs have been

obtained for the period of the control signal T = 3 s (see Fig. 13 and Fig. 14).

From the experiments with control period T = 1.2 s one can draw the conclusion that, with

increasing tail length, the velocity of the robot decreases. However, it can be clearly seen from

the results with control period T = 3 s that in the experiment the velocity of the robot without a

tail fin is smaller than the velocity of the robot with a tail fin of length L = 35 mm and is almost

equal to the velocity of the robot with a tail fin L = 70 mm. This phenomenon is also observed

in the simulation results, but to a lesser extent.

We consider in more detail the influence of the period of the control signal on the linear

velocity of the robot. To this end, we conduct experiments with control periods T = 1.0; 1.2;
1.4; 1.6; 1.8; 2.0; 2.5; 3.0; 3.5; 4.0 s. In the simulations for this experiment we used only a

finite-dimensional model as it allowed us to obtain results qualitatively similar to those of the real
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Fig. 11. Trajectories of the robot in the experiment and simulations with the period of control

action T = 1.2 s for different tail fins
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action T = 1.2 s for different tail fins
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Fig. 13. Trajectories of the robot in the experiment and simulation with the period of control

action T = 3 s for different tail fins
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experiment within a small computation time, and the calculations from the model based on

the Navier–Stokes equations are very time-consuming. For simulations, we used periods of

the control signal from 1 to 8 seconds with a step of 0.1 s. Figure 15 shows graphs of the

average steady-state linear velocity for the corresponding control period in the experiments and

simulations.
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Fig. 15. The steady-state linear velocity in the longitudinal direction for different tails depending

on the period of control action: а) of the real prototype; b) of the finite-dimensional model

From the graphs in Fig. 15 it can be seen that the maximal velocity is guaranteed by the set

of values of the tail length and the control period. It is interesting that, with increasing control

period, the velocity of motion with a tail fin observed in the experiments exceeded the velocity of

motion without a tail fin. In the simulations (using a finite-dimensional model) this phenomenon

was not observed.

§ 4. Conclusion

In this work we have developed two mathematical models of robot motion in a fluid: a finite-

dimensional model, based on the Kirchhoff equations for the motion of a rigid body in a fluid,

and a model based on the Navier–Stokes equations. To compare and test the simulation results,

we have developed and created a prototype of the aquatic robot with a spinning rotor, with which

real experiments have been conducted. The results obtained suggest the following conclusions.

1. The mathematical models have no quantitative exact agreement with experiment. How-

ever, using the finite-dimensional model, we obtained solutions that exhibit a better fit to the

experimental data than those obtained using the mathematical model based on the Navier–Stokes

equations. But the scope of applicability of this finite-dimensional model requires additional

studies. The discrepancy between the model of the Navier–Stokes equations and the real experi-

ment suggests that the two-dimensional formulation of the problem does not take into account all

phenomena that occur and influence the propulsion of the object in the real experiment. Possi-

bly, the solution in a three-dimensional formulation of the problem will show results that will be

closer to those of the experiment, but the complexity of the model will noticeably increase in this

case. Such models can be used at the stage of designing prototypes and planning further studies,

however, they are not suitable to construct control systems.

2. Adding a rigid tail fin to the robot body over small control periods (high oscillation

frequencies of the rotor) leads to no increase in the efficiency of motion. On the contrary,

a converse effect manifests itself. However, with increasing control period (with decreasing
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oscillation frequency of the rotor) the maximal velocity that is developed by the robot with rigid

tail fins can exceed the maximal velocity developed by the robot without a tail fin. This effect is

well noticeable in the experiment, and in the simulation based on the Navier–Stokes equations this

effect is not so pronounced, but is still present. In this simulation with control period T = 1.2 s

the velocity of the robot without a tail fin exceeds the velocity with any tail almost throughout

the motion, but with control period T = 3 s the velocity of the robot without a tail fin is similar

to the velocity of the robot with a tail fin of length 35 mm.

3. From the experiments it can also be seen that for each tail fin there is some value of the

period of the control signal for which the maximal velocity of motion with this tail fin is achieved.

This effect is also confirmed in both mathematical models.

In previous work, a robot with two rotating eccentrics inside the robot body and with flexible

tail fins [24] was considered and it was shown that the flexible tail fin can significantly increase

the velocity of propulsion of objects in a fluid, namely, by a factor of 5 to 10. This implies

that the propulsion is influenced to a greater extent by the rigidity of the fin rather than by its

length. It can be assumed that for specific flexible tail fins also there exists an optimal oscillation

frequency of the rotor with which the robot will develop the maximal velocity for this tail fin.

4. The form of the robot’s trajectory obtained from the finite-dimensional model is greatly

influenced by parameters such as the coefficients of viscous resistance and added masses. Their

theoretical calculation for objects with complex form which move near the free surface is a

fairly labor-intensive problem. Therefore, much of recent work [18, 19, 38, 42, 43] to simulate

the motion of robots moving in aqueous media involves calculation of the model’s parameters

by using experimental data. This approach enables a quantitative agreement between the finite-

dimensional model and the experiment, but the question arises of the scope of application of

this model for different modes of motion. It is the choice (calculation) of these coefficients

that is one of the important factors that influence the adequacy of the mathematical models

featuring the motion of objects in a fluid without solving the Navier–Stokes equations. If under

the operation conditions under consideration the finite-dimensional model provides at least a

qualitatively correct description of the motion pattern of the robot, it can be used both to optimize

the design and to develop new control algorithms or to modify the existing control algorithms, in

particular, in real time.

5. As various robots move in a liquid medium, whether it be fishlike objects or objects

controlled by internal masses, which are discussed in this paper, vortices are formed and fluid

circulation occurs near the object, which also contributes to the motion (note that the contribution

can be both positive and negative). If we assume that during the periodic motion of the airfoil

(with an additional tail fin or without it) the arising fluid circulation contributes to propulsion,

then the method for accounting this contribution in the finite-dimensional model would be to

add some delay in control to the equations of motion [38, 41], which can improve the agreement

between the simulated trajectories and the experimental ones.
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ВЕСТНИК УДМУРТСКОГО УНИВЕРСИТЕТА. МАТЕМАТИКА. МЕХАНИКА. КОМПЬЮТЕРНЫЕ НАУКИ

МЕХАНИКА 2025. Т. 35. Вып. 4. С. 619–642.

А. В. Клековкин, А. А. Чернова, Ю. Л. Караваев, А. В. Назаров

Исследование движения водного робота с внутренним быстровращающимся ротором и неде-

формируемым хвостовым плавником

Ключевые слова: водный робот, численное моделирование, конечномерная модель, эксперименталь-

ные исследования.

УДК 531.36, 532.54, 517.95

DOI: 10.35634/vm250407

В данной работе проведено моделирование движения водного робота с внутренним быстровраща-

ющимся ротором. Разработаны две математические модели движения робота в жидкости: модель

движения основанная на уравнениях Кирхгофа для движения твердого тела в жидкости и модель,

основанная на уравнениях Навье–Стокса. Помимо моделирования создан прототип водного робота

с быстровращающимся ротором, с которым проведены реальные эксперименты. В работе представ-

лены результаты реальных экспериментов и моделирования, сделаны выводы.

Финансирование. Исследования выполнены в рамках гранта Российского научного фонда № 25–

11–00305.
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